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Intfroduction

Physicists have been using statistical concepts to describe Nature even before the
foundations of Statistical Mechanics were laid out in the late XIX century. Nowa-
days, Statistical Mechanics is a well developed theory that has been able to relate
the macroscopic properties of matter and radiation with their microscopic behavior.
This has been most successful in systems at thermal equilibrium where a formal
program, that of equilibrium ensembles, can be fully worked out, although in many
cases mathematical complexity prevents from finding the actual solution to a given
problem.

Very often, when studying systems which are composed by many particles or
which interact with the surroundings in an uncontrolled way, a detailed description
of the system is not possible. We need then a stochastic formulation of the pro-
cess. In many cases, even though the microscopic variables evolve in an irregular
and unpredictable way, there exists a level of description in which some macroscopic
variables follow simple laws. The rest, eliminated, variables, however, make them-
selves present through fluctuations over the macroscopic behavior. Most often, these
fluctuations are negligible and can be ignored. However in some other cases they
are important and even dominant in the macroscopic range.

A classical example is the Brownian motion. A heavy particle is immersed in a
fluid of light molecules which collide with it in a random fashion. As a consequence,
the particle undergoes an erratic movement. It is not possible to describe the (de-
terministic) motion of all the molecules of the system, however if we focus on the
position of the Brownian particle and assign probabilities to its possible displace-
ments after a given time step (during which it suffered many collisions), we are able
to derive the probability distribution of the position of the particle in time and from
it, the statistical properties of the motion. .This approach can be applied to many
situations, especially in systems out of equilibrium where other approaches fail and
master equations (differential equations for the evolution in time of the probability)
play a prominent role, but are usually very hard to solve.

In this dissertation we review the basic mathematical formalism to describe
stochastic processes, and we introduce master equations and some methods of so-
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4 Chapter 1.

lution. In the second part, we present and analyze a novel method to approximate
the solution of a master equation. We apply it to several processes of interest in the
literature and compare it with the other presented methods.
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Stochastic processes

Let us start with some mathematical definitions.

A probability space is defined by a triple (€2, F,P), consisting on a space of
elementary events (), a g-algebra of events F' in ) and a measure P defined on F
such that P(2) = 1 (P is called the probability).

A random variable X is an application from the space of elementary events to
the real numbers. If the random variable has a continuous one dimensional range
(we will assume that in what follows), the probability that X takes a value between
x and z + dx is given by P(z)dz, where P is a real-valued function such that
P(z) 20 and [deP(z) = 1.

P(x) is called the probability density at .

A stochastic process or random function (V') is an application from a set (usu-
ally the reals or the integers, interpreted as time) and a random variable to the reals.
So if X is a random variable, we have:

Yx(t) = f(X,1) (2.1)

When X takes one of its possible values (z), the stochastic process (Y') takes
another, according to:

Yo(t) = f(x,1)

If X is distributed following Py (x), we can compute the moments of Y
(vx() = [ daPslaate)

The probability density for Yx(t) to take the value y at a time t is:

P(Yx(t) =) = Pi(y.1) = / 4Py (2)5(Y, (1) — y)

5
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And the joint probability density that Y takes the value y; at t1, ys at to,..., v, at
th:

P(Yx(t1) = y1; Yx(t2) = y2; .. s Yx(tn) = ¥n) = Pa(yr, t1; 92, a5 .- i Yn, tn)
= f deX(x)é(Yx<t2) - y2) s 5(Yx<tn) - yn)

Now we can compute the moments as:

(1) = / dyyPi(y. 1)

Y(t)Y(ta)...Y(tn)) = /d?/ldQQ e Y1 Yo Y Po(yn, ty2, tos o Yns )

In general, any hierarchy of functions P, which obey:
1. P, >0
2. P, is invariant under the change (y;, ;) and (y;,t;)
3. [ Pa(yi,tas - 3 Un—1s tae13 Uns tn)dyn = Py (Y1, t15 - -3 Yn1, tnt)
4. [Py, t)dy =1
completely determines a stochastic process Y (t) as defined in (2T]).

In this way, the hierarchy of distribution functions constitutes an alternative
definition of a stochastic process. Usually the stochastic variable X with corresponds
to a given hierarchy is rather abstract and of little interest in physical applications,
and the characterization of the process via the hierarchy of distribution functions is
the more common one.

2.1 Markovian processes

The conditional probability densities are defined as:

Po(yiit; -yt Yt tigas - -5 Yns ta)
Pyt tigas -3 Uno tn)

Pyt s yntilyis tgns - Uno ta) =

Pin—i(yiites - 5y tilyisrs tias - - -3 Yns tn) Tepresents the probability density that Y
takes the values vy, at tq,...,y; at ¢; given that it takes the values ;.1 at t;.1,...,y, at
t,.

A Markov process is a stochastic process with the property:
Pl\nfl(yna tn|y17 tlv <oy Yn—1, tn71> = Pl\l(yna tn‘ynfla tnfl) (22>

for any set of m successive times (t; < ty < --- < t,). A Markov process is fully
determined by the functions P (y,t) and Pyj1(ya, t2|y1,t1). We can recover the whole
hierarchy of probability densities form these two functions:

Po(yr,tis - i Uns tn) = Pr(yn, t) P (Y2, talyn, t1) Py (s, tslye, t2) - P (Un, talyn—1, th-1)
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(for t; <ty < -+ <ty).

When the transition probabilities depend on time differences alone, the process
is said to be homogeneous.

Now, the function P (y1,t1]y2,11) is not arbitrary since:

Ps(y1,t1;y2.tas s, ts) = Poji(y, ta; ys, tlyr, t1) Py, t)
= Piji(ys, tslyz, t2) Pri (Y2, to|ya, t1) Pr(yr, th)

dividing the right hand sides by P;(y1,%1) and integrating over y,, we obtain:

Py (ys, tslyr, th) = /d92P1|1(y3,t3|?/2, t2) Pip (2, talyi, th) (2.3)

This is called the Chapman-Kolmogorov equation and is an identity obeyed by all
Markov processes (when t; < ty < t3).

Any two nonnegative functions P; and P;; that follow the Chapman-Kolmogorov
equation and the consistency condition:

Py (y2, t2) = /dy1P1|1(y2,t2|y1,t1)P1(y1,t1)

define uniquely a Markov process.

2.2 The master equation

The Chapman-Kolmogorov equation is a functional relation that is not easy to
handle in practice. A more convenient form of it and closer to physical concepts,
is the master equation, which is a differential form of the Chapman-Kolmogorov
equation.

To obtain it, we have to ascertain how P;; behaves for small time differences
(from now on we write P for Py;). We have:

P(z,t+ Atly, t) = W(zly, ) At + (1 — [ doW (v]y, t)At) 6(z — y) + O(AE?) (2.4)

That is, W (x|y,t) is the probability density per unit of time for the system to go
from y to = at time ¢ (the second term represents the probability that the system
stays at y during At).

Now, using the Chapman-Kolmogorov equation, we can write:

P(x,t + At|z,t') = [ dyP(z,t+ Atly,t)P(y, t|2, )

= [dy [W(z|y,t)At + (1 — [ doW (v]y,t)At) 6(z — y) + O(AL?)] P(y, |z, 1)

= Platz,t) + [ dy [W(elg, )Py, Hz.t) — W (gl )Pl 1]z, )] At + O(AR)
Subtracting P(z,t|z,t"), dividing by At and taking the limit At — 0, we obtain:

OP(z,t|z, 1)

dnt) / dy [W(aly, ) Py, t)z.t) — W(yle, ) Pla,tl, )] (25)
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This is usually written in a simplified form:

O] — [y [Walyot) Plyst) = Wl )P0, (2.6
The meaning of (Z8) is that the solution of this equation with P(x,t') = §(z — 2)
gives the transition probability of the Markov process (Piji(x,t|z,t")) for all t > ¢/
and for any choice of z and #'. It is not meant as an equation for the single time
distribution.

However, if we know the initial state of the system, that is, P(x,tg) = d(x — x),
then we have Pi(z,t) = [dyPip(z,tly, to)Pi(y,to) = Pijp(z,tlxo, o) and then, the
solution of (Z8) with initial condition P(z,ty) = 0(z — x¢) gives the single time
distribution P (z,t) for all ¢ > t,.

If the process has a discrete set of possible states, labeled by n, the master
equation reduces to:

dP(n,t)

o Z (Wi (£)P(0/, t) — Wi () P(n, )] (2.7)

nl

If the process is homogeneous the explicit dependence of ¢ in W, ,/(t) disappears.

2.3 Methods of solution

In the case of a discrete set of states, the master equation is a system of several (usu-
ally infinite) coupled first order differential equations, and solving it is often a hard
task. There are some methods to approach this problem (usually approximated)
and we discuss some of them in the following.

2.3.1 Generating function

The probability generating function (G(s,t)) is defined by:
G(s,t) =Y _s"P(n,t) (2.8)

Clearly, G(1,t) =1, G(0,t) = P(0,t). Moreover, we can obtain the moments of n
knowing the derivatives of G(s,t) at s = 1, for example:

o) = 280D gy - FELD) - 26D

Starting with the master equation we can obtain a partial differential equation
for the generating function that, in some cases, can be solved. Once we have the
expression of G(s,t), expanding it in powers of s we get the probabilities.

s=1 s=1 s=1
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Let’s apply this technique to the following example.
We consider a population of individuals. Each individual has a probability per unit
of time d of dying and there is a probability per unit of time b for a new individual
to enter in the population (we consider it independent of the number of individuals
for simplicity). This is known as the birth and death process. Its master equation
is given by:

OP(n,t)
ot

This is equivalent to () setting W, v (t) = dn'dps i1 + b0ps 1.
Multiplying both sides of () by s™ and summing over all values of n, we get:

=dn+1)P(n+1,t)+bP(n—1,t) — (dn+ b)P(n,t) (2.9)

9G(s,t) oG
o = (1) g+ b(s — 1)G(s.1) (2.10)

This partial differential equation can be solved by the Lagrange method, and its
solution with initial condition G(s,0) = sV (which comes from P(n,0) =, x) is:

G(S,t) — e%(sfl)(lfe_dt) (Sefdt +1— efdt)N

Expanding G(s,t) in powers of s we get the probabilities P(n,t).It’s expression
is rather complicated in the time-dependent case, but gets much simplified in the
stationary (t — oo) case, when we have:

G(s,t — o0) = eals=D)

o—b/d

P(n,t — o) = m [2]" (2.11)

a Poisson distribution with parameter

As we have seen, using the generating function we transform a set of coupled
first order differential equations into a single partial differential equation. However,
in many cases (when W, ,, are nonlinear functions of n’) the equation obtained is a
high order partial differential equation with nonconstant coefficients and its general
solution is not known. In this cases approximated methods are needed.

2.3.2 Van Kampen’s expansion

In many cases the master equation depends on a large parameter, €2, (usually the
system size or volume) and the evolution of the system becomes deterministic as
this parameter goes to infinity. In this cases a systematic expansion of the master
equation in powers of Q=2 is possible.

The expansion is based on the existence of two different scales. On one hand
the macroscopic properties of the system are functions of the intensive variable = /<,
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so that we expect that the probability for a transition to take place depends on this
variable i. e. as {2 varies the probability remains the same function of z/€. On the
other hand, the size of the transition jumps are function of the extensive variable x.
Formally, it is assumed that we can write the transition probabilities as:

Wol(zly) = f(Q) [Po(E, 2 —y) + Q10 (L, 2 —y) + Q2D + ... ] (2.12)

For concreteness, we are going to consider a master equation with discrete states of

the form:
6P§Z 1) Z (E* — 1) [Gk(ill) P(n,t)] (2.13)

9k
k=—o0 Q

where G} is a polynomial in n of degree gr and F is a linear operator such that
E[f(n)] = f(n+ 1). Note that the transition probabilities follow the assumption
(ET2). In most of the cases one meets in practice the master equation can be written
in this general form.

Next, the following ansatz is formulated:
n = Qe(t) + QY2%¢ (2.14)

with ¢,& ~ O(Q"). This means that the stochastic variable n has a macroscopic
component of order  and a fluctuating part of order /2. This ansatz is the
essential step of the expansion and is justified because we will find that P(n,t),
when expressed in £, does not depend on 2 to first approximation.

Now we proceed performing the time-dependent change of variables from n to £ in
the master equation (ZZI3]) and expanding in powers of {2. We obtain:

ot dt 0¢ o 2 0¢? Qor—1
(2.15)
where TI(¢,t) = P(Qé(t) + QV2E,1).
The terms of order /2 vanish if we choose ¢(t) to satisfy:
do .
= > kag, ¢ (2.16)
k=—o00
This is the macroscopic equation. Next, the terms of order Q° give:
81_[ Z kgkagk¢gk 1 ¢TI _'_ Lo Z kQ@gkgbgk (2.17>
ot 3§ an 2 3&2 —

This is a linear Fokker-Planck equation whose coefficients depend on ¢ through ¢(t).
Its solution is a Gaussian distribution and therefore is fully determined by the first
two moments, which follow:

= > kguag, 6% (€) (2.18)

k=—o00
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d€) _ < [ e e
T Z (—2kgrag, @71 (&?) + Kay, o) (2.19)

k=—o00

The equations for (£(¢)) and(£?(t)) are linear and uncoupled, so they can be solved
analytically, provided that we can solve the macroscopic equation for ¢(¢) which in
general is nonlinear.

If higher order terms are included in (ZI7) the Gaussian character is lost. However,
these corrections are of order Q'/2 and can be neglected in a first approximation.

We propose another (maybe simpler) way to obtain the equations for (£(¢))and
(€2(t)) that consists on writing the exact equations for (n(t)) and (n?(t)) from EZI3),
change variables to £ and expand in powers of €. If we consider a change of variables
of the form n = Q%¢(t)+Q°¢, the only values for a and b consistent with ¢, £ ~ O(92°)
area=1,0= %, as expected.

2.3.3 Gillespie method

An exact (in the sense of not biased) numerical algorithm for simulating realizations
of an homogeneous Markovian process was proposed by Gillespie [5].

The method is based on the fact that the rate at which the several possible individual
transitions happen is fixed as long as the state of the system does not change.

If there are k possible transitions and w; is the rate at which the transition
1 takes place, the time at which this transition will actually happen is distributed
according to: P(t; =t) = w;e ™i". The time (7) at which the first transition takes
place is the minimun of those times and is, then, distributed according to:

k
Plr=t) = Pt =) [T Plt; 2 1) = 3 e eom 7t — e

i=1 i i=1

with wy, = Zle w;.

We have used the fact that the individual transitions are independent, and neglected
the probability of several simultaneous transitions.

In the case of the birth and death process commented in a previous section, there
are two possible transitions:

(1) Birth of and individual at a rate b, (2) death of an individual at a rate nd (n
being the number of alive individuals).

Once we know when the first transition will take place, we need to know which
transition will it be. The probability for each transition is proportional to its rate
w;.

The Gillespie algorithm, then, works as follows:
1. Compute the transition rates, w;, (which depend on the state of the system) and
the total rate, wy; = Zle w;.
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2. Obtain the time, 7, at which a transition takes place, from a random num-

ber distributed following P(1 = t) = wyue ™°*. This can be calculated from
T = —ﬁlog(u), with v a random number uniformly distributed between 0 and
1

3. Establish which transition takes place, each of them having a probability propor-
tional to it’s rate.

4. Update the state of the system according to the transition chosen, and the time
adding the value 7.

Go back to 1.

We can go from 4 to 1 because the exponential distribution obeys:
Pt=r71t>1)=Plt=1—m1)

so after a given transition the probability for any other transition to take place is
again exponentially distributed with time origin in the current time.

To obtain mean values of arbitrary functions we can perform M different real-
izations of the process via this method and average the corresponding results. The
error in the averages obtained in this way decays as M~1/2, so when high accuracy
is needed the method can be slow.
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The Gaussian approximation

We propose an approximated method to obtain the average and variance of a stochas-
tic process that follows a master equation. The method is based on ideas coming
form van Kampen’s expansion approach (the fact that the probability distribution
is Gaussian at first order), but it is not completely equivalent to it. We analyze the
error introduced and compare with van Kampen’s method.

3.1 Formulation

We consider a general master equation of the form:

%: S (B 1) {gl;fnl)]?(n,t)} (3.1)

k=—o00

where Gy, is a polynomial in n of degree g, E is a linear operator such that E(f(n)) =
f(n+1) and Q is a large parameter of the system (typically the system size).
Equations of this form appear on the description of chemical reactions, ecological
systems and opinion dynamics among other examples.

From (B1I), after some algebra, we can get the exact equations for the moments,
o0

defined as (n™) = Z n™P(n,t):

dn™) o~ 1 o
dt > Qo1 (((n = k)™ = n"]Gr(n)) (3.2)

k=—o00

Particular cases are:

D IR = (AT 5.3

k=—o00

din”) - _ 3 Qgil (k> — 2kn)Gi(n)) (3.4)

k=—o00

13
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If Gk(n) is not linear (degree greater than 1) for some k, then the equation for
each moment depends on higher order ones, so we get an infinite system of coupled
differential equations.

The approximation proposed here consists on assuming that the distribution P(n,t)
is Gaussian so all the moments can be expressed as a function of the first two and
in this way we can get a closed system of equations for (n(t)) and (n?(t)). This
assumption is not arbitrary because, as we saw in the previous chapter, the van
Kampen’s expansion [I] method shows that, for a master equation of this form, the
probability distribution is Gaussian except for corrections of order Q=2

In the approximation proposed we have:

dim) _ 5~ R g, (35)

dt Pt Qox—1
d(n? > 1 ,
<dt : - kz_:oo Qor—1 (R~ = Qk”)Gk(”»G (3.6)

where (n*)q denotes the expression of (n*) as a function of (n) and (n?) that holds
for Gaussian probability distributions:

(k—m — D)IN@R)E™/2 = (k —m — D)((n?) — (n)2)*=m)/2 §f  k —m even
0 if k—modd
|

with (m)!! =m/(m' —2)(m’ —4)....

So we have:

k

E}
F

[
WE

<2k:> (n)?™(2k — 2m — 1)1

< \2m l_: (k_lm) (n2yE=m=tp)2(—1) (3.7)

m

=

2k +1
2m+1

) (n)2" 2k — 2m — 1) 5t (k ] m) (n2)Fm ()2 (~1)!

m=0 =0

The expression of the firsts Gaussian moments are shown in table Bl

The Gaussian approximation for obtaining the first moments from a master
equation of the form (Bl proceeds as follows:
1. Compute the exact evolution equations for (n(t)) and (n?(t)), B3) B3).
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2. Whenever a higher order moment appears, substitute it with its Gaussian ap-
proximation (table BTl)
3. Solve the system of two coupled first order differential equations.

Moment | Gaussian approximation

(n?) | (n%)e = 3(n*)(n) — 2(n)”

(n?) | {nh)e =3(n?)” — 2(n)*
(n°) | (n°)g =15(n*)*(n) — 20(n?)(n)* + 6(n)’
(%) | (n%)a =15(n*)* — 30(n?)(n)" + 45(n)°

Table 3.1: Gaussian moments

This approach is easily generalizable to master equations with several variables.
In the case of two variables, and with a master equation of the following form:

a 7’1,1,77/2, k 1l le(n,n)
Pmonet) - $ S gy [t ) )

k=—o00l=—0c0

The equations of evolution for the moments are:

th = > > %<Gk1,k2(nlan2)>cv (3.9)

k1=—0c0 ko=—00

d(n7) SR 1 ,

a k;m:zoo )9k g1 ((K; _2kini>Gk1,k2(nlan2)>G (3.10)
drns) SN S Ly s — k)G (s ma)) (3.11)

dt N Qg1 \\F1R2 = RaTh = RiM2 )Gy g, (01, 2 .

k1=—00 ko=—00

(i=1,2)

In this case we assume that the joint distribution P(nq,ns) is Gaussian, so all
higher moments can be expressed as a function of (n;), (n?), (nyny). We can compute
the successive values using Wick’s theorem. In table (B2) we write the expression
of the firsts terms.

Moment Gaussian approximation
(nins) (n) (n2) + 2(n1) (mina) — 2(n1)*(n2)
(nin) (nf)(n3) + 2(nang)® — 2(nl)*(n2)*
(nins) 3(ni)(nina) — 2(n1)*(n2)
(nin3)

6(n1ng)*(n1) + 6(n1)*(n2)* + 6<n1n2><n2>(< 1) = 2(m)?
—6(nt) (n2)*(n1) + 3(n})(n3) (n1) — 2(n1)*(n3)

Table 3.2: Gaussian moments with 2 variables
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3.2 Error of the method

Using the ansatz employed in van Kampen’s expansion: n = Q¢ + Qég , We can
write:

<n>2(m+l) <n2>k—m—l
QQk—l

= Q% 4+ QY2 TI2K(E) + Q022K — 2k + m + 1)(€)?
+(k —m — D{E) +O0(Q7?)
= fulk,m) +1fa(k,m) + O(Q2)

Inserting this into (B) and taking into account that:

3 (") = s =,

l
k

(5 D = a0 = b

1=

we get

<n2k>G : 2k 2%k 1/2 12k—1 2k—2 (7.2 2
o = > <2m) (2k — 2m)N[(Q% + Q2% 12k (€) 4+ P 72(2k% — k) (E)H)bpm
m=0

E)20k 1+ (€20 1] + O(QV2)

_ Q¢2k + Ql/2¢2k—12k<£> + (22k) <€2> + O(Q—l/Z) — é;ili)l + O<Q—1/2)

Similar calculation can be performed for odd exponent, and we finally have
the general result:
(n*)e _ (nf)

Q1 Qi1 T oQ %) (3.12)

From [BIZ) we see that the error we introduce in the equations for the moments
when performing the Gaussian approximation (3 and B) is of order O(2~1/2) for
(n) and O(Q'2) for (n?). So we have:

d(n)

— = hilln, () +0(Q"?) (3.13)

d<drf> = fo((n), (n*)) + O(2'/?) (3.14)
d(n)c _ 2

SEE — Bl () (3.15)
d<n2>G _ 2

S — fa((m)a (2)o) (3.16)

where fi(2) is the right hand side of equation BAE®), and (n)¢, (n*)¢ denotes the
value of the moments obtained performing the Gaussian approximation.
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Defining the errors as:
(n) = () + €n, (n*) = (N%)c + €2
And using equations (BI3))-([BI0) we get:

% - %‘h((n)G’ <n2>G)6n + %Jﬁ(@va <n2>G>€n2 + (Qil/z) (317)
d;f _ %ﬁ((nﬂ;, (n®a)en + %n%ﬁ((n)& (n?)6)ens + (Q1/2) (3.18)

In this equations we can neglect higher order terms if €, ~ O(0%),e,2 ~ O(9°) with
a < 1,b <2, since dpy ~ O(Q7), 92y ~ O(Q7?). Taking into account that
fi ~0(Q), fo ~O(Q?), we have:

% = 0(Q%¢, + O(Q Ve + 0O(Q71?) (3.19)
d;f — O(Q)en + 06 + O(Q2) (3.20)

If we set €, ~ O(0Q2%), €,2 ~ O(Q), equations (BI9), B20) imply b =a + 1 > 1/2.
If the initial conditions are known, initially €, = €,2 = 0 and this equations make
en ~ O(Q7Y2) €0 ~ O(Q/?). This scaling is then respected by equations (BI9),
E20).

In conclusion, when performing the Gaussian approximation we get (n) +
O(Q7Y2), (n?) + 0(QY?), 6% + O(QY?).
In first order van Kampen’s expansion we obtain (£)+0(271/2) and (¢2) +O(Q1/?),
and from them (n) +O0(Q°), (n?) +O(QY2), 6%+ O(2'/?). So the error in the Gaus-
sian approximation is of smaller order than the error in first order van Kampen’s
expansion, as we see in table (B3)).

Error in (n) | Error in ¢*
1% order van Kampen’s expansion 0(Q9) O(Q?)
Gaussian approximation 0(Q~172) O(QY?)

Table 3.3: Order of the methods
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Reaction-limited process A + B — 0

In this and the following chapters we will compare the Gaussian approximation pre-
sented here with the first order van Kampen’s expansion in some specific examples.

Chemical reactions are suitable processes for a stochastic description. The
stochastic approach is specially necessary when the number of molecules considered
is small, because in this case fluctuations can be very important.

We start with the reaction A + B — 0 (reaction limited process). The master
equation describing this process is:

OP(n,t) k
= g [+ DA+ n+ DP(n+1,1) —n(n -+ A)P(n.1)] (4.1)

Where n is the number of particles of specie A, A = €6 is the difference of the
number of particles of type A and B (conserved in the process), x is the rate at
which the reaction is produced and €2 is the volume of the system.

Note that this equation can be written in the form ([B) setting G(n) = 0p1n(n+A).
In this case G (n) depends explicitly on Q (G1(n) = n(n+€0)) so this has to be taken
into account when performing van Kampen’s expansion, and expressions (ZI3),
I9) are not directly applicable. However this fact does not affect the Gaussian

approximation, expressions ([BH) and [BH) are directly applicable and the error
nd  Qn? nd  On? Q172
o ) =g g le PO,

introduced is again of order Q~'/2 because (

as we see from (BIZ).

This master equation can be solved exactly using the generating function technique,
so we will compare the results obtained from the Gaussian approximation an the
first order van Kampen’s expansion with the exact results.

The exact solution is given by:

M
P(n,t) = Cp(A, M)B, (A)e HIHA0 (4.2)
k=n

W2k +A(E+1)a (M —k+1)
k+A Al (M+A+1),’
19

with Cy(A, M) = (1)
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M is the initial number of A particles and (a),, is the Pochhammer’s symbol: (a),, =
I'(a+n)
I'(a)
Details of the calculation in this and in a more general case are given in appendixl.

,or (a), =ala+1)...(a+n—1)

From (1) we can get the exact expression for the first two moments:

M

(n(t)) = Z(% + A)—gj ;2111))2 e R(k+A)nt/Q (4.3)

e
Il
—_

) = 32k A + (b — 1)A)Hek<k+w/ﬂ (4.4)

T
I

Using the Gaussian approximation, the evolution equations for the moments

d{n) Ko 2

= L)+ A (1.5

d(n?) _ K 3 2 2

prli 5(4{n) —6(n°)(n) + (1 — 2A)(n°) + A(n)) (4.6)

And the first order van Kampen’s expansion gives:

A = k800 = 000 = S (4.7
U0 o s mshmn o (e — §0E (N0 O — 1)
di;i ) _ —2k(2¢ + 0)(n*) — 2kQ¢(¢ + 8)(n) + 20°¢° (26 + 6) + KQP(P + 9)

Qesam%((; + ¢0)3 + Qz5¢4 —Q(1+ 25Q)eént¢g(5 + ¢o)
[P0 — €% (5 + ¢o)]*
| B0y — Q860 — 30005 — 2008 + 202065 + 22
[P0 — €% (5 + ¢o)]*
 32e2%20k04 (5 + 90)[((n)o — Q60)5? + 3 + St
[0 — €27(8 + o))

— (2(1)) =9

(4.9)

In the next figures we compare the exact results with those obtained from the
Gaussian approximation (computed by numerical integration of equations B0, EZ0)
and van Kampen’s expansion (equations L8 EJI).

The figures show that the Gaussian approximation reproduces better the exact
results for the mean value, an also slightly better for the fluctuations. Increasing 2
(the system size) leads to smaller differences between the approximations and the
exact results, as expected. A systematic study of the dependence of the error with
Q) is left for the next example.
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Figure 4.1. (n(t))/Q for 6 =1,k =1, M =100 and = 10.
Gaussian approximation (green) is almost indistinguishable from the exact result (red).
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Figure 4.2. Normalized fluctuation ¢2/Q for § = 1,x = 1, M = 100 and 2 = 10.
Gaussian approximation (green) is again closer to the exact result (red) than van Kampen’s
expansion (blue).
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Autocatalitic reaction
A— X,2X — B

The master equation describing this process is:
OP(n,t K

ét ) = Qoak(P(n—1,t)—P(n, t))+§[(n+2)(n+ 1)P(n+2,t)—n(n—1)P(n,t)]

(5.1)
This equation can be written in the form Bl) setting G;(n) = 6, —1kp s + 01 2k'n(n—
1).
The general solution for this equation is not known, but the stationary solution
OP(n,t

(P'(n), obtained setting 0P(n.t)

ot
tion technique and reads:

= 0) can be obtained using the generating func-

(knaQ/k)2L, 1 (2+/FnaQ /)

Pst(n) = 5.2
) nIV/2I41(2+/2knsQ/K') (5:2)
where [,, denotes a modified Bessel function. Details are given in appendix 2.
The exact equations for the first moments are:
din) An) o (n?)
i Qkoa + 2k q 2k Q (5.3)
d{n? K
<dt ) = Qkoa(2(n)+1)— 5(4(713) — 8(n?) + 4(n)) (5.4)
Performing the Gaussian approximation, we get:
di{n(t)) _ (n) (0%
d{n?(t K
< dt( o Qkpa(2(n) +1) — 5(12<n2><n> —8(n)? — 8(n*) +4(n)) (5.6)
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While first order van Kampen’s expansion approach leads to:

£ - oS
% = Q(koa +2k'¢?) — 4K ¢(n)
() = 2[{n)o = Qo + Qo cosh(20)] + (1 + ¢2)sinh(2t)
2[cosh(t) + ¢g sinh(t)]?
d(dyf> = 8K ¢(n?) + Q(2kp 4 + 4K ¢*)(n) + Q(kd 4 + 4K ¢?)

e (o — 1)1(4Q2 — 3) + Q1 + ¢)*(3 + 49Q) + 64(n?)y — 802 + 8Ot

64[cosh(t) + ¢g sinh(t)]4

(5.7)

(5.8)

8¢y — 1)%(dg — 1 — 4(n)o + 4Q¢0) — 8e*Q(1 + ¢o)*(—1 — 4(n)o + 4Qdy)

64[cosh(t) + ¢gsinh(t)]*

N 8Q0¢po(—7 — 16(n)o + do(do + 100 — 2t + ¢2(t — Q) — e do(1 + ¢o)?))

64[cosh(t) + ¢ sinh(¢)]*

(The expressions given for ¢(t), (n(t)) and (n*(t)) correspond to the case
ks =1,k =1/2).

To compare the two approximations in the time-dependent case, we simulate

the process using the Gillespie method. The Gillespie method allows us to obtain
single realizations of the process, so to obtain the evolution of the moments we
average over many (over one million) realizations.
In the next figures we show the results obtained with the Gaussian approximation
(computed by numerical integration of equations B8, Bf), van Kampen’s expansion
(equations ¥, BEJ) and the Gillespie method, and the exact stationary solution
obtained from (BE2), for different system sizes and initial conditions.

We see that the Gaussian approximation fits better the evolution of the mean

value, but the variance is better approximated by the first order van Kampen’s
expansion. Again, the difference between the methods decreases as the system size
is increased.
In figure (BH) we show the error in (n) and (n?) in the stationary state for the
two approximations as a function of system size Q2. We see that the error in (n)
decays as Q! for the Gaussian approximation whereas the other errors scale as Q°,
consistently with the analysis of the approximations performed.

(5.9)
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Figure 5.1. (n(t))/Q for kpa =1, k' =1/2, nog = 0,0 = 10, 100.

Gaussian approximation (green) is almost indistinguishable from Gillespie method (red) and
exact result in the stationary case (pink) for Q = 100, whereas van Kampen’s expansion
result (dotted blue) is clearly different. For 2 = 10 Gaussian approximation (black) is again
closer to the Gillespie method (light blue) and exact stationary result (dashed orange) than
van Kampen’s expansion method (dashed black, independent of Q) which is significantly far
from the exact result.
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Figure 5.2. 02(t)/Q for k¢pa =1, k' = 1/2, ng = 0,9 = 10, 100.

For 2 = 100, van Kampen’s expansion (dotted blue) reproduces slightly better the exact
stationary value (pink) and Gillespie results (red) than Gaussian approximation (green). For
Q = 10 van Kampen’s expansion (independent of Q) is significantly closer to Gillespie result
(light blue) and exact stationary value (dashed black) than Gaussian approximation (black).
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Figure 5.3. (n(t))/Q for ks =1, k' =1/2, ng = 1.05Q, Q = 10, 100.
Gaussian approximation (green) is almost indistinguishable from Gillespie method (red) and
exact result in the stationary case (black) for 2 = 100, whereas van Kampen’s expansion
result (dotted blue) is clearly different. For €2 = 10 Gaussian approximation (light blue) is
again closer to the Gillespie method (pink) and exact stationary value (dashed black) than
van Kampen’s expansion method (dotted blue, independent of Q) which is significantly far

from the exact result.

o%Q

0.78

0.775

0.77

0.765

0.76

0.755

0.75

10

Gillespiel00
Gauss100
vK
GillespielO
Gauss10

Q=10
; AT Aatind M, AN LN
*/‘ Q=100 i W T
1 2 5 6 7 8 9 10

Figure 5.4. 02(t)/Q for ks =1, k' = 1/2, ng = 1.05,Q = 10, 100.
For Q = 100, van Kampen’s expansion (dotted blue) reproduces better the exact stationary
value (black) than Gaussian approximation (green). For = 10 van Kampen’s expansion
(independent of ) is significantly closer to the exact stationary value (dashed black) than

Gaussian approximation (light blue).
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Figure 5.5. Error in (n) and o2 in the stationary case as a function of Q for kg = 1,

K =1/2
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For the Gaussian approximation, the error in (n) (red crosses) decays as Q=1 while the error

in 02 (blue stars) is constant with €. For van Kampen’s expansion, both the error in (n)

and in o
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are constant with Q.
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Opinion formation

In the last few years there has been a growing interest in the application of methods
and techniques coming from statistical physics to the study of complex phenomena in
fields traditionally farm from physics research such as biology, medicine, information
technology or social systems. In particular the application of the physical approach
to social phenomena has been discussed in several reviews [6].

In a recent paper [{] the opinion formation is modeled as follows:

We consider two parties, A and B, and an “intermediate* group of undecided agents
I. The supporters of A and B do not interact among them, but only through their
interaction with the group I, convincing one of its members with a given probability.
In addition there is a nonzero probability of a spontaneous change of opinion from
I to the other two parties and viceversa.

More specifically, if Nyp) is the number of supporters of party A(B), Ny is the
number of undecided agents and N is the total number of individuals, the possible
transitions are:

spontaneous change A — I, occurring with a rate a3y Ny
spontaneous change I — A, occurring with a rate as N
spontaneous change B — [, occurring with a rate az3Ng
spontaneous change I — B, occurring with a rate ay Ny
convincing rule A + I — 2A, occurring with a rate %NANI

convincing rule B 4+ [ — 2B, occurring with a rate %NBNI

As the total number of individuals (N = N4 + Np + Njp) is fixed, there are
only two independent variables (we choose N4 and Ng so N = N — Ny — Np) and

29
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the master equation of the process is:

0
EP(NA,NB,t) :()41<NA+ 1)P(NA+ 1,NB,t) +CY3(NB+1)P<NA,NB+ 1,t>

+as(N =Ny — N+ 1)P(Na —1,Np,t) + ay(N — Ny — Np + 1)P(Na, Np — 1,t)

A

+(N_NA_NB+1) —(NA—1)P(NA—1,NB,t)+%<NB—1)P<NA,NB—1,t):|

N

— [1 N4 + azNp + (ag + as)(N — Ny — Np) + 2HatBNe (N N, — Np)| P(N4, Np, t)

(6.1)

In this case N plays the role of the large parameter 2. Again, we note
that this master equation can be written in the general form (BX) by setting
Gio=0a1Ny, Gog = azNp , G_19 = (N — Ny — Np)(az + %NA) and Gy 1 =
(N — Na — Np)(ou + 2 Np).

There is not a known exact solution for this master equation so approximate meth-
ods to deal with it are needed.

The exact equations for the firsts moments are:

d(Na(t)) A A

o = —(a1 +ag — B1)(Na) + az(N — (Np)) — NUVEO - N<NANB> (6.2)
AT — (o au — B (N) + (N = (N) — SNE) ~ B vaNmy (69
4(N%(1)) b
sz = (a1 +a(2N — 1)+ B1)(Na) + aa(N — (Np)) — 2(a1 + ay — 1 + ﬁ)UVA)

(200 + SNANg) — )~ 2 NANG) (6.4
AN b
Y (g + ag(2N — 1) + B2)(NB) + ag(N — (Na)) — 2(az + aqg — [y + ﬁ)<NB>
a2y Ny - 22 gy - 22 () (6.5)
d<NA(Zl)tNB(t)> = —(a1+ag+as+as— 01— P2)(NaNg) + as(N(Np) — <N123>)
LN (V) — (N3) — 22 (N2 NGy 4 (NaNZ)) (6.6)

Performing the Gaussian approximation leads to:

d(Na(t)) A A

a —(a1 +ag = 61)(Na) +asN — aa(Np) — N<N31> - N(NANB> (6.7)
% = —(az + ay — Bo)(Np) + auN — ay(Na) — %(Né) - %(NANB> (6.8)
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d(JVdit@» = (a1 + (2N = 1) + B1)(Na) + az(N — (Ng)) — 2(a1 + az — By + £5)(N3)
(205 + ) (NaNp) — 22 (3(Na)(NF) — 2(Na)?)
) — 5 ((NZ)(NB) + 2(Na){NaNp) — 2(Na)*(Ns)
WVEO) (g + a2 = 1)+ B1)(Np) + s(N = (Na) = 203 + s — B2 + (V)
—(20u + 2)(NANp) — 22 (3(Np)(NZ) — 2(Np)?)
_%“N%HN/Q + 2(Ng)(NaNg) — 2(Ng)*(Na))
d<NA(2tNB<t>> = —(a+ay+astas— 01— F)(NalNp) + az(N(Np) — (Np))

+au(N(Na) — (N3)) = B2 ((NGNB) + (NaNE))
In van Kampen’s expansion method, we define ¢ 4y, {a(p) such that

Nay = Noap) + N4 (6.9)

The equations for the macroscopic components are ( [1]):

% = —a1¢94 + [az + $194](1 — ¢4 — ¢5) (6.10)
% = —a3dp + [+ B20](1 — o4 — dp) (6.11)

And for the fluctuations:

d<§;> — —[041 + oy + ﬁl<2¢A + QbB) — ﬁl]<§A> — (a2 + 51¢A)<§B> (6.12)
d<§f> = —[ag+ s+ B2(205 + ¢a) — Ba)(€n) — (4 + Bogp) (Ea) (6.13)
d<df‘> = —201(&4) — 2(02 + P104) ((€4) + (€a8r)) + 261 (E2) (1 — ¢4 — ¢5)
+a1¢a + (a2 + B1da)(1 — ¢a — ¢p) (6.14)
d<§f> = —203(¢p) — 2(ou + Bo05) ((€5) + (€asn)) + 202(65) (1 — da — ¢B)
+OJ3¢B + (044 + 52(253)(1 — (bA — (]53) (615)
d(§3t§B> = —(a1 4 a3){€a€B) — (g + Brda) ((EalB) + (€3)) — (au + Badbp) ((EalB) + (£3))
+(1 = ¢a — ¢B) (51 + B2)(€aéB) (6.16)

From those we can recover the expression in the original variables through
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Figure 6.1. (N4(t))/2 for Nao=0,Npo=Q,Q=10,100 and o; = 3; = 1.
Gaussian approximation (green and light blue) follows precisely the Gillespie result whereas
van Kampen’s expansion (doted blue, independent of Q) differs clearly, specially for 2 = 10.

In the next figures we compare the results coming from both approximations
(obtained by numerical integration of the previous equations) and from simulations
of the process performed with the Gillespie algorithm, for different sistem sizes and
some representative values of the parameters and initial conditions.

Again, the Gaussian approximation reproduces better the values for the av-
erage whereas in this case both methods are very similar for the fluctuations and
correlation.
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Figure 6.2. 0%(t)/Q for Nag=0,Npo=Q,Q=10,100 and a; = 3; = 1.
Gaussian approximation results (green and light blue) are almost independent of system

size and very close to van Kampen’s expansion results (dotted blue). Both are close to the
Gillespie results for 2 = 100, but differ clearly from those for {2 = 10.
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Figure 6.3. 0% 5(t)/Q for Naog=0,Npo=Q,Q=10,100 and o; = 3; = 1.
Again Gaussian approximation is very close to van Kampen’s expansion and both methods

fail for small €.



34

Chapter 6.




/

Conclusions

In summary, we have proposed a method to obtain the average and variance of a
stochastic process that follows a master equation.

The method is based on assuming that the probability distribution is Gaussian
and using this knowledge to express higher order moments as a function of the two
firsts in the exact equations for these. Although this hypothesis is derived in van
Kampen’s approach, our method is not fully equivalent to it.

We have shown that, for a general class of master equations, the Gaussian
approximation leads to an error in the mean value that scales as one over the square
root of the system size and an error in the variance that scales as the square root of
the system size. In this respect is better than first order van Kampen’s expansion
(error in mean value ~ O(Q°), error in 02 ~ O(QY?)). Besides that, another
advantage of the method is its simplicity and easy implementation.

In all the examples where we have applied the method it performs better than
first order van Kampen’s expansion for the mean value. For the variance it results
better in the reaction-limited process, worse in the autocatalitic reaction and almost
equal for the opinion formation model.

Taking into account it’s simplicity, we believe that this method can be used
as an alternative to van Kampen’s expansion when there is no intention of going
further than first order.
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Appendixl1: Reaction-limited
process

8.1 Introduction

Consider the general process A+ B =C , limited by reaction. This means that

any two particles A and B have the samewprobability of reaction. Denoting by A(t)
and B(t), respectively, the number of particles of the A and B substances, the rate
for the A+ B — (' reaction is §A(t)B(t). For the reverse reaction, it is assumed
that C' has a constant concentration, and hence the rate is w{). In these expressions
() is proportional to the total volume accessible to particles. Since B(t) — A(t) = A
is a constant, one only needs to consider one variable, for example, the number
of A particles at time ¢. Let us denote by P,(¢) the probability that there are n
A-particles at time t. The master equation describing the process is obtained from:

Put+dt) = Pop(DE(n+1)(A+n+ Ddi+

Pn71(t)det + Pn(t)[l — %n(A + n)dt][l _ det] (8.1)

TP) 4 1)+ 14 1)Praat) = 0+ AP (0] + 0Py (1) P
(8.2)

which is the basis of the subsequent analysis.

By defining the moments (n(t)*) = > n*P,(t), it is simple to arrive at:

dnt)) _ & 2
2 =g (%) + An(D)) + w0 (83)

The typical mean-field assumption neglects fluctuations and approximates (n(t)?) ~

(n(t))
Q

one obtains

(n(t))?. By defining the density of particles p(t) =

W0 —wp)(ptt) +9) + (5.4)
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with 0 = A/Q. The solution of this differential equation with the initial condition
p(t =0) = po is:

At
P1 — p2pe
l) = ——""—— 8.5
with p1o = —% + \/%Jrf, p = ﬁ and A = k\/0? +4dw/k. Ast — oo the
concentration of A particles tends to the equilibrium value p; exponentially:
p(t) = p1 = (p1 — pa)pe ™ (8.6)

An exception to this exponential decay occurs in the irreversible, w = 0, and sym-
metric, 0 = 0, case. In this case, p; = p» = A = 0 and the solution can be obtained as
the suitable limit of Eq.(&H) or, more easily, starting from Eq.(&4]) with 6 =w = 0:

Po
) = ——— 8.7
o) = s (5.7

i.e. a potential ¢t~! decay towards equilibrium.

This mean-field treatment neglects fluctuations. The purpose of these notes
is to find the exact solution of the master equation ([§Z) and to obtain the correct
asymptotic time dependence for the average number of particles (n(t)) and the
fluctuations (n(t)?) — (n(t)).

8.2 Solution of the master equation

Without loss of generality, let us rescale t — xt/Q and w — w?/k to get the
simpler equation:

dP,(t)
dt
Furthermore, only the case A > 0 needs to be considered. If A < 0 the change

m = n — A leaves invariant the previous equation provided that we make the iden-
tification P,(t) — P,1a(t). This means that the solutions in both cases are related

by Pu(t; A) = Ppoa(t; —A).

Introducing the generating function

= (n+ 1)(A+n+1)Pys(t) — n(n+ A)Py(t) + w[Po_1(t) — Pu(t)] (8.8)

fls,8) = Pa(t)s™, (8.9)

one arrives at the partial differential equation:

0 0? 0
a—{:(l—s) {sa—£+(1+A)8—£—w (8.10)

It is possible to obtain the general solution of this equation in the irreversible
case w = 0. This solution will be presented later. We first discuss the equilibrium
solution in the general case.
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8.2.1 The equilibrium solution

By setting % = 0 one gets the differential equation:
o*f af
—+(1+A)——-wf=0 8.11
s+ (1A —wy (8.11)

The solution around the singular regular point s = 0 can be found by the Frobenius
method as a power seriesgzozo a,s" . The regular solution satisfying the boundary
condition f(s=1) =1 idl:

s[5 (24/ws)

= 8.12
O N (512
and the equilibrium probabilities are:
n+A/2
P, d (8.13)

T I (2V@)nl(n+ A)l

from where the first two moments can be computed as:

(n) = %ﬁ (8.14)
(n?) = W%A@ (8.15)

8.2.2 The time-dependent solution

We now study how the system relaxes towards equilibrium. We will restrict
ourselves to the irreversible case w = 0. This corresponds to the process A+ B — 0,
inert. This is the case considered in the main text. The partial differential equation
(BI0) can be solved by the technique of separation of variables by trying solutions of
the form f(s,t) = fi(s) f2(t). This leads to the pair of ordinary differential equations:

s(L—s)ff +(1—s)1+A)fi +Xf = 0 (8.16)
fr+Xf = 0 (8.17)

being A\? the constant arising from the method of separation of variables. The
solution of the time dependent function is e *** and the solution of the s-function
is the hypergeometric functiorf F(—p1, po; A+ 1; s). The explicit series is:

F—p, i A+ 158) = > —ti)liio)n 5 (8.18)

(
—~ (A+1), nl

IThere is another solution to this equation, but it contains a term in Ins and it has to be
discarded since it can not be expanded in a power series of s. In the following I,,(z) is the modified
Bessel function of the first kind.

2There is another solution to the second-order differential equation. As before, this solution
has to be discarded since it can not be expanded in powers of s.
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(@), is the Pochhammer’s symbol: (a),, = F(I?(Z)"), or(a)g=1,(a), =ala+1)...(a+n—1)

for n > 0, and we have introduced

A+ AT+ 4N

= 5 (8.19)
A+ A2 +4)2

The solution for the function f(s,t) is obtained by linear combination of the ele-
mentary solutions found above:

f(s,t) = ZC)\F<—,LL1,,LL2; A+ 1; s)e”\Qt (8.21)
A

This function is, in general, an infinite series on the variable s. In fact the coefficients,
according to (B9) are nothing but the time-dependent probabilities. However, in this
irreversible case, the probability of having more A-particles that the initial number
at t = 0, say M, has to be zero. Therefore the series must be truncated after
the power s™. This implies that in the previous expression only hypergeometric
functions that represent a polynomial in s can be accepted. This is achieved by
forcing gy = k=0,1,2..., M, since the series (BI8) becomes then a polynomial of
degree k. The condition p; = k is equivalent to the parameter A adopting one of the
possible values A\, = \/k(k + A). Finally, noticing that us — 1 = A, the solution

can be written as:

Mk
Fls,8) =D  Cu(A, M)e HHAIB, L (A)s" (8.22)
k=0 n=0
The notation emphasizes that Cj depends both on A and M but B,, ; depends only
on A: (Ch) (ks A)
—hn + n
B, (A) = 2
A=A T, (8.23)

All that remains is to impose the initial condition. We start with M A-particles at
time ¢ = 0, such that f(s,t = 0) = s™. This implies that the coefficients C}, must
satisfy:

M
Z B, xCr = 0n.m (8.24)
k=n

for n = 0,1,..., M. The solution starts by finding first Cypy = 1/Bjys s and then

proceeds backwards to find Cy_1, Cpr_a,...,Cy in a recursive manner. After some

lengthy algebra, the result is:

p2k + AR+ 1A (M —Ek+ 1)
E+A Al (M4+A+1)

(in the case A = k = 0 the correct interpretation of the undetermined expression is

Co = 1). We now give the expression for the probabilities:

Cr(A, M) = (—1) (8.25)

M
Py(t) =Y Ci(A, M)B, x(A)e HETAN (8.26)
k=n
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Figure 8.1. Equilibrium values (n)/ and normalized fluctuations Q=1y/(n2?) — (n)? versus
volume €2 for k = 1, w = 1, 6 = 1. The mean value tends to the infinite volume result,
0.618 ..., while fluctuations decrease as %Q’UQ.

The normalization condition S°2 ' P, (t) = 1 is verified with the help of the relation
k

Al
Z::o By, . = dxpo. The relation Zan,k = (—1)"k—— (the indetermination aris-
n=0 (k)A
ing when A = k = 0 must be resolved as 0) helps to find the average of the number
of particles:

M
(M—k+1) _,

2 A (k+A)t D)

E k+ M+A+ )e (8.27)

k=1
The second moment (n(t)?) can be found with the help of Eq.([83) (remember that

the time has been rescaled) as (n(t)?) = _dnlt)) _ A(n(t)), or:

dt
(n(t)”) =) 2k + A) (K + (k — 1)A)%ek<k+m (8.28)

8.3 Comparison with the mean-field solution

In the limit €2 — oo the fluctuations should be negligible and the mean-field
result should be recovered.

8.3.1 The equilibrium case

The limit is somewhat complicated from the technical point of viewtl but it
can be checked that indeed Eq.[&TId) (after restoring w — w$?/k) gives that the
equilibrium concentration p = % tends to p;, the mean field equilibrium value,
when 0 — oo, keeping 0 = A/Q finite. It can also be checked that in the same
limit, the normalized fluctuations o[n]/$2, with o?[n] = (n?) — (n)?, are of order
Q=2 and vanish in the large volume limit.

8.3.2 The time-dependent case

In the limit ¢ — oo the leading expression for (n(t)) corresponds to the term
k =1 in the sum of Eq.([8Z17). Introducing back the original time scale, we get in
this limit: (24 AN
+
N (14 A)kt/Q 9
(n(t)) ~ A2 T (5.20)
Recalling that p(t) = (n(t))/Q, § = A/Q and py = M/Q, we get in the limit of large
Q:

p05 —0Kt
t) ~ —— 8.30
plt) ~ 52 (5.30)

which coincides with Eq.([88) (with w = 0) in this large Q and large ¢ limit.

3The expansion 9.7.7 in Abramowitz and Stegun is useful.
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The case A = 0 is more complicated. If we just take the leading order term in
Eq.[BZD), we arrive at:

2
p(t) ~ ﬁe_“t/ﬂ (8.31)

which says that p(t) ~ 0 decays exponentially, contrary to the mean-field result. To
get a better understanding of what is happening we use the following approximation:

k L2

M — k4 1), —k
m((MT Zln(l—M+l) Z =7 (8.32)

valid in the limit of M — oo, and then replace the sum in (827) by an integral:

> /i 2 M
(n(t)) = / dk2ke (SR —
k=0 1+ ﬁ/{t

E\H

(8.33)

which is equivalent to Eq.(&1). This potential decay is observed up to times of order
t ~ Q where there is a transition to the exponential decay (B31). Therefore, the
mean-field result is valid up to times of order €2.
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Appendix2: Autocatalitic reaction

In this case, the probability generanting function obeys the following partial differ-
ential equation:

0G(s,t , ,
éj ):(1—3) —kQ¢AG(s,t)+%(1+s)aC;7§’t)

(9.1)

It’s general solution is not known. Howhever, the stady state solution follows:

0*G(s) k'
(1+5s) 952 = kQoaG(s) + Q (9.2)
. . k(bA 2 .
Making the change of variables = I )*, we obtain:
d*G(x)
T = bG (9.3)

This is the Bessel equation and it’s solution is given by:
G(s) = Vb(1+5) [C111(24/b(1 + 8)) + C2K1(2/b(1 + 5))] (9.4)

Where I;(2), K1(z) are the modiﬁed Bessel functions of first and second kind.
The series expanssion of I, I1(z Zan has a, > 0, whereas in the one of

Kl, K1 Zb 2", b, has no deﬁmte sign. As the series expanssion of G(s),
ZP , has P(n) > 0, we choose Cy = 0. The normalicing condition

G( ) =1 leads to:
145 1(2y/b(1 +s))
G(s) = 5 1@vaD) (9.5)

To find P*'(n) we need to expand G in powers of s. Taking into account that:

2m—+v

m=0

45
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We have
1 & m+1/2 1 oo m+1/2 m+1 il
G(s) = A N S (41!,
V211 (2v/2b) == m!(m +1)! V21,(2v/2b) 2= ml(m + 1)1 &= El(m +1 — k)!
(9.7)

3
s

= Z Z but m starting at 0 if k=0.

0 k=0 m=k—1

>

m=0

i

bn—l—k 1/2

Gls) = NGTA 2\/_ Z K] Z nl(n+k—1)! (98)

2n-+k—1
(n=m-k+1, n starting at 1 if k=0). As p"+tk=1/2 = pr/2 (2_\/5) ,forn > 1 we

2
have: P /i
b =1, _1(2vVb
P (n) = b (2V0) (9.9)
V21, (2v/20)n!
For n = 0:

L (2 L (20)
L3 < 2 ) \/_Il Z <z' l+)1 _ \/511(12\@)11(2\/5)

(knaQ/k')2L, 1 (2+/FSna )

P = nIN211(24/2kQn 4 /')

(9.10)

wich is the expression (B2) of the main text.
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