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Resumen

El desarrollo de los l�aseres de semiconductor desde su aparici�on a principios
de los anos �� hasta la actualidad ha estado fuertemente ligado a la industria de las
telecomunicaciones� El constante aumento del tr�a	co de voz y datos en el mundo
ha forzado el cambio de los sistemas de comunicaci�on convencionales basados en
hilos de cobre por otros capaces de transportar grandes cantidades de informaci�on�
a velocidades de transmisi�on elevadas �� 
 Gbit�s� y sin necesidad de repetidores�
Estos nuevos sistemas� que forman actualmente la columna vertebral de las redes de
comunicaci�on mundiales� se basan en la transmisi�on de pulsos de luz a trav�es de 	bra
�optica y utilizan l�aseres de semiconductor como emisores�

Paralelamente� el progreso en el campo de la optoelectr�onica ha permitido la in�
troducci�on de los diodos l�aser en aplicaciones industriales � procesado de materiales�
tratamiento de super	cies � y en el mundo de la medicina � diagn�ostico m�edico�
cirug��a �� Adem�as� el abaratamiento de los procesos de producci�on de estos dispo�
sitivos ha facilitado el desarrollo de equipos que se han incorporado r�apidamente a
nuestras vidas� compact�disc �CD�� lectores de barras� CD�ROM� impresoras l�aser�
punteros l�aser� etc�

La relevancia de los l�aseres de semiconductor hoy d��a se re�eja claramente en su
mercado de ventas� valorado en el ano 
��� en cerca de � 
��� millardos y con una
previsi�on de crecimiento del 
��� para 
��� �� De este nada despreciable volumen
de negocios� el �� correspondi�o a las ventas de l�aseres en el sector de las teleco�
municaciones� el �
 al sector de almacenamiento �optico de datos� mientras que el
restante 
� correspondi�o a otras aplicaciones�

El diodo l�aser m�as utilizado en la actualidad es el llamado l�aser de emisi�on la�
teral� En su forma b�asica consiste en una doble heterouni�on p�pn� donde dos capas
de semiconductor de dopaje tipo p� y n� respectivamente� encierran una capa tipo p
de material activo con menor gap y mayor ��ndice de refracci�on que sus vecinas� La
cavidad resonante� de varios cientos de micras de longitud� se consigue al cortar y
pulir dos caras de la oblea dando lugar a caras parcialmente re�ejantes por donde
escapa la radiaci�on l�aser �emisi�on lateral�� A pesar de sus excelentes prestaciones
�opticas y el�ectricas� factores como la divergencia y el per	l el��ptico del haz� el car�acter
generalmente multimodo de la emisi�on� la imposibilidad de realizar test iniciales antes
de separar la oblea en chips� as�� como la limitaci�on en la integraci�on monol��tica de los
dispositivos en circuitos electro��opticos� han conducido a la b�usqueda de estructuras
de l�aseres de semiconductor alternativas�

En este sentido� las investigaciones se han encaminado hacia el desarrollo de dis�
positivos m�as pequenos� baratos y 	ables� llamados microl�aseres y caracterizados
por la corta longitud de su cavidad resonante �del orden de la longitud de onda de
emisi�on�� Un primer paso hacia el microl�aser es el L�aser de Cavidad Vertical y Emisi�on
Super	cial o VCSEL�� El primer VCSEL fue demostrado por el Profesor Iga y sus
colaboradores a 	nales de los anos �� en el Tokyo Institute of Technology� La estruc�

�Seg�un datos de la empresa consultora Strategies Unlimited
�Vertical�Cavity Surface�Emitting Laser
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tura b�asica de ese primer VCSEL era muy parecida a la del l�aser de emisi�on lateral
convencional� esto es� consist��a en una capa de material activo encerrada entre dos
capas epitaxiales p y n� respectivamente� Sin embargo� la cavidad resonante� ahora de
unas decenas de micras de longitud� se formaba al crecer dos espejos met�alicos sobre
la super	cie de las capas epitaxiales� de forma que la luz se emit��a en la direcci�on
perpendicular a la super	cie de la oblea�

Aunque la idea del VCSEL era muy prometedora� fue abandonada hasta 	nales de
los anos �� debido a las elevadas corrientes umbrales �� 
 A� que eran necesarias para
su operaci�on en modo continuo �CW�� Sin embargo� el re	namiento en el diseno de
estos dispositivos durante los �ultimos 
� anos gracias al uso de t�ecnicas de crecimiento
epitaxial como la deposici�on qu��mica metalorg�anica en fase vapor �MOCVD�� y la
epitaxia por haz molecular �MBE��� ha permitido mejorar sus prestaciones �opticas y
el�ectricas haciendo posible su comercializaci�on desde 
����

En su con	guraci�on actual� los VCSELs consisten en dos espejos diel�ectricos de
multicapa �espejos DBR�� que encierran una regi�on espaciadora de unas pocas micras
de longitud� la cual contiene a su vez una o varias estructuras de pozo cu�antico que ac�
tuan como medio activo� Estos nuevos dispositivos� con corrientes umbrales de pocos
miliamperios� potencias �opticas de varios miliwatts� operaci�on en un �unico modo lon�
gitudinal� y haces circulares y poco divergentes� se est�an convirtiendo en atractivos
sustitutos de los l�aseres de emisi�on lateral en compact disks� lectores de barras� apli�
caciones de almacenamiento de datos� punteros l�aser� medicina� etc� Adem�as� est�an
considerados a ser los componentes clave en los sistemas futuros de comunicaciones
por 	bra �optica debido la alta e	ciencia de acoplamiento haz�	bra� La naturaleza
plana de los VCSELs permitir�a su uso tanto en circuitos integrados optoelectr�onicos
como en aplicaciones de procesado de senal e imagen� reconocimiento de patrones�
almacenamiento hologr�a	co� conmutaci�on activada por luz� etc� Por otro lado� su
elevada escala de integraci�on en forma de matrices dos�dimensionales los hace ideales
para aplicaciones de alta potencia � impresi�on l�aser� bombeo de l�aseres de estado
solido� comunicaciones en el espacio libre � o bien de procesado o interconexi�on
�optica en paralelo � ordenadores �opticos� pantallas �opticas ��

A pesar del atractivo futuro de los VCSELs� estos dispositivos presentan en la ac�
tualidad una extremada sensibilidad a los efectos t�ermicos as�� como inestabilidades de
polarizaci�on y de modos transversales que degradan la calidad del haz de luz emitido�
La motivaci�on principal del trabajo es la ausencia de una explicaci�on fundamental
para este tipo de fen�omenos� con la casi �unica excepci�on del modelo desarrollado
por San Miguel� Feng y Moloney �SFM� en 
��� para VCSELs de pozo cu�antico sin
tensionar� A lo largo de esta Tesis exploraremos las posibilidades de dicho modelo
mediante an�alisis te�oricos� simulaciones num�ericas y experimentos con el objetivo de
determinar el papel jugado por ciertos mecanismos f��sicos � tales como la dispersi�on
saturable �o factor ��� las anisotrop��as del VCSEL� los procesos de relajaci�on de
spin� la presencia de campos magn�eticos� o la temperatura � en las propiedades de

�Metal�Organic Chemical�Vapor Deposition
�Molecular Beam Epitaxy
�Distributed Bragg Re�ectors
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polarizaci�on y de modos transversales de estos dispositivos�

La selecci�on del estado de polarizaci�on y la din�amica de modos transversales en
los VCSELs son dos cuestiones que han sido tratadas exhaustivamente en los �ultimos
anos� y que se revisan ampliamente en el Cap��tulo 
 de esta Tesis tras una breve
introducci�on�

El Cap��tulo � presenta medidas experimentales de las propiedades �opticas y el�ec�
tricas de VCSELs guiados por ganancia � caracter��sticas de Luz�Corriente�Tensi�on
�LIV��� caracter��sticas Luz�Corriente en funci�on de la polarizaci�on� espectros �opticos�
espectros �opticos resueltos en tiempo� etc� � as�� como un estudio de la respuesta
t�ermica de los dispositivos� Los resultados obtenidos sirven para determinar el rango
de valores de sus par�ametros caracter��sticos tales como la corriente umbral y su de�
pendencia con la temperatura� la resistencia t�ermica� el tiempo de respuesta t�ermica�
la birefringencia� la orientaci�on de la polarizaci�on� etc�

El Cap��tulo � esta dedicado a la deducci�on del modelo SFM� Este modelo es uti�
lizado en los Cap��tulos posteriores para el estudio de la din�amica de polarizaci�on en
VCSELs y considera el acoplamiento del vector campo �optico a las dos transiciones
permitidas entre la banda de conducci�on y la banda de huecos pesados en un pozo
cu�antico sin tensionar� Las ecuaciones de evoluci�on para las componentes de polar�
izaci�on circular dextr�ogira y lev�ogira del vector campo �optico se deducen a partir de
las ecuaciones de Maxwell para el caso de un VCSEL guiado por ganancia� Las ecua�
ciones de evoluci�on para las densidades de momentos dipolares inducidos �polarizaci�on
material� y de portadores en cada transici�on permitida� se deducen utilizando el for�
malismo de la matriz densidad suponiendo el medio semiconductor como un medio
de dos niveles� Los efectos espaciales est�an incluidos a trav�es de los t�erminos de
difracci�on �optica y de difusi�on de portadores� Dentro de este formalismo� la din�amica
de polarizaci�on y de modos transversales est�a descrita en t�erminos de dos conjuntos
de ecuaciones de Maxwell�Bloch para l�aseres de dos niveles que est�an acoplados entre
s�� mediante procesos de relajaci�on de spin� El Cap��tulo 	naliza con una discusi�on de
las limitaciones de la aproximaci�on de �l�aser de dos niveles� en la descripci�on de la
din�amica de l�aseres de semiconductor�

En el Cap��tulo � se analizan los mecanismos que dan lugar a la selecci�on del es�
tado de polarizaci�on en el modo fundamental del VCSEL� La operaci�on monomodo
del dispositivo permite deducir un conjunto de ecuaciones de balance a partir del
modelo original� donde se incorporan las anisotrop��as caracter��sticas del VCSEL� la
birefringencia y el dicroismo� Este modelo m�as simple permite encontrar expresiones
anal��ticas para las soluciones estacionarias con polarizaci�on lineal y el��ptica� Seguida�
mente� el an�alisis de la estabilidad de estas soluciones permite predecir los diferentes
comportamientos de polarizaci�on caracter��sticos cuando se var��a la corriente aplicada
al l�aser � emisi�on estable en una �unica polarizaci�on lineal� conmutaci�on entre po�
larizaciones lineales� coexistencia de polarizaciones lineales ortogonales� y emisi�on en
polarizaci�on el��ptica � en funci�on de la birefringencia del dispositivo� Estos resul�
tados son corroborados con simulaciones num�ericas de las ecuaciones del modelo y
comparados con los resultados experimentales de la bibliograf��a� El Cap��tulo 	naliza

�Light�Intensity�Voltage characteristics
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con el estudio num�erico del efecto de la inyecci�on de luz linealmente polarizada en el
VCSEL sobre su estado de polarizaci�on� y muestra la existencia de biestabilidad y de
conmutaci�on de polarizaci�on causados por cambios en la intensidad y en la frecuencia
de la senal �optica inyectada� Los resultados de este Cap��tulo coinciden cualitativa�
mente con las medidas experimentales poniendo de mani	esto la posible relevancia
de la dispersi�on saturable y de los procesos de relajaci�on de spin en la selecci�on del
estado de polarizaci�on en los VCSELs�
En el Cap��tulo � extendemos el modelo de las ecuaciones de balance para es�

tudiar los efectos de la aplicaci�on de un campo magn�etico axial sobre el estado de
polarizaci�on del VCSEL� Para VCSELs perfectamente is�otropos mostramos que la
emisi�on ocurre en forma de polarizaci�on lineal rotante como consecuencia de la bire�
fringencia circular inducida por el campo magn�etico �efecto Zeeman�� Sin embargo�
cuando se tienen en cuenta las anisotrop��as lineales propias de estos dispositivos� se
encuentra que el estado de polarizaci�on de la luz emitida depende fuertemente del
valor de la birefringencia circular inducida� que es funci�on de la intensidad del campo
magn�etico aplicado� Para campos magn�eticos d�ebiles �birefringencia circular mucho
menor que la birefringencia lineal� observamos el mismo tipo de fenomenolog��a que
en el Cap��tulo � al variar la corriente inyectada � emisi�on estable y conmutaci�on
de polarizaci�on � pero ahora entre estados con polarizaci�on el��ptica cuya elipticidad
depende tanto de la corriente como de la intensidad del campo magn�etico aplicado�
En la regi�on de campos magn�eticos moderados �birefringencia circular comparable a
la birefringencia lineal�� la emisi�on ocurre principalmente en estados de polarizaci�on
con dos componentes espectrales primarias que se caracterizan por una trayectoria
cerrada sobre la esfera de Poincar�e y que denominamos soluciones de �dos frecuen�
cias�� En el l��mite de campos magn�eticos fuertes mostramos que la emisi�on ocurre en
la forma de polarizaci�on el��ptica rotante� un estado de polarizaci�on casi lineal cuya
orientaci�on cambia en el tiempo con una frecuencia que depende de la intensidad del
campo magn�etico aplicado� Motivados por este �ultimo resultado� exploramos al 	nal
del Cap��tulo la posibilidad de generar pulsos �opticos r�apidos a velocidades de GHz
mediante la aplicaci�on de un campo magn�etico externo a un VCSEL casi is�otropo�
con aplicaciones en comunicaciones �opticas y generaci�on �optica de reloj�
En el Cap��tulo � presentamos un estudio experimental en VCSELs guiados por

ganancia con el 	n de discriminar entre los efectos producidos por los cambios en
la corriente de inyecci�on y aquellos producidos por cambios en la temperatura de
la zona activa �efectos t�ermicos inducidos por la corriente aplicada� sobre el estado
de polarizaci�on dentro del modo transversal fundamental del VCSEL� El estudio se
basa en dos series de medidas Luz�Corriente �variando en cada una la temperatura del
sustrato� realizadas bajo condiciones t�ermicas diferentes� En la primera serie� la larga
duraci�on de la rampa de corriente aplicada �� 
 s� permite que la temperatura de la
zona activa del dispositivo se actualice para cada valor de la corriente� En este caso�
la conmutaci�on de polarizaci�on observada en los dispositivos puede ser atribuida o
bien verse in�uenciada por el calentamiento del VCSEL inducido por la corriente� En
la segunda serie de medidas� la temperatura de la regi�on activa se mantiene constante
mediante el uso de rampas de corriente de duraci�on corta �� 
�� ns� comparada con el
tiempo de respuesta t�ermica del VCSEL �� 
 �s�� La observaci�on de conmutaci�on de
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polarizaci�on en esta segunda serie de medidas elimina la posible explicaci�on t�ermica
de dicho fen�omeno e indica la existencia de mecanismos asociados con los cambios de
la corriente �como los estudiados en el Cap��tulo �� que afectan la seleci�on del estado de
polarizaci�on� La dependencia lineal observada experimentalmente entre la corriente
de conmutaci�on y la temperatura del sustrato se explica en t�erminos de los resultados
del Cap��tulo �� permitiendo estimar los valores de la constante de relajaci�on de spin
y de la anisotrop��a de ganancia intr��nseca del VCSEL estudiado�
En el Cap��tulo � estudiamos la selecci�on del estado de polarizaci�on en conjunto

con la din�amica de modos transversales en VCSELs circulares guiados por ganancia
a partir de simulaciones num�ericas del modelo general deducido en el Cap��tulo ��
En primer lugar� estudiamos las propiedades de polarizaci�on durante el encendido
del l�aser� Seguidamente� presentamos resultados de caracter��sticas Luz�Corriente y
espectros �opticos que muestran las inestabilidades t��picas de estos dispositivos a me�
dida que se aumenta la corriente aplicada� i� estabilidad o conmutaci�on de polari�
zaci�on durante la operaci�on dentro del modo fundamental� ii� aparici�on del primer
modo transversal con polarizaci�on ortogonal al modo fundamental� y iii� coexistencia
de ambas polarizaciones a corrientes superiores� El Cap��tulo concluye con la pre�
sentaci�on de resultados que muestran la sensibilidad de las inestabilidades de modos
transversales y de polarizaci�on en VCSELs a los mecanismos de relajaci�on de spin�
El Cap��tulo � presenta el resumen y las conclusiones de este trabajo�
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� Introduction

Semiconductor lasers are nowadays quite common in our lives� These devices�
also known as diode lasers� are the key components in compact�disk �CD� audio play�
ers� supermarket bar�code scanners� CD�ROMs and laser printers in our home and
o!ce computer equipment� etc�� While optical data storage applications represented
roughly �
  of the diode laser sales market in 
���� semiconductor laser sales for
telecommunication applications accounted for ���� million in the same year� corre�
sponding to �� of the diode laser market "
#�
The dominance of the telecommunication segment in the diode laser market should

not be surprising since it has been driven by the increasing voice and data tra!c
around the world� The reason is that 	ber�based optical networks� where laser diodes
are used as emitters� have become the backbone of worldwide communication systems
since� as compared to conventional copper�wire communication systems� they allow
the transport of information over much longer distances without repeaters� and at
higher data rates �� 
 Gbit�s��
Furthermore� the relevance of semiconductor lasers has rapidly increased along

with progress in the opto�electronics 	eld� leading to the development of new applica�
tions such as second harmonic generation� material processing and surface treatment�
pumping of solid state lasers� pumping of Er�doped 	ber ampli	ers� medical diagnos�
tics and surgery "�#� interferometry� sensing� communications within computer sys�
tems� optical interconnects� photonic switching� etc�� corresponding to the remaining

� of the diode laser market in 
����
Semiconductor lasers became widely available in the early 
���s� However� these

	rst commercial diode lasers� known as edge�emitting lasers� still have several short�
comings� divergents beams� elliptical beam pro	les� multimode emission� limited
monolithic integration of lasers into electro�optical circuits� etc� As a consequence�
new semiconductor laser structures have been developed in order to improve on the
characteristics of edge emitters� Research has addressed the development of smaller�
cheaper� and more reliable devices� generally referred to as microlasers "�#�
A semiconductor microlaser is a laser diode with a very short resonant cavity �

of the order of the emission wavelength � for which only one cavity mode overlaps
the semiconductor gain pro	le� A 	rst step towards the semiconductor microlasers is
the Vertical Cavity Surface Emitting Laser �VCSEL� "�� �#� which is the topic of this
work� A VCSEL was 	rst demonstrated by Prof� Iga and co�workers at the Tokyo
Institute of Technology in the late 
���s "�#� The basic structure consisted of a bulk
active layer cladded by two epitaxial p� and n� layers� A few �m long resonant cavity
was formed by attaching metal mirrors to the top and bottom epitaxial surfaces such
that light was emitted perpendicular to the wafer�
Although the idea of a VCSEL was very promising� it was almost abandoned

until 
��� since CW operation was prevented due to the high threshold currents ��

 A�� However� VCSEL designs have been re	ned over the past 
� years with the
use of epitaxial growth techniques such as metal�organic chemical�vapor deposition
�MOCVD� and molecular beam epitaxy �MBE�� and they are commercially available
since 
����
In their present con	gurations� VCSELs consist of two dielectric mirror stacks

�DBR mirrors� surrounding a spacer region of few microns long� which contains one
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or several quantum well structures as the gain medium� Present VCSELs � with
threshold currents of few milliamps� maximum output powers of the order of several
milliwatts� circular and low divergent beams� single�longitudinal mode emission� etc�
� have become attractive substitutes of edge�emitting lasers for applications such as
CD players� barcode scanning� optical data storage� lasers pointers� etc� In addition�
VCSELs are considered to be the key components in future 	ber�optic communica�
tion because of the high coupling e!ciency between the VCSEL beam pro	le and
the 	ber core� The planar nature of VCSELs will allow them to be used in opto�
electronic integrated circuits "�#� On the other hand� the large�scale of integration
into two�dimensional arrays "�# will allow VCSELs to 	nd applications in areas such
as image�signal processing� pattern recognition� holographic storage� light�activated
switching� laser printing� solid�state and microchip laser pumping� optical displays�
free�space communications� etc� "�� 
�#�
Hence� it is widely expected that VCSELs will replace edge�emitting lasers in the

near future� However� despite the attractive optical and electrical characteristics of
present VCSELs� they are still strongly sensitive to temperature changes� Moreover�
some VCSELs also display polarization and transverse mode instabilities which de�
grade the quality of the output beam� This thesis is devoted to the study of the
physical mechanisms leading to such instabilities�
In the following sections I will brie�y review the basic features of semiconductor

lasers and the main characteristics of two widely used types of semiconductor lasers�
the edge�emitter and the VCSEL� Then� I will show published results reporting the
characteristic polarization and transverse mode behavior of these devices� including
a brief review of the models and the explanations given to the experimental results�
In particular� I will focus on the models for the selection of the polarization state
in VCSELs� I 	nish this Chapter with a list of criticisms of these models� and the
outline of the work�

��� Basics of semiconductor lasers

Semiconductor physics depends on the existence of a gap of forbidden energies�
typically from ��
 to � eV� which lies between the valence band of bonding electrons
and the conduction band of �free� electrons� Such a relative small bandgap allows
for several thermal and optical interaction processes that alter the concentration
of charge carriers in the semiconductor material and hence modify the optical and
electrical properties�
Charge carriers in a semiconductor can be generated either by thermal excitation

or by the absorption of a photon whose energy is bigger than the bandgap energy� In
both cases� a valence band electron is excited to the conduction band leaving behind
a vacancy which e�ectively behaves as positively charged free particle �hole�� Con�
duction band electrons and valence band holes �electron�hole pairs� can su�er the
reverse process in either of two di�erent ways� nonradiative recombinations � such
as Auger recombinations� recombinations at defects� and surface recombinations�
� when the electron�hole energy is 	nally released into lattice phonons �heat�� and
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radiative recombinations� when the energy is released as photons� Radiative recombi�
nations are predominant in direct�gap semiconductors and can be either spontaneous
or stimulated� Spontaneously generated photons are emitted in random directions
and with arbitrary phases� such that the emitted light is incoherent� However� when
the electron�hole recombination is stimulated by a photon of energy h� existing in
the semiconductor material� the result is the coherent ampli	cation of the incoming
photon such that the photon energy after the recombination increases in h�� keeping
the phase and the propagation direction of the incoming photon�
Stimulated emission processes are the basis of lasers� However� stimulated emis�

sion processes have to compete with photon absorption processes in order to produce
coherent optical ampli	cation �optical gain�� Therefore� the interesting quantity is
the net rate of stimulated emission� rst� namely the di�erence between the stimulated
photon rate and the absorption rate� For a given photon energy� E$Ec�Ev$h�� rst is
proportional to the di�erence between the occupation probabilities of the electrons
in the conduction band with energy Ec� fc�Ec�� and the electrons in the valence band
with energy Ev� fv�Ev�� Such occupation probabilities follow Fermi�Dirac statistics
�fi�Ei� $ �exp"�Ei � Efi��kBT # % 
�

��� i $ c� v�� where Efc and Efv are the quasi�
Fermi levels for the conduction and valence band� respectively� kB is the Boltzman
constant� and T is the absolute temperature� The condition at which the rates of
photon absorption and stimulated emission are equal at a given photon energy� rst$��
is known as transparency� Beyond transparency� because net stimulated emission oc�
curs� the occupation probability in the conduction band at energy Ec is larger than
the occupation probability in the valence band at energy Ev� fc � fv� a condition
known as population inversion�
The simplest semiconductor structure in which population inversion can be achieved

is an ordinary p�n junction formed by a p&type region grown in contact with a n&type
region from the same direct�gap semiconductor material �homostructure�� When the
p�n junction is forward biased� electrons and holes� which are the majority carriers
in the n� and p&type regions� respectively� �ow towards the depletion region of the
junction �active region� where the population inversion condition can be achieved
depending on the forward bias value� Although the 	rst diode lasers were based
on this type of homostructure� today most practical lasers employ either a double
heterostructure "

# or a quantum�well heterostructure "
�#�
Double heterostructure lasers �DH� consist of cladding a thin �
�� to ��� nm

thick� active layer of a given semiconductor material between two or more layers of
di�erent semiconductor materials but with approximately the same lattice constant
as the active layer �See Fig� 
�
�left��� The main advantages of the semiconductor
heterostructure over the homostructure are that it provides �i� better carrier con�
	nement� since the potential barriers at the heterojunctions prevent the out�ow of
electrons �holes� to the p&type �n&type� region� while the bandgap di�erence helps
the injected carriers to be con	ned at the active region� as shown in Fig� 
�
�right��
and �ii� better optical con	nement� since the cladding layers have a smaller refractive
index than the active layer� forming a dielectric waveguide which con	nes the gener�
ated photons in the vicinity of the active region through the physical mechanism of
total internal re�ection�
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�
� �left� Three�layer slab�waveguide heterostructure� n� � n�� Eg� � Eg�	 �right� Energy
band diagram of a DH�laser under forward bias	

A single quantum�well laser "
�# is similar to a conventional bulk heterostructure�
but with the active layer only a few nanometers wide �� �� nm�� which requires so�
phisticated growth techniques such as MOCVD or MBE� In a quantum well� carriers
are con	ned along the direction normal to the quantum�well plane �quantization di�
rection�� and their energy and density of states become quantized� Coherent radiation
occurs by stimulated electron�hole recombination between the quantized sub�bands of
the conduction and valence bands� Because of the thin heterostructure� carriers are
tightly con	ned� resulting in a better e!ciency than in bulk laser diodes� and thus in
lower threshold devices� However� optical con	nement requires the addition of sepa�
rate con	nement heterostructure �SCH� layers with a refractive index in between that
of the cladding layers and the wells� Multiple quantum wells can also be produced
by alternating narrow layers with low and high bandgaps� which allows for higher
powers� Fig� 
�� shows the band structure of a single� �left� and a multi�quantum
�right� well structure�

Hence� a semiconductor medium can be used as an active medium to emit light
by stimulated emission processes� The remaining requirement to have a laser diode is
a resonant cavity to provide an adequate optical feedback mechanism for frequency
selection� in other words� to de	ne the frequencies �modes� to be ampli	ed� Depending
on the type of resonant cavity� semiconductor lasers can be classi	ed into six main
categories� as shown in Fig� 
��� In conventional semiconductor lasers� known as
edge�emitting lasers �a�� the resonator is a Fabry�Perot cavity of partially re�ecting
facets formed by cleaving the wafer along parallel crystal planes to create �at mirror
facets� Some edge�emitting lasers use a di�erent wavelength selector consisting of a
periodic index perturbation directly integrated along the laser structure "
�#� namely
the Distributed Feedback �DFB� laser �b� "
�#� when the grating region is built into
the pumped part of the gain region� and the Distributed Bragg Re�ector �DBR�
lasers �c� "
�#� when the grating replaces the usual cleaved mirror on one or both
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Figure 
��� Band structure of a single �left� and a multi�quantum �right� well heterostructure	
Stimulated transitions occur between the quantized subbands of the wells	

sides of the resonator� Other geometries are also used in which the light is emitted
normal to the surface of the wafer� such as a conventional edge�emitting lasers with
a ��o etched mirror �d� "
�# or a DBR laser using a second�order grating �e� "
�#� A
completely di�erent approach to obtain surface emission is the VCSEL �f� "�#� In
these lasers� the cavity is vertical and the mirrors� typically quarter�wave DBRs� are
parallel to the wafer surface� It is worth noting that in quantum�well VCSELs the
quantization direction coincides with the emission direction while in the other classes
of quantum�well laser diodes is always perpendicular�

The emission characteristics of laser diodes as a function of the bias voltage are
common to all devices� At low values of the applied voltage �or current�� the carrier
density in the active layer is small� so photon absorption is dominant over ampli	ca�
tion and the laser diode mainly emits spontaneous light� Transparency is achieved
for a bias voltage equal to the active layer energy gap �if zero series resistance is as�
sumed�� For increasing bias voltage� the carrier population is inverted so net optical
gain occurs over a small spectral region given by �Efc�Efv��h � � � Eg�h� known
as the ampli	er bandwidth� But while there is net ampli	cation in the medium� it
is not enough to overcome the transmission losses at the facets� so the emission is
still incoherent � ampli	ed spontaneous emission � but spectrally 	ltered by the
Fabry�Perot etalon� Coherent laser light is emitted only when the net optical gain
overcomes both the internal losses �any optical loss within the laser cavity which does
not yield a generation of carriers within the active region� such as light scattering�
free carrier absorption� etc�� and the mirror losses �transmission through the mir�
rors� at a particular resonant frequency of a cavity mode� When gain and losses are
balanced� this is called the threshold condition� The carrier density satisfying the
threshold condition is called the threshold carrier density� Equivalently� the applied
voltage �current� providing such a carrier density is known as the threshold voltage�
Vth �current� Ith�� Above threshold� the carrier density remains almost clamped to
its threshold value and the population of excess injected carriers is transformed into
stimulated radiation within the selected cavity mode�s�� The output power �L� in�
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Figure 
��� Semiconductor laser cavities� �a� conventional edge�emitting� �b� DFB� �c� DBR� �d�
edge�emitting laser with a 
�o etched mirror� �e� DBR laser using a second�order grating� �f� VCSEL	

creases linearly with the applied current �I�� and the slope of the L�I characteristics
is a measure of the external quantum e!ciency� typically ��� ���� W�A�

The emission spectrum might consist of one �single�mode� or several �multi�mode�
narrow peaks � each one hundreds of MHz wide� typically � which correspond to
the Fabry�Perot empty cavity modes modi	ed by the active medium� The number of
simultaneously lasing cavity modes will depend on the width of the gain spectrum�
the spectral separation between adjacent longitudinal modes� and the applied current�
However� the emission wavelength of the laser will depend on the type of semicon�
ductor material used as the laser medium "
�#� Blue�green visible lasers are based on
the ZnSe family on GaAs substrates� such as ZnSSe and ZnCdSe� Red visible lasers�
operating between ��� and ��� nm� are based on Ga��xInxP or �AlxGa��x�yIn��yP
on GaAs substrates� Laser diodes based on AlxGa��xAs technology grown on GaAs
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substrates emit at relatively higher wavelengths� from ��� to ��� nm� depending
on the aluminum concentration �� The other common group of lasers is based on
InxGa��xAs grown on GaAs substrate or In��xGaxAs��yPy on InP substrates� having
emission wavelengths in the near infrared area ���� to 
��� nm� �� Longer wavelength
regions� from 
�� to ��� �m� are covered by InGaAsSb lasers on GaSb substrates ��

��� Edge�emitting lasers

In conventional semiconductor lasers� the laser cavity is obtained by cleaving the
wafer on which the laser diode is built� which creates a Fabry�Perot cavity several
hundreds of micrometers long� with partially re�ecting facets at which light is emitted
from the edge of the chip �z�direction� parallel to the surface of the wafer�� Transverse
con	nement �y�direction� of carriers and photons is typically provided by a double
heterostructure� In addition� laser action is laterally �x�direction� limited to a stripe
of the active layer� typically� a few microns wide� Lateral optical con	nement is
achieved by either concentrating the current �ow �and hence the laser gain� in the
stripe �gain�guiding� "
�#� or fabricating the stripe with a higher refractive index
�index�guiding�� As a result of the combined lateral and transverse con	nements� the
laser output beam of edge�emitting lasers has elliptic shape and is strongly divergent�

Index�guided lasers have a built�in lateral waveguide where the high refractive
index region coincides with the stripe used for current injection� As a consequence
of the optimal carrier and 	eld con	nement� index�guided lasers display stable op�
eration on the fundamental transverse mode at high injection currents� so they are
commonly used for applications such as laser printers and CD players� Depending
on the refractive index step of the lateral waveguide� 'n� index�guided lasers can be
classi	ed as weakly "��# �'n � � � 
���� and strongly "�
# �'n � � � 
���� index�
guided devices� In some weakly index�guided structures� the active region waveguide
thickness is varied by growing it over a channel or a ridge in the substrate� as in the
inverted�rib waveguide laser� In mesa�stripe lasers� as shown in Fig� 
���a�� the stripe
is edged� In buried�heterostructure lasers� Fig� 
���b�� the active region is buried such
that the optical 	eld is strongly con	ned not only in the transverse but also in the
lateral direction� providing strong index�guiding of the optical mode�

Gain�guiding mechanism does not con	ne the light as tightly as index�guiding�
so the beam quality is not as good� A common gain�guided stripe laser is shown
in Fig� 
���c�� The injected current is limited to the active region by making the
side regions non�conducting using proton implantation� The main shortcoming of
gain�guided emitters is the onset of higher�order transverse modes when the laser
is operated at high currents� which results in non�linearities or (kinks( in the Light�

�AlGaAs lasers are commonly used in a wide range of applications� including CD players� short�
distance �ber�optic communications� optical data storage and laser printing	

�These longer�wavelength diode lasers are used almost entirely for communication applications�
since they cover the minimum dispersion wavelength ��� nm� and the minimum attenuation
wavelength ���� nm� of optical �bers	

�These lasers have applications in pollutant detection� eye safe devices� etc	
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Figure 
��� Edge�emitting lasers �a� mesa�stripe� �b� buried heterostructure� �c� gain�guided� �d�
broad�area� �e� gain�guided array	

Intensity �LI� characteristic "��# and 	lamentation of the output beam�
Typical threshold currents for commercial� bulk� narrow�stripe� index�guided lasers

are ����� mA� with CW output powers up to �� mW� Narrow stripe gain�guided lasers
have roughly �� higher thresholds and similar output powers� Maximum power lev�
els increase in proportion to the volume in the active layer� Broad�area lasers "��#�
based on this principle� can generate 
 W output power for a 
�� �m wide stripe with
typical thresholds of ��� A� The high optical power provided by these lasers is spread
over a large active area� thus reducing the likelihood of catastrophic facet damage
caused by heating and the subsequent melting of the cleaved facet mirrors� A typical
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broad�area laser structure is shown in Fig� 
���d�� Despite the simple structure and
the possibility to obtain high output powers� broad�area lasers present many disad�
vantages as a consequence of their gain�guiding nature such as high threshold currents
and poor spatio�temporal optical characteristics �erratic beam 	lamentation�� which
limit their practical application for communication purposes�
High power� coherent lasers can be achieved if the active area is divided into a series

of narrow� closely spaced� parallel stripes giving rise to a laser array� The relatively
small separation between the adjacent lasers allows for coupling from both the optical
	eld and the carriers of adjacent emitters which� under certain circumstances� can
establish a de	nite phase relation between the lasers of the array resulting in the
emission of narrow� high�power� coherent beams �phase�locked arrays�� Depending on
the type of lateral waveguiding mechanism� laser arrays are classi	ed as gain�guided
"��# �Fig� 
���e��� index�guided "��#� and index�antiguided "��# arrays�

��� Vertical�Cavity Surface�Emitting Lasers

The 	rst Vertical�Cavity Surface�Emitting Laser consisted of a short gain region
�few microns long� of bulk semiconductor material cladded by highly refracting gold
mirrors parallel to the top and bottom surfaces of the semiconductor wafer "�#� This
original con	guration has been modi	ed in order to develop more e!cient and reliable
devices�
Present VCSELs have the original metal mirrors replaced by Distributed Bragg

Re�ectors �DBR� "��#� A DBR mirror consists of alternating semiconductor layers
of quarter�wave thick high� and low�refractive index� Because of the short active re�
gion� VCSELs have low round�trip gain as compared with conventional edge�emitting
lasers �hundreds of microns long�� so tens of these pairs of layers need to be stacked
together in order to achieve a high overall re�ectivity �� ����  �� The DBR mirrors
clad a gain region which contains one or several quantum�wells� The quantum�well
structures are placed at the antinodes of the standing wave of the resonant longitudi�
nal mode for which the VCSEL is designed� since this enhances the modal gain "��#�
Therefore� spacing layers are needed to adjust the cavity length to a integer multiple
of the emission wavelength of the VCSEL� Fig� 
�� shows the standing wave intensity
distribution in the central region of a VCSEL �left� and a typical re�ectivity spectrum
�right� for a GaAs MQW laser wafer "��#�
VCSEL wafers �Fig� 
���a�� are fabricated by a fully monolithic process� using

MOCVD and MBE growth techniques� Transverse con	nement can be achieved by
either gain� or index�guiding as in conventional edge�emitting lasers "�� ��#� In gain�
guided VCSELs �Fig� 
���b��� proton�implantation is generally used to produce a
high�resistance region which funnels the injected carriers into the active region �cur�
rent con	nement� "�
#�"��#� The high gain region generated at the center of the
proton�implanted region provides optical con	nement� Index�guided VCSELs use ei�
ther mesa�etching� buried heterostructure� or native oxide processes to produce a
transverse refractive index pro	le to allow optical waveguiding� Air�posted VCSELs
�Fig� 
���c�� are fabricated by a self�aligned process using metal masks with SiO� win�
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Figure 
��� �left� Standing wave intensity distribution in the central region of a VCSEL	 H and
L denote high and low refractive index layers respectively� �right� Typical re�ectivity spectrum of a
GaAs MQW laser wafer �after Ref	 ���� c�IEEE ���	

dows protecting the laser aperture during reactive ion etching "��#� These air�posted
devices have strong waveguiding because the large refractive index di�erence between
the heterostructure and the air �'n�
�� Weakly index�guided VCSELs can be built�
e�g�� by regrowing a cladding layer around the air�posted structure with a lower re�
fractive index than the active region �Fig� 
���d�� "��� ��#� This structure� referred to
as buried heterostructure� allows simultaneous current and optical con	nement� An
alternative way of producing index�guided devices is through a native oxide process�
in which a speci	c layer of AlAs in the VCSEL structure is selectively transformed
into a native oxide which has a low refractive index and a high resistivity "��#�

The e�ective cavity length in VCSELs is of the order of one to a few times the
emission wavelength� Hence� the longitudinal eigenmodes of the VCSEL cavity have
tens of nanometers spacing between them� Since the gain bandwidth is similar to the
mode spacing only one longitudinal mode falls within the gain spectrum� Therefore�
VCSELs are single longitudinal mode devices even under dynamical operation�

As a consequence of this feature� the electrical and optical characteristics of VC�
SELs are strongly sensitive to thermal e�ects� Fig� 
���left� shows the temperature
dependence of the current and voltage thresholds for a typical VCSEL "��#� The
voltage threshold increases monotonically with decreasing temperature due presum�
ably to the potential barriers at the multiple p�heterointerfaces "��#� The threshold
current shows a parabolic dependence which is unique to VCSELs� The reason for
such a unique behavior lies on the di�erent thermal red shift rates of the cavity mode
frequency and the gain peak frequency� The resonant frequency of the cavity mode

red shifts at roughly ���
o

A�oC�see Fig� 
���left�� because heating changes the cavity
length and changes the index of refraction through changes in the carrier number "��#�
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Figure 
��� VCSEL structures� �a� VCSEL wafer� �b� gain�guided� �c� air�posted� �d� buried
heterostructure	

"��#� The gain pro	le red shifts at ���
o

A�oC mainly because of bandgap shrinkage
with increasing temperature "��� �
� ��#� Therefore� considering that present VCSELs
are designed such that the cavity resonance is on the long wavelength side of the gain
spectrum at low temperatures � red shifted from the gain peak�� an increase in
the heat sink temperature brings the gain peak towards the cavity resonance� As a
consequence� there is a decrease of the threshold current with increasing temperature�
The temperature at which minimum threshold occurs corresponds to the tempera�
ture at which the cavity resonance and the gain peak frequencies coincide� For larger
temperatures� the mismatch of the frequencies reduces the gain of the lasing mode
leading to an increase in the threshold current�

The same thermal e�ect is responsible for the reversible extinction of the out�
put light in VCSELs with increasing current �see Fig� 
���right��� For a constant
substrate temperature� increasing the operating current produces internal heating
of the device �self�heating�� Initially� although the temperature rise may bring the
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Figure 
��� �left� Temperature dependence of the current �circles� and voltage �squares� threshold
for a �� �m emitting window �after Ref	 ���� c�AIP ����	� �right� Light�Intensity �LI� characteristics
for an � �s diameter VCSEL �after Ref	 �
�� c�IEEE ����	

gain peak towards the cavity resonance� after the cavity mode frequency matches the
gain peak frequency a further increase of the injection current increases the mode
mismatch� Therefore� the gain available for laser action is reduced giving rise to a
thermal induced saturation of the output light� When the mode mismatch is such
that the internal losses overcome the e�ective modal gain� lasing stops� Thus� VC�
SELs are extremely sensitive to temperature changes and self�heating of the devices
is the limiting factor in their operation�

The main source of temperature rise in VCSEL is the series resistance in the DBR
mirrors which arises from the impedance to carrier transport caused by the energy

Figure 
��� �left� Peak wavelength of the VCSEL emission plotted against substrate temperature	
The response is linear� with a rate of change of �	��

o

A�oC� �right� Fundamental mode emission
wavelength as a function of the dissipated power in the device	 The wavelength shifts linearly at a

rate 	�
o

A�mW �after Ref	 �
�� c�IEEE ����	
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barriers at the heterointerfaces� High re�ectivity mirrors require sharp interfaces
that increase their series resistance� This results in high operating voltages and
correspondingly high dissipated powers occur during CW operation of the device�
For most applications� the e�ects of temperature changes on the device must be
minimized� Several ways have been proposed� i� to reduce the series resistance of
the VCSELs with techniques such as continuous�grading of the DBR heterointerfaces
"��#� or doping of the DBR interface regions "��� ��#� ii� to improve the current �ow
through the mirrors "��#� and iii� to improve the heat �ow away from the VCSEL
with the addition of a diamond heat�sink to the top of the device "��#� Although
these techniques make VCSELs less sensitive to temperature during CW operation�
thermal e�ects are not completely eliminated�

��� Polarization and transverse mode characteris�

tics of VCSELs

Due to the previously mentioned technological interest in VCSELs� considerable
research e�ort has been devoted in recent years to understand their fundamental prop�
erties� Among them� the selection of the polarization state and the transverse mode
dynamics are two questions which have been extensively studied both experimentally
and theoretically by several research groups "�
#�"��#�"��#�
Pattern formation in the transverse pro	le of the VCSEL beam has received con�

siderable attention because these devices easily have a rather large Fresnel number
which favors the appearance of transverse patterns "�
� ��� ��#� Studies of the mode
pro	le in the near 	eld and�or far 	eld have been combined with spectral information
taken at low "�
# and high resolution "��#�"��# in order to analyze the transverse mode
structure of VCSELs� It turns out from these measurements that VCSELs mode
structure is very similar to that of edge�emitting lasers "�
#� namely each longitudinal
mode of the VCSEL cavity has an associated set of transverse modes with di�erent
transverse pro	les and frequencies�
Transverse modes of typical VCSELs are nearly Gauss�Laguerre or Gauss�Hermite

�TEM� modes �see Appendix A�� The fundamental transverse mode� commonly termed
as the TEM�� mode� has a Gaussian beam pattern� Each higher�order mode presents
a subset of transverse modes with equal emission frequency but di�erent transverse
pro	les� For example� the 	rst�order transverse mode has the TEM�� and the TEM��

modes� and their combination can give� if properly phased� two doughnut modes with
opposite helicity but equal intensity distribution in the transverse plane "�
#� Even
though it is expected that the 	rst�order TEM�� and TEM�� modes would be fre�
quency degenerate �� high resolution measurements show that in real VCSELs these
modes have di�erent emission frequencies "��� ��#� Such a symmetry breaking has
been attributed to the uniaxial material strain which induces astigmatism in the
VCSEL cavity "��� ��#�
The sequence of appearance of transverse modes in VCSELs with increasing cur�

�Based on symmetry arguments
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Figure 
��� Transverse mode structure of a mesa VCSEL	 The �gure shows the near��eld patterns
of the dominant modes at di�erent currents� �a� below threshold at  mA� �b� at threshold� �c�
TEM�� at �	� mA� �d� TEM�� at �	
 mA� �e� TEM�� at �	� mA� �f� TEM�� � TEM�� at � mA
�after Ref	 ���� c�AIP ����	

rent is� typically� similar for many structures� Emission in the fundamental Gaussian
transverse mode occurs for current values just above the threshold while high�order
transverse modes can be successively excited as the current is increased� see for ex�
ample Refs� "�
� ��� ��#�"��# for gain�guided� Refs� "��� ��# for buried heterostruc�
ture� Refs� "��� ��# for mesa�contact� Ref� "��# for narrow �� � �m� air�posts� and
Refs� "��� ��� �
� ��# for narrow �� � �m� oxidized VCSELs� Fig� 
�� shows the
near 	eld patterns of the dominant modes at di�erent current values of a 
� �m
aperture mesa VCSEL "��#� Below threshold �a�� the spontaneous emission is nearly
uniform across the whole aperture� At threshold �b�� the fundamental transverse
mode emerges above the spontaneous emission background� At ��� mA �c�� emission
still occurs on the Gaussian TEM�� mode� Beyond ��� mA� a TEM�� mode �d� and a
TEM�� mode �e� are simultaneously excited and coexist with the fundamental trans�
verse mode� For increasing current �f�� the fundamental mode is strongly suppressed�
and the output pattern resembles a doughnut�
Exceptions to such a common transverse mode behavior are some strongly index�

guided VCSELs "��� �
� ��# which are reported to start lasing in a mode higher
than the fundamental one� It has been also reported experimentally that the onset of
transverse modes can be a�ected by the relative detuning of the cavity resonance from
the gain peak "��# � higher�order lasing modes are favored for the condition that the
fundamental cavity resonance wavelength is longer than the gain peak wavelength�
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while the fundamental mode is favored when the fundamental cavity resonance has a
shorter wavelength than that of the gain peak ��

Michalzik and Ebeling have performed an extensive theoretical study of the con�
ditions a�ecting the onset of transverse modes in circular gain� and index�guided
VCSELs "��#� It turns out from this study that the transverse mode spacing is not
signi	cantly di�erent for both guiding mechanisms� In addition� they show that the
e�ective modal gain di�erence between the fundamental and the 	rst�order transverse
modes i� is one order of magnitude larger for gain�guided than for index�guided de�
vices with the same characteristics� ii� it decreases with the active region diameter
in both gain� and index�guided VCSELs� iii� it increases as the refractive�index step
of the waveguide decreases in index�guided VCSELs� Hence� they conclude that� i�
gain�guided VCSELs provide a better transverse side�mode suppression ratio than
index�guided lasers of comparable active region diameter� ii� the current at which
the VCSEL goes into the multi�transverse mode regime decreases with increasing the
active region diameter for both guiding mechanisms� iii� the larger the index step
in index�guided VCSELs the smaller the active region diameter should be for single�
mode operation� The in�uence of laser heating and spatial�hole burning were both
disregarded in this work although these e�ects can quantitatively a�ect the results�
as pointed out in Ref� "��#�

Modeling the transverse properties of VCSELs has been an important topic� Much
of the work has been focused on index�guided VCSELs because the modes of these
lasers are de	ned by the built�in waveguide� Sarma and coworkers investigated the
modal gain characteristics of index�guided VCSELs and proposed a design criteria
for stable fundamental mode operation� namely� to use small devices �radius � � �m�
with a small current con	nement region and a relative small index step "��#� Shore
and coworkers have focused their work on the analysis of the the role of spatial hole
burning in the transverse mode selection from the dynamical point of view "��� ��#�
Steady�state numerical analysis of a self�consistent model including carrier di�usion�
nonlinear dispersion and thermal e�ects has been used to study the transverse mode
properties in gain�guided VCSELs by Zhang and Peterman "��#�

We now deal with the polarization properties of VCSELs� Most of present devices
are fabricated on "��
#�oriented semiconductor substrates �emission direction�� and are
reported to emit linearly polarized light with a preference for polarization orientation
along the "

�# and "
)
�# crystalline axes "��# �transverse plane�� This is a surprising
result since the high degree of transverse symmetry of the circular VCSEL cavity and
the cubic crystal � imposes no constraint on either type of polarization �linear� circular�
elliptical� or the preference of the polarization direction� The unique explanation
given for such a polarization behavior is the presence of linear anisotropies in the
VCSEL cavity which break the transverse symmetry�

High resolution spectral measurements have shown that the transverse modes of
the VCSEL have di�erent emission frequencies depending on their polarization "��#�
This feature indicates the presence of linear birefringence �or linear phase anisotropy�
in the VCSEL cavity which breaks the frequency degeneracy of the transverse modes

�Quantum�wells oriented along the �����direction have in�plane crystalline symmetry	
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Figure 
�
�� Histogram of measured birefringence between the lasing �narrower peak� and non�
lasing �wider peak� fundamental TEM�� modes measured at 	
 Ith for a set of �� VCSELs �after
Ref	 ���� c�APS ����	

with orthogonal polarization� Birefringence is typically measured by means of the fre�
quency splitting between the orthogonally polarized components of the fundamental
transverse mode close to threshold� In some cases the two frequencies are unresolved
within experimental accuracy �� ��� GHz� "��� ��#� In other cases the reported fre�
quency splittings are about 
��
� GHz "��� ��� �
# while a wide range� from � to ��
GHz� has also been reported "��# �see Fig� 
�
���

Woerdman and coworkers have developed an experimental all�optical technique�
referred to as the hot�spot technique� to manipulate the VCSEL birefringence almost
at will in either a reversible "��# or a permanent "��# way� Using this technique� this
group has performed a systematic experimental study of VCSEL anisotropies which
has allowed them to identify the physical mechanisms giving rise to the transverse
symmetry breaking� From these studies� it turns out that the dominant anisotropy in
VCSELs is linear birefringence between the preferred crystal axes� which is caused by
stress and strain acting via the elasto�optic e�ect "��#� and by internal electric 	elds
acting via the electro�optic e�ect "��#� An explanation of most of their experimental
results has been given within a linear coupled�mode theory including linear birefrin�
gence and dichroism "��#� However� the discrepancy between some experimental data
and the linear model� such as the birefringence measurements as a function of the
hot�spot induced temperature in Ref� "��#� indicates the relevance of the non�linear
gain dynamics� as has been recently demonstrated in "��� ��#�
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Figure 
�

� Polarized LI characteristics for VCSELs showing� �left� above� polarization stability
�after Ref	 ���� c�IEEE ��
�� �right�above� polarization switching �after Ref	 ���� c�AIP ����� �left�
below� hysteresis of the switching current �after Ref	 ��� c�IEE ����� �right� below� polarization
coexistence �after Ref	 ���� c�AIP ��
�	

Even though several VCSELs display stable linearly polarization emission at any
current value close to threshold "��� ��# �Fig� 
�

�left�above��� the polarization state
of the emitted light sometimes depends on the injected current "��#� Many exper�
iments "��� ��� ��� �
� ��� ��# have shown that VCSELs may switch from emitting
linearly polarized light to emitting polarized light of the orthogonal linear polarization
as the current is changed above the lasing threshold� a phenomenon known as polariza�
tion switching �Fig� 
�

�right�above��� Some authors have also reported polarization
bistability "��� �
# and hysteresis of the switching current "�
# �Fig� 
�

�left�below���
Emission on both linearly polarized modes �polarization coexistence� with di�erent
emission frequencies "��� ��# �Fig� 
�

�right�below��� as well as in both linearly po�
larized modes with the same emission frequency �elliptically polarized light� "��# have
also been reported� All these polarization behaviors are observed to occur close to
threshold within the fundamental transverse mode regime�

For higher injection currents� the excitation of higher�order transverse modes may
be accompanied by changes in the polarization state of the output light� A commonly
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observed feature in VCSELs is that the 	rst�order transverse mode tends to lase in the
polarization orthogonal to that of the fundamental TEM�� mode "�
� ��� ��� ��� ��� ���
��#� For higher currents� the power in the dominant polarization typically saturates
while the power in the orthogonal polarization rapidly increases "��� ��� ��� ��#�
Abrupt polarization switching between higher�order modes has also been observed
"��#�
As an example� Fig� 
�
� shows the LIV characteristics �left� and the emission

spectra �right� for a 
� �m aperture mesa VCSEL emitting at ��� nm "��#� The
device� with a threshold current of ��� mA� operates on the fundamental mode up to
��� mA as inferred from the optical spectrum� At ��� mA� the abrupt drop in the
linear *x�polarized light power indicates a polarization switching to linear *y�polarized
light �� The birefringence induced frequency splitting is measured to be roughly �
GHz� At ��� mA� the *x�polarized light power increases abruptly� At this current� the
optical spectrum reveals the coexistence of a dominant *y�TEM�� mode� a relatively
weak *x�TEM�� mode� and a much weaker *y�TEM�� mode� Thus� the 	rst�order mode
starts lasing mainly in the polarization orthogonal to the fundamental mode� As
the current is slightly increased to ��� mA� the fundamental mode polarization �ips
back to *x but the same mode structure is observed in the 	rst�order mode� which
is �� GHz from the fundamental mode� At ��
 mA� coexistence of the fundamental
and the 	rst�order transverse modes in both linear polarizations occurs� Beyond

� mA� the fundamental mode is strongly attenuated� probably due to spatial hole
burning� and the power is mainly carried by the TEM�� and the TEM�� modes in
both polarizations� At this current level� the output pattern appears to form a *x� and
a *y�doughnut modes �see Fig� 
���f���
Stable polarization characteristics are required for VCSELs in polarization sensi�

tive applications such as magneto�optic disk memory and coherent detection systems�
Polarization mode control of VCSELs is also important for low noise transmission
systems including optical interconnects because polarization �uctuations cause excess
intensity noise even under fundamental transverse mode operation "��� ��#� Further�
more� polarization must be controlled for VCSEL arrays in ��D applications�
To control the polarization state of the VCSELs� symmetry in the plane of the

quantum well has to be broken� This is commonly carried out by introducing anisotropy
of optical gain or loss to the laser medium 	� Several polarization control methods
have been discussed and reported �"��# and references therein�� such as asymmetric
cavity geometries "��#� asymmetric stress produced from an elliptical etched hole "��#�
anisotropic gain from a fractional layer superlattice "��#� and quantum�wells layers
grown on misoriented substrates "��� ��#� Nevertheless� a better understanding of
the physical mechanisms that in�uence the polarization behavior in the fundamental
transverse mode of VCSELs may be useful to achieve improved or alternative methods
of polarization control�
In this context� K� Choquette and coworkers have proposed a possible mechanism

�Notice that we have changed in the text the notation of the linearly polarized states in the
�gure� s by �x� and p by �y

�It has been shown that a di�erence in the modal gain�loss of � cm�� between the polarization
modes is enough to provide complete polarization stability ����	
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Figure 
�
�� �left� LIV characteristics and �right� emission spectra of a � �m aperture mesa
VCSEL	 s and p ��x and �y in the text� respectively� indicates linearly polarized emission along two
orthogonal directions of the transverse plane �after Ref	 ���� c�AIP ����	

for the selection of the polarization state in VCSELs "��� ��# based on the results
of a careful study of the polarization behavior of these devices as the mean of the
frequencies of the two linearly polarized modes is shifted from one side of the gain
curve to the other and as the strain induced anisotropies are varied� changing both
the frequency splitting and the gain di�erences for the modes "��#� The authors
argue that� since the material gain is a function of the wavelength� the birefringence
induced splitting of the polarization cavity resonances yields di�erent gain coe!cients
for the orthogonal linearly polarized modes� Such a gain di�erence� which is su!cient
to suppresses the polarization mode with weaker gain and thus select the one with
higher gain� depends on the relative spectral alignment between the cavity resonances
and the gain peak� and therefore its value changes as the current is injected into the
VCSEL because of self�heating� Hence� they conclude that i� stable polarization
emission occurs when the gain di�erence favors the same polarization mode for any
current value� ii� polarization switching is observed when there is an exchange of
the relative gain of the two polarized modes as the current is increased� and iii�
coexistence of both linearly polarized states occurs when the gain di�erence is small
as a consequence of a small birefringence�
However� several points are worth noting in the above explanation�

� On the one hand� since the frequency splitting between orthogonal linearly
polarized states is often very small as compared to the width of the gain curve



Chapter � �


�below or of the order of �� GHz as compared to �� nm or more� respectively��
the gain di�erences may be minute� so polarization switching in the fundamental
mode should be di!cult to observe� Moreover� polarization bistability "��# and
hysteresis of the switching current "�
# observed in some experiments� are not
consistent with the above phenomenological explanation�

� On the other hand� one would expect stable polarization emission if the temper�
ature of the device is kept constant� However� a recent experiment �see Chap� ��
has shown that polarization switching may also be present under constant active
region temperature�

� The phenomenological explanation given by Choquette et al� comes from in�
tuitive consideration of the competition of the intensities of the modes with
orthogonal polarizations� but disregards phase e�ects� In this context� theoret�
ical work has been performed by Shore and collaborators who have studied the
polarization state selection in index�guided VCSELs "�
#�"��#� Their model in�
cludes birefringence and carrier di�usion and is used to describe the dynamical
evolution of the modal amplitudes of the built�in waveguide modes� which are
coupled to the total population number� Such a model predicts polarization
switching within the fundamental mode "�
#�"��# and within the 	rst higher�
order transverse modes "��# as a consequence of spatial hole burning� which
changes the modal gain between the linearly polarized modes as the current
increases� However� their studies neglect the phase of the optical 	elds which
may lead to similar and�or additional polarization state selection mechanisms�
For example� in cases of two mode interaction� competition and coexistence of
frequency nondegenerate modes occurs as a consequence of the phase sensitive
dynamics "��� ��#�

� Polarization switching is a well known phenomenon in gas lasers� It has been
conclusively demonstrated that the predominant e�ect causing the switching
in these lasers �with small birefringence relative to the gain linewidth� is not
the gain di�erential� but the presence of saturable dispersion from the anoma�
lous index of refraction of the transitions "��#�"��#� Studies of third�order Lamb
theories with equal gains for the two linear polarizations found that birefrin�
gence together with saturable dispersion is su!cient to explain many of the
experimentally observed phenomena� Saturable dispersion is also present in
semiconductor lasers through the linewidth enhancement ��factor "
��#�"
��#�
which produces coupling of the modulus and the phase of the optical 	eld� The
e�ects of the ��factor are known to be much more important for semiconductor
lasers than detuning is for gas lasers�

� From a fundamental point of view� the polarization state of light emitted by a
laser depends on both the angular momentum of the quantum states involved in
the material transitions and on the laser cavity� Emission of a quantum of light
�a photon� with right �left� circular polarization corresponds to a transition in
which the projection of the total material angular momentum on the direction
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of propagation changes by %
 ��
� in units of )h� However� the anisotropies�
geometry and waveguiding e�ects of the cavity can lead to a preference for a
particular polarization state of the laser light� These two ingredients can com�
pete or be complementary� their relative importance depending on the type of
laser� Di�erent atomic gas lasers emit linearly� circularly or elliptically polarized
light� and these polarization states have been identi	ed with di�erent atomic or
molecular optical transitions "��#� "
��#�"

�#� Conventional edge emitting semi�
conductor lasers usually emit TE linearly polarized light due to the geometrical
design of the laser cavity� although special engineering of the geometries� re�
�ectivities� or the crystal stresses can favor TM linearly polarized light� The
situation in "��
#�oriented quantum�well VCSELs is more subtle due to the high
degree of transverse symmetry of the circular VCSEL cavity and the isotropic
gain properties in the quantum�well plane� Therefore� both ingredients� namely
the quantum states involved in the allowed transitions and the anisotropic prop�
erties of the VCSEL cavity� should play an important role in the determination
of the polarization properties of VCSELs�

In the spirit of the previous points� a fundamental model was developed by San
Miguel� Feng� and Moloney in 
���� which considers the polarization of the laser 	eld
by including the magnetic sublevels of the conduction and valence bands in unstrained
quantum�well VCSEL media� The SFM model "

�#� as it is widely termed� is one of
the building blocks of this thesis�

��� Outline

The selection of the polarization state and the transverse mode dynamics in VC�
SELs are two linked questions which have been extensively addressed in recent years�
Theoretical studies on these topics have disregarded both the phase sensitive e�ects
and the quantum nature of the polarization in lasers� which are known to be impor�
tant in other kinds of lasers� Armed with the knowledge and the experience obtained
in gas lasers along almost thirty years� we seek in this thesis a fundamental expla�
nation for the polarization and transverse mode phenomena observed in VCSELs by
considering the fundamental aspects of the physics of semiconductors through the
SFM model� Theoretical analysis� numerical simulations and experiments will be
combined to investigate the role of physical mechanisms � such as the saturable
dispersion �or ��factor�� the VCSEL anisotropies� the spin��ip relaxation processes�
and the temperature � on the polarization and the transverse mode properties of
unstrained quantum�well VCSELs�
Although optical and electrical characterization of VCSELs have been extensively

addressed� Chap� � presents experimental measurements of the electrical and optical
properties of proton�implanted VCSELs and compares them to the experimental data
reported elsewhere� Results for Light�Current�Voltage characteristics and spectral
measurements as a function of the device temperature are shown for several devices
with di�erent active region sizes� These measurements are used to determine the
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characteristic parameters of the devices under study� the threshold current and its
dependence with temperature� the thermal resistance� the characteristic thermal time�
the birefringence� the polarization orientation� etc�

In order to study the polarization dynamics in VCSELs� Chap� � is devoted to the
derivation of the SFM model that considers the coupling of the vector optical 	eld to
the two allowed transitions between the conduction band and the heavy hole band in
unstrained quantum�well media� The evolution equation for the vector optical 	eld of
circularly polarized components is derived from Maxwell(s equations for a gain�guided
VCSEL� and includes transverse e�ects through the optical di�raction term� The
evolution equations for the material dipole densities and the carrier densities for each
transition are derived using a density matrix formalism� and extended spatially in the
transverse plane by considering carrier di�usion� Coupling between the circularly left
and right polarized transitions is assumed to occur via spin��ip relaxation processes�
Within this framework� introduced by San Miguel� Feng� and Moloney in Ref� "

�#�
the polarization and transverse mode dynamics of VCSELs are described in terms
of two coupled sets of semiclassical two�level Maxwell�Bloch equations� one for each
circularly polarized transition �SFM
� The chapter is 	nished with a general discussion
of the limitations of two�level Maxwell�Bloch type of approach in the description of
semiconductor dynamics�

In Chap� �� we analyze the polarization state selection in fundamental transverse�
mode of VCSELs� The single�mode operation of the device allows the derivation of
a rate equation model �from the general model developed in Chap� �� which includes
the characteristic cavity anisotropies of VCSELs� birefringence and dichroism� as well
as the saturable dispersion through the ��factor� Such a simpler model permits us to
	nd analytical expressions for the allowed linearly and elliptically polarized steady�
state solutions� The stability analysis of these solutions allows us to predict the
di�erent polarization behaviors as the VCSEL current is changed � stable linearly
polarized emission� polarization switching� polarization coexistence� and elliptically
polarized emission � as a function of the VCSEL anisotropies� All these results are
corroborated by numerical simulations of the model equations "

�#�"

�#� We 	nish
the chapter by studying the e�ect of a linearly polarized optical beam injected into the
VCSEL which shows the existence of bistability and polarization switchings caused by
changes in the intensity and the detuning of the injected optical signal "

�#� All these
results� in good agreement with experimental 	ndings� show the possible relevance
of the saturable dispersion and the spin��ip relaxation processes on the polarization
state selection in VCSELs�

In Chap� �� we extend the previous rate�equation model to study the e�ects of
an axial magnetic 	eld on the polarization state of a VCSEL� For perfectly isotropic
VCSELs we show that emission always occurs in the form of rotating�linearly polar�
ized light as a consequence of the circular birefringence induced by the magnetic 	eld
�Zeeman e�ect�� Nevertheless� when linear anisotropies are taken into account� it is
found that the polarization state of the emitted light strongly depends on the value
of the magnetically�induced circular birefringence� which depends on the magnetic

	SFM model stands for San Miguel�Feng�Moloney model as well as Spin�Flip�Model �� model
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	eld strength� For weak magnetic 	elds �circular birefringence smaller than linear
birefringence�� we observe that the zero magnetic 	eld preference for linearly polar�
ized emission is converted into a preference for elliptically polarized emission� whose
current�dependent ellipticity is in good agreement with the experimental measure�
ments in Ref� "��#� In the parameter range of moderate magnetic 	elds �circular and
linear birefringences are of the same order�� we show that emission typically occurs in
the form of �two�frequency� states �solutions involving emission of two primary spec�
tral components� which are characterized by a close trajectory on the Poincare sphere�
In the limit of very strong magnetic 	elds we show that the emission occurs in the
form of rotating elliptically polarized light� a special case of almost linearly polarized
emission in which the output power in each linear polarization mode is modulated at
a frequency that depends on the strength of the external magnetic 	eld "

�#� Mo�
tivated by the latter results� we present at the end of the Chapter the possibility of
generating fast optical polarized pulses at GHz rates by applying an axial magnetic
	eld to an almost isotropic VCSEL� with applications in optical communications and
optical clock generation "

�#�
In Chap� �� we report a experimental study in gain�guided VCSELs in order to

discriminate between the e�ects produced by changes in the injection current and
those produced by changes in temperature �from the current�induced self�heating�
on the polarization state of a VCSEL operating in the fundamental transverse mode
regime� We 	rst perform CW Light�Current measurements using a current ramp
duration of a few seconds that allows the active region temperature to change for
each value of the injected current and dissipated power� In these measurements�
the polarization switching observed in the device can be in�uenced by the thermal�
induced shift of the cavity resonances relative to the gain peak as a consequence of
VCSEL self�heating "��#� We next perform Light�Current measurements in which the
current ramp last for a time that is short compared to the thermal response time of the
VCSEL �� 
 �s� so that the temperature of the active region stays constant during
the scan� The fact that polarization switching still occurs at constant active region
temperature indicates the existence of additional mechanisms causing the selection of
the polarization state associated with the current scanning "

�#� This temperature�
independent polarization switching phenomenon is explained in terms of the rate
equation model and its results in Chap� �� while the 	tting of the experimental data
allows us to estimate the value of the spin��ip relaxation rate�
In Chap� �� we analyze the polarization and transverse mode competition for cir�

cular proton�implanted VCSELs� using the continuous transverse model presented in
Chap� �� We 	rst study the polarization properties during the turn�on of the VCSEL�
Next� polarization stability and polarization switching within the fundamental trans�
verse mode are shown as the current is scanned for two di�erent situations in which
the gain of the linearly polarized modes is di�erent� New polarization instabilities
are observed at higher injection currents related to the onset of higher�order modes�
The 	rst�order transverse mode always starts lasing orthogonally polarized to the
fundamental one in good agreement with experimental reports� At larger currents
polarization coexistence with several active transverse modes is observed� We 	nally
show that these results are sensitive to the strength of the coupling between carrier



Chapter � ��

populations associated with di�erent circular polarizations of light �spin relaxation
rate� "
��� 
�
#�
Chap� � contains a summary and the conclusions of this work�
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Determination of VCSEL

characteristics

Abstract �

This Chapter reports an experimental characterization of optical and electrical char�
acteristics of gain�guided VCSELs� These basic properties give 
rst�hand experience
with the system and phenomena for which the theoretical model of Chap� � has been
developed� The ranges of parameters measured will be used in the studies in the re�
maining Chapters�

�The experimental results presented in this chapter were obtained during my visit to the Center
for Optoelectronic Computing Systems and the Department of Electrical Engineering of the Colorado
State University� Fort Collins� Colorado� USA	

��



�� Determination of VCSEL characteristics

The VCSELs that were studied for the experimental results reported in this
chapter are commercial proton�implanted top�surface emitting AlGaAs�GaAs multi�
quantum�well devices emitting at ��� nm and produced by VIXEL Corporation "
��#�
The optical cavity is formed by a pair of graded�step AlAs�AlGaAs distributed Bragg
re�ectors with 
� periods for the p�doped upper mirror and �� periods for the n�
doped bottom mirror� The active region consists of three GaAs�AlGaAs quantum

wells which are each ��
o

A long� separated by ��
o

A long barriers� The transverse
geometry and dimensions of the active layer are delimited by proton�implantation
in the top DBR region� as depicted in Fig� ��
�left�� which allows for gain�guiding�
The circular window in the top metal contact� whose diameter is smaller than the
proton�implantation region� allows for spatial 	ltering "��#�

Electrical and optical measurements were performed on linear arrays of indepen�
dently addressable cylindrically symmetric devices� Four linear arrays with active
region diameters of 
�� 
�� �� and �� �m and contact window diameters of 
�� 
�� 
�
and �� �m� respectively� were available� To avoid confusion� we identify these devices
from here on by their active region diameters� The linear arrays� each one having
�� devices� were encapsulated on a chip and bonded with gold wires� A schematic
representation of the VCSEL chip is shown in Fig� ��
�right��
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Figure ��
� �left� Gain�guided VCSEL structure� the upper and lower DBR mirrors are doped p�
and n�type� respectively� current is injected from the top surface through an annular contact into the
active region� whose transverse dimensions are delineated by proton implantation� �right� VCSELs
are bonded to the chip by soldering a gold wire from the VCSEL metal pad	
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��� Light�Intensity�Voltage and spectral character�

istics

For operation� the VCSEL chip is mounted on a Peltier thermo�cooler as indicated
in Fig� ��� �left�� The external current source for the Peltier element permits the
control of the temperature of the wafer substrate� which is measured by means of a
calibrated thermocouple�
The VCSELs are conditioned by a thermal annealing process before any electro�

optical measurement is performed� In this �burn�in� process� as it is commonly
termed� a train of current ramps is applied to each device over a long time �� hours��
which seems to homogenize the VCSEL active region and leads to the reproducible
measurements�
CW Light�Intensity�Voltage �LIV� characteristics are measured for several devices

using a HP��
��A Semiconductor Parameter Analyzer �SPA� connected as shown
in the setup of Fig� ����right�� The SPA applies a voltage ramp to the VCSEL
and simultaneously measures both the current through the junction and the VCSEL
output power� the latter detected with a wide�area photodetector �PD� after the beam
is collimated with a microlens �L��
Typical LIV characteristics for 
� �m active�region diameter VCSELs are shown

in Fig� ����left�� The V�I characteristics� taken at room temperature� are similar for
all three devices� The average threshold current� Ith� is � mA� The applied bias
voltage at threshold� Vth� is roughly 
��� V � The series resistance of the DBRs �
Rs� can be estimated as the average value of dV�dI in a current range well above
threshold �� We have measured a series resistance of �� + over currents from ��
to �� mA� For the 
� �m diameter VCSELs �Fig� ����right��� we 	nd similar V�I

�The total applied voltage to the VCSEL� V� is related to the injected current� I� as V�� �ln�I�Io�
��Rs�I� where Io is the reverse saturation current� � � kT�e� k is the Boltzman constant� T is the
temperature� e is the electron charge� and Rs is an intrinsic resistance in series with the VCSEL	
Thus� the VCSEL resistance is RV�dV�dI�Rs����I�Io�	
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Figure ���� �left� Control of the substrate temperature� �VX� VCSEL chip� �P� Peltier� �TC�
thermocouple� �ECS� Peltier external current source	 �right� Setup for CW LIV measurements	
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Figure ���� LIV characteristics for three di�erent VCSELs with � �m �left� and � �m �right�
diameters� respectively	 Measurements are performed at room temperature	

characteristics but with Ith$ � mA� Vth $ 
�� V � and Rs $ �� + �averaged between
�� and �� mA�� Such a small series resistance is a direct consequence of the use of
graded DBR mirrors "��� 
��#�

We now look at the LI characteristics� For injection currents above the lasing
threshold� the output power 	rst increases linearly with increasing the applied current�
The average slope is roughly the same for all the devices� ���� W�A� Kinks in the L�I
characteristics occur due to the onset of higher order transverse modes� After a kink�
the slope typically decreases� Around ��mA ���mA�� the output power saturates for
the 
� �m �
� �m� diameter VCSELs� At this current� the average maximum output
power� Pmax� is 
�� mW ���� mW �� Beyond the saturation regime� the output power
drops very fast with increasing current as a consequence of heating in the device "��#�
and lasing action ceases at �� mA ��� mA�� This is a reversible process� The e�ects
of the temperature on the electrical and optical characteristics of the VCSELs are the
topic of the next Section�

The spectrum of the VCSEL emission is also measured using the setup shown in
Fig� ��� �left�� The VCSELs are CW biased using a DC current source� The output
light is 	rst collimated and then focused on the entrance slit of a half�meter� high�
resolution monochromator �Jarrel Ash �������� A photo�multiplier �PMD�� connected
to a high�voltage �HV� source� is placed at the exit port of the monochromator� Since
the PMD signal is very weak and noisy� the VCSEL output light is chopped at 
��
kHz using an optical chopper driven by a controller �CC�� and the weak signal is
synchronously detected and ampli	ed by a Stanford Research System SR�
� lock�in
ampli	er�

The spectral behavior of a 
� �m diameter VCSEL is shown in Fig� ��� �right� for
di�erent values of the injection current� The device operates in a well de	ned single�
longitudinal mode up to 
� mA� At 

�� mA there is coexistence of the fundamental
and the 	rst of the higher�order transverse modes� the latter has a wavelength ����
nm shorter �� 
�� GHz�� For increasing current� at 
��
mA� the fundamental trans�
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Figure ���� Setup �left� and results �right� for CW emission spectra �right� of � �m diameter
VCSELs �device � � of Fig	 �	� �left��	 Measurements are performed at room temperature for
di�erent operating currents� �a� �	
� �b� 	�� �c� �	� �d� �	� mA	 The monochromator resolution
is �	�� nm	

verse mode is suppressed and most of the optical power is emitted in the 	rst�order
transverse mode� As a consequence of the ohmic heating� the emission wavelength of
each mode red shifts �towards longer wavelength� with increasing applied current at
a rate of ��� nm�mA� in agreement with other reported values "��#� At higher cur�
rents several transverse modes coexist� for example� at 
��� mA emission occurs on
two higher�order modes separated by roughly ���� nm �� 
�� GHz�� The 	rst�order
transverse mode� � � ����� nm� has two peaks corresponding to the TEM�� and
TEM�� modes� which are separated ���� nm in wavelength �� 
� GHz in frequency��
The second�order mode� � � ����� nm� also presents two main peaks� At this current�
the fundamental mode is completely suppressed�

��� Temperature e	ects

A systematic study of the temperature�dependent characteristics of our gain�
guided VCSELs is reported in this section�

We 	rst study the temperature dependence of Ith� Vth and Pmax by performing
LIV measurements under CW operation at di�erent substrate temperatures� The L�I
characteristics� depicted in Fig� ��� �left� for a 
� �m active region diameter VCSEL�
seem to be very similar up to 
� mA within the range of temperatures studied ����
to �� oC�� However� important di�erences are observed in the current and voltage
thresholds� These magnitudes are shown in Fig� ��� �right� and the results can be
compared with those in Fig� 
���left�� The threshold voltage increases monotonically
with decreasing temperature� Furthermore� the current threshold has a parabolic
dependence with the minimum threshold around room temperature ��� oC�� The inset
in Fig� ��� �left� also shows that the maximum output power emitted by the VCSEL
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Figure ���� �left� L�I characteristic for a � �m active�region diameter VCSEL taken at di�erent
substrate temperatures �a� ��	�� �b� �	�� �c� ��	�� �d� �	�� �e� �	�� �f� ��	�� and �g� ��	� oC� the
inset shows the dependence of the maximum output power emitted by the VCSEL for the labeled
temperatures	 �right� Dependence of the CW current �solid circles� and bias voltage �open circles�
at the lasing threshold on the substrate temperature	

increases linearly with decreasing the substrate temperature� All these phenomena�
which have been widely reported for other VCSELs "��� ��� 
��� 
��#� can be explained
in terms of the temperature dependences of the cavity mode resonances and the gain
pro	le� The same thermal tuning mechanisms are responsible for the saturation of
the output power and the lasing cuto� observed in the L�I characteristic at a 	xed
substrate temperature�
The temperature in the active region of the VCSEL� Tact� depends on both the

substrate temperature� Tsub� and the local heating due to the electrical power dissi�
pated by ohmic heating �Joule heating� as the current is increased� Pdis� For certain
applications� such as those described in Chap� �� it is important to estimate Tact� One
way is to measure the thermal resistance of the VCSEL "
��#� Rth� which relates the
active region temperature to the dissipated power� as

Tact $ Tsub %RthPdis 	 ���
�

We have estimated this parameter for our AlGaAs devices using an indirect technique
based on the dependence of the emission wavelength of the fundamental transverse
mode on the dissipated power� The emission wavelength is measured during CW
operation for di�erent values of the injection current at 	xed substrate temperature
using the set up shown in Fig� ���� For each injection current value I� the dissipated
power is calculated from the LIV characteristic as Pdis$I�V�Pout� where Pout�I� and
V�I� are the power emitted as laser light and the laser voltage drop� respectively�
at the given current� Results for di�erent substrate temperatures are depicted in
Fig� ����
For constant Tsub� the emission wavelength exhibits a linear red shift as a function

of the dissipated power with an average rate of d��dPdis$ ����
o

A�mW� as depicted
in the upper inset of Fig� ���� The lower inset shows the dependence of the emission
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Figure ���� Peak wavelength of the fundamental transverse mode as a function of the dissipated
power for di�erent substrate temperatures �a� ��	�� �b� �
	�� �c� �	�� �d� �	�� �e� �	�� �f� ��	��
�g� ��	�� and �h� ���	� oC	 The upper inset shows the average slope of the curves	 The lower inset
shows the dependence of the peak wavelength with the substrate temperature at constant dissipated
power	

wavelength on the substrate temperature at a constant dissipated power �Pdis�I�$
�

mW�� The emission wavelength grows linearly with Tsub at a rate d��dT$ ����
o

A�oC�
Since the data represented in the lower inset is taken at constant dissipated power
� so that the active region temperature only changes due to substrate temperature
variations � we conclude that the emission wavelength is a good thermometer of the
active layer temperature�
From the previous values� the thermal resistance of the VCSEL under study is

Rth $
dT

dPdis
$

dT

d�

d�

dPdis
$ 
	��

oC

mW
	 �����

Similar thermal resistance values are found for the other VCSELs� We point out
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Figure ���� �left� above� Setup used to measure the thermal time constant	 �left� below� Time
trace of the current applied to the VCSEL	 �right� above� Time�resolved optical spectrum	 �right�
below� Fitting of the emission peak wavelength� which shows an exponential dependence with a
characteristic time of 	� �s	 Measurements are performed at room temperature	

that although not many points were considered for this measurement� all the ther�
mal parameters are in good agreement with previously reported values for similar
AlGaAs�GaAs systems "��# �Results can be compared with those in Fig� 
����
One way to minimize the temperature rise induced by Joule heating is to operate

the device under fast modulation at low�duty�cycle "��� 

�� 
��#� This idea is based
on the fact that the thermal response of the VCSEL to an abrupt increase of the
dissipated power is not instantaneous but takes a 	nite time� For example� for a
square pulse current� the active region temperature exponentially approaches the
steady�state temperature as "�� ��#

Tact $ Tsub %'T �Pdis�
�

� e��t�t����th

�
� �����

where 'T is the temperature raise corresponding to the power dissipated by the
current pulse� t� is the pulse switch�on time� and 
th is known as the thermal time
constant�
In order to estimate the characteristic thermal time constant of our VCSELs we

take advantage of the fact that the emission wavelength depends linearly on the
temperature of the active layer� Then� it is straightforward to demonstrate that the
emission wavelength will change in time as

� $ �f �'�e��t�t����th 	 �����

where '� is the emission wavelength red shift due to the active layer temperature
raise� and �f is the steady�state emission wavelength�
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Therefore� by monitoring the time evolution of the emission wavelength to a square
current pulse� the characteristic thermal time can be measured� For this purpose� we
use the setup shown in Fig� ��� �left�above�� The VCSEL is biased by means of a
DC current source �HP ��
�A� and an AC voltage square pulse generator �Stanford
Research Sys�� DG����� connected to the VCSEL through a bias�tee network� The
VCSEL applied current� measured through a load resistance R$�� +� is schematically
depicted in Fig� ��� �left�below�� It consists of a train of � �s long square pulses
with a 
 Hz repetition rate �� The bias �Ib� and pulse �Ip� currents are ���� and
���� mA� respectively� and the threshold current is ��
� mA� The VCSEL output
light is collimated and focused on the entrance slit of a half�meter� high�resolution
monochromator� using a PMD to detect the output light� The injected current and
the PMD electric signals are displayed with a a high�resolution �� Gsamples� ��� MHz
bandpass� digital scope � triggered to the AC voltage source � and recorded in a
PC�
Time�resolved spectra are measured as follows� The scan velocity of the monochro�

mator grating is set to �
o

A�min� such that every second during the measurement �ev�

ery pulse� the central wavelength of the monochromator changes in 
���
o

A� However�
the central wavelength is e�ectively constant during each current pulse �� �s�� and
therefore the PMD electric signal gives the temporal response of the VCSEL output
at a 	xed wavelength� P���� t�� Time�traces of the PMD signal are stored in the
personal computer connected to the scope for every current pulse� This allows us to
reconstruct the time resolved spectrum �� which is shown in Fig� ��� �right�up�� As ex�
pected� the emission wavelength red shifts exponentially in time with a characteristic
time 
th$
�
� �s� which corresponds to the thermal time constant� in good agree�
ment with values reported previously "��#� From this measurement� we conclude that
low�duty�cycle modulation of the VCSEL current using current ramps much shorter
than the thermal time constant of the VCSEL� may allow operation at constant active
region temperature� This technique will be used in Chap� � to study the polarization
behavior of the VCSEL during fundamental transverse mode operation in order to
avoid thermal e�ects "

�#�

��� Polarization characteristics

This Section is devoted to reporting the study of the polarization properties of our
gain�guided VCSELs� First� we will present measurements of the distribution of linear
polarization angles� 	nding that the polarization orientation exhibits a preference
for two crystal directions in the transverse plane of the VCSEL� Next� polarized
LI measurements will be shown revealing di�erent �and uncorrelated� polarization
behaviors depending on the VCSEL device� Finally� we will show results of the
birefringence�induced frequency splitting for several devices�

�Notice that� since the period between pulses is much longer than the pulse width� the thermal
response of the VCSEL is essentially the same as for a single pulse ����	

�Notice that P��� t� is plotted as a histogram in Fig	 �	��right�up� using a ��� grey scale� where
white color corresponds to P��� t���	
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Figure ���� �left�above� Setup for the distribution of polarization angles� and �right� results	
�left�below� Setup for polarized LIV measurements	

The polarization angle was measured �see Fig� ��� �left�above�� by rotating a po�
larizer beam�splitter �PBS� in front of a wide�area photodetector such that the trans�
mitted polarization component� Px� was maximized for a constant injection current
just above the lasing threshold� Fig� ��� �right� shows the distribution of polarization
angles for all the VCSELs available� In this 	gure� we identify the angles � and �� of
the polarizer with the directions *x and *y of the transvese plane of the VCSEL� respec�
tively �see Fig� ��
�� The distribution is centered around the � angle of the polarizer
which corresponds to either "

�# or "
)
�# crystalline axis �we cannot distinguish be�
tween them�� We thus infer that the light coming out from the VCSELs is typically
linearly polarized and preferentially oriented along one of two orthogonal directions
of the transverse plane of the wafer� in good agreement with previous reports "��#�

We next studied the polarized LI characteristics in several 
� �m active region
diameter VCSELs� The setup used� shown in Fig� ����left�below�� is similar to that of
Fig� ��� but with the insertion of a Glan�Thomson polarizer which splits the output
light from the VCSEL into two orthogonal linearly polarized components� The angle
of the polarizer was adjusted until one of the polarization components was blocked
during fundamental mode operation�

Fig� ��� shows the LI characteristics for four di�erent devices taken at room tem�
perature� The fundamental mode regime occurs for current values between � and 
�
mA� approximately� The commonly observed behaviors as the current is increased
are i� the dominance of one of the linear polarization components as the current is
increased �Fig� ��� �a� and �b��� and ii� polarization switching �Fig� ��� �c��� For a
few number of devices it was impossible to fully block one of the polarization compo�
nents �Fig� ��� �d�� which indicates that� for these VCSELs� emission is not perfectly
linearly polarized � e�g�� one possibility is elliptically polarized emission "��# as a
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consequence of the misalignment between linear dichroism and linear birefringence
axes "��� 
��� 
��# ��

For injection currents above the fundamental mode regime� polarization instabil�
ities are commonly associated with the onset of higher�order modes� For the devices
in Fig� ��� �a� and �b�� the 	rst�order transverse mode starts lasing with linear po�
larization perpendicular to that of the fundamental mode at roughly 
� and 
� mA�
respectively� This polarization behavior has been widely reported "��� ��� ��� ��#�
For the other two cases� the 	rst�order transverse mode has the same polarization
than the fundamental one� In the latter devices� Fig� ��� �c� and �d�� abrupt drops of
the dominant polarization component are observed for increasing current which are
associated with the onset of higher order modes having the orthogonal polarization�
These features were veri	ed visually by looking at the expanded far 	eld transverse
pro	le of the laser beam using an infrared card as a detector�

The linearly polarized modes of the VCSEL also have di�erent frequencies as a

Figure ���� polarized LI characteristics for four di�erent � �m diameter VCSELs	 Solid �dashed�
line stands for �x ��y� polarization	 The polarization angles for the �x component are �a� ��o� �b� �
o� �c� o� and �d� �� o	
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Figure ��
�� �left� Setup for birefringence measurements	 For some devices the birefringence�
induce splitting was in the range from �	
 to �	�

o

A �right�below�� while for the rest the splitting
was unresolved �right�above�	 Solid �dotted� line stands for �x ��y� polarization� while the dashed line
corresponds to the total optical spectrum	

consequence of the birefringence of the crystal "��#� The frequency splitting between
these orthogonally polarized components of the VCSEL output was measured with
a high resolution monochromator using the setup of Fig� ��
� �left�� Birefringence
measurements were performed at room temperature for the 
� �m active region di�
ameter devices for a 	xed current value slightly below the lasing threshold� For many
VCSELs� as shown in Fig� ��
� �right�above��� the spectral splitting was below the
spectral resolution �� ���� nm�� However� when resolved� it was in the range from

��� to ���
o

A �
� to �� GHz�� An example is shown in Fig� ��
� �right�below�� which
corresponds to the VCSEL of Fig� ����c�� Finally� we point out that all the VCSELs
exhibiting polarization switching within a given temperature range had a spectral

splitting greater than ���
o

A�
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Modeling the dynamics of laser systems is based on the proper description of
how the radiation and the gain medium interact with each other within the laser
cavity� The most general model for a matter�radiation system is fully quantum�
mechanical� However� if quantum��uctuations are neglected� a semiclassical treat�
ment is possible based on the fact that the number of photons interacting with the
gain medium� because of stimulated emission processes � is large� Within this semi�
classical framework� the dynamical equation for the optical 	eld vector� �E� is derived
from Maxwell equations taking into account the boundary conditions imposed by the
laser cavity� However� the gain medium has to be treated quantum�mechanically�

The simplest quantum�mechanical description for the gain medium is to consider
it as a collection of two�level atoms which are perturbed by an external optical 	eld�
A density�matrix formalism allows to derive dynamical equations for the nonlinear
polarization induced by the optical 	eld� �P � and the population inversion of the
medium� N � These two equations� together with the classical equation for �E and
supplemented with stochastic noise sources� form a set of nonlinear time�dependent
equations� usually referred to as Maxwell�Bloch two�level model "
�
#�"
��#� which
properly model laser dynamics in systems where optical transitions occur between
almost constant energy levels �gas lasers� solid�state lasers� etc���

However� the quantum�mechanical treatment of light�matter interaction processes
in semiconductors is rather more complicated since optical transitions take place
between band states with uneven� temperature dependent occupation� Moreover�
the band structure and transition probabilities of the semiconductor are a�ected by
many�body e�ects� such as Coulomb interaction� non�equilibrium distributions� etc�
A density�matrix formalism can still be applied giving rise to the semiconductor Bloch
equations which describe the material polarization and the population of the electrons
and hole states in the bands as a function of the k�momentum "
��#�"
��#� However�
their high complexity does not easily allow to study the dynamics of the system� and
there is ongoing research towards developing simpler models which incorporate the
main results of the microscopic theories in a phenomenological way "
��� 
��#�

Nevertheless� considerable insight on semiconductor laser dynamics can be ob�
tained if one assumes that most of the electronic transitions within the active layer
take place between 	x energy levels at the band edge� It is with this spirit that we
will consider here� in 	rst approximation� a two�level approach for the semiconductor
quantum�well medium� Therefore� the scope of this Chapter is to derive dynamical
equations for the laser variables in the case of an unstrained quantum�well� gain�
guided VCSEL in the framework of a two�level Maxwell�Bloch formalism�

��� Dynamical equation for the optical 
eld vector

In order to describe the light�matter interaction processes which occur in a Vertical�
Cavity Surface�Emitting Laser� we start our discussion from the well known Maxwell(s
equations "
��#�



Chapter � �


r��E $ �� t
�B � ���
�

r� �H $ �J % � t
�D � �����

�r �D $  � �����

�r �B $ � � �����

where �E and �H are the electric and magnetic 	eld vectors� respectively� �D and �B
are the corresponding electric and magnetic �ux density vectors�  is the free�charge
density� and �J is the free�current density vector� Eqs� ���
�&����� can be written in
the frequency domain by using the Fourier transformation F� $

R�
��

dt e�i�tF �t� as�

r��E� $ �i� �B� � �����

r� �H� $ �J� % i� �D� � �����

�r �D� $ � � �����

�r �B� $ � � �����

where we have considered that � � � at optical frequencies�
The relationships between the 	eld and �ux density electromagnetic vectors strongly

depend on the medium under consideration� Semiconductors are dielectric� non�
magnetic media which obey Ohm(s law� These characteristics can be written down
as

�D� $ �o�E� % �P� � �����

�B� $ �o �H� � ���
��

�J� $ �� �E� � ���

�

where �o is the vacuum permittivity� �o is the vacuum permeability� and �� is� under
isotropic conditions� a scalar conductivity� The material polarization �P� is the in�
duced dipole�moment density of the material having two contributions� a linear � �P��

and a nonlinear � �Pn�
� � terms

�P� $ �P� % �Pn�
� 	 ���
��

The linear polarization takes into account the dielectric nature of the unpumped
semiconductor medium� and can be written in terms of a linear susceptibility �� as

�P� $ �o�
��E� � ���
��

which is related to the background refractive index of the semiconductor� n� $ 
%���

�Notice that we use the exp��i�t� basis	
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The nonlinear part of the polarization accounts for the dipole�moment density
induced by the optical 	eld when the semiconductor is pumped� As for the linear
part� it can be related to the optical 	eld perturbing the medium as

�Pn�
� $ �o�

n�
� �N ��E� � ���
��

where �n�� is a scalar nonlinear susceptibility which locally depends on the carrier
density N � and that takes into account both absorption�gain and dispersion in the
semiconductor medium�
The wave equation for the evolution of the optical 	eld �E� is derived by applying

the operator r� to Eq� ������ using Eq� ������ the de	nitions given by Eqs� �����&

���
��� and the general identity r��r��E�� $ �r ��r �E�� � r� �E�� The evolution
equation reads

�r ��r �E���r� �E� $ ��

c�
n��z��E� � i ���

�oc�
�E� % ��

c�
�n�� �E� � ���
��

where c$
�
p
�o�o is the velocity of light in vacuum� The z�dependence of the refrac�

tive index in the 	rst term of the right hand side �RHS� takes into account the refrac�
tive index distribution along the emission direction of the VCSEL �see Fig� ��
�b���
The conductivity in the second term of the RHS takes into account internal loss
mechanisms� e�g�� scattering losses� which reduce the number of photons propagating
back and forth within the laser cavity� The last term on the RHS takes into account
the interaction of the optical 	eld with the externally pumped medium through the
nonlinear susceptibility �n�� �N ��
In Chap� 
 we have seen that gain�guided VCSELs use a proton�implanted region

in order to con	ne the injected carriers into a 	nite transverse region within the
quantum�well layer� Therefore� the carrier density is not uniform in the plane of
the quantum�well� N �x� y�� so the optical 	eld is also non uniform� Such a broken
transverse invariance of the pumped VCSEL implies the condition �r � �E� �$ ��

�r � �E� can be evaluated taking into account Eq� ����� and the de	nitions given
by Eqs� ���������
���

�r � �E� $ ��E� � �r
�
�n
�
n� �z � % �n�� �x � y � z �

�� � � �E�
n��z�

�
d z n

��z��z
�
����
��

where we have taken into account that� for gain�guided VCSELs� the value of �n�� �x� y� z�
is very small as compared with the value of n�z�� and that �n�� �x� y� z� varies in length
scales �� proton implanted region� much larger than those for n�z� �� quantum�well
width�� Eq� ���
�� admits solutions

�E��x� y� z� $ A�z�E��x� y� �a� � ���
��
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Figure ��
� �a� VCSEL geometry� �b� Expanded region showing the longitudinal distribution
of refractive index� �c� Schematic representation of the forward and backward plane�waves in the
equivalent VCSEL cavity	

for which �r � �E� � �� where �a� is an arbitrary vector in the plane of the quantum�well
layer� which is perpendicular to the emission direction �z � �a� ��z $ ��� as schematically
depicted in Fig� ��
�a�� Eq� ���
�� represents the family of linearly polarized modes
of the VCSEL� The propagation equation for these modes is the scalar equation

E�d �
zA%Ar�

�E� %
��

c�
n��z�AE� � i ���

�oc�
AE� % ��

c�
�n�� AE� $ � � ���
��

where A�z� and E��x� y� are the longitudinal and transverse components of the optical
	eld� respectively�

In order to solve Eq� ���
��� the boundary conditions imposed by the cavity have
to be considered� Fig� ��
�b� shows the vertical cross section of the VCSEL which
looks like a Fabry�Perot type laser of cavity length� L� and top and bottom distributed
Bragg re�ectors �� For practical purposes � we want to develop a mean�	eld dynam�
ical model for E�� disregarding the propagation problem of the optical 	eld along the
emission direction � it is convenient to de	ne an equivalent Fabry�Perot cavity for
the VCSEL where the DBR re�ectors are treated as e�ective plane mirrors "
��# with
complex top and bottom mirror re�ectivities � given by

p
Rte

i t��� and
p
Rbe

i b����

�L � Lqw � �Lsp� where Lqw is the quantum�well length� and Lsp is the spacer layer length	
�Each DBR layer width is ��
� where � is the Bragg wavelength� which is close to the VCSEL

emission wavelength	
�Each DBR exhibits a complicated re�ectivity spectrum but we approximate the complex top

and bottom mirror re�ectivities in the vicinity of the VCSEL emission wavelength by a constant
re�ectivity modulus� Ri �� ��	����� and a frequency dependent phase� �i���� which vanishes at the
Bragg frequency �
��	
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respectively� and n�z� is substituted by an e�ective refractive index �� ne����
For the equivalent VCSEL cavity� A�z� can be generally written in terms of a

forward �AF� and a backward �AB� plane�wave as

A�z� $ AF ei qwz %AB e�i qwz � ���
��

where qw is a complex propagation constant� A�z� veri	es the eigenvalue equation

�
d �
z % q�w

�A�z� $ � � ������

and the boundary conditions imposed by the equivalent VCSEL cavity

�
AF $

p
Rb e

i b���AB at z $ � �p
Rt e

i t���AF ei qwL $ AB e�i qwL at z $ L �
����
�

which can be rewritten as

p
RtRb e

i ��qwL�t����b���� $ 
 	 ������

From Eq� ������� the allowed propagation constants are given by

qmw $ qrmw % i q
i
mw $

m�

Le���
� i 

�L

ln

�

p
RtRb

�
� ������

where m is an integer number� and Le is the e�ective cavity length de	ned as

Le��� $ L % �Lpen��� $
m�

m� � �,t��� % ,b������
L � ������

and Lpen is the averaged penetration depth in each DBR� which arises from the
frequency dependence of the phase of the DBR re�ectivity�
Therefore� the real part of the propagation constant� qrmw� shows that the longi�

tudinal modes of the VCSEL are those whose wavelength is an integer submultiple
of �Le� and the imaginary part� q

i
mw� accounts for the distributed mirror losses in

the Fabry�Perot cavity� It is worth noting that the propagation constants given by
Eq� ������ correspond to the empty�cavity modes since they are modi	ed when the
VCSEL is pumped� However� they will be useful in the derivation�
Inserting Eq� ������ into Eq� ���
��� we obtain

Ar�
�E� %

�
��
� � q�mw

�AE� � i ���
�oc�

AE� % ��

c�
�n�� AE� $ � � ������

�We consider that the presence of the quantum�well in the spacer layer will not a�ect the �eld
pattern A�z� because of its very small thickness	
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where �� $
�
c
ne is the real propagation constant of the longitudinal mode at which

the VCSEL is designed for operation�
Multiplying Eq� ������ by A��z�� and integrating along the z�direction� �

R L

�
dz ��

we end up with the eigenvalue equation for the transverse component of the optical
	eld� E��x� y�� which reads

r�
�E� %

�
��
� � q�mw

� E� � i ���
�oc�

E� % ��

c�
�n�� -zE� $ � � ������

where

�� $

R L

�
dzA���AR L

�
dz jAj�

� ������

is the average �mean� conductivity along the z�direction� and

-z $

R
qw
dz jAj�R L

�
dz jAj�

� ������

is the gain con	nement factor� which arises because �n�� is only created within the
quantum�well region of the VCSEL

�n�� �x� y� z� $

�
� outside the quantum�well �

�n�� �x� y� within the quantum�well 	
������

Next� we perform the Slowly Varying Amplitude Approximation to Eq� ������� For
this reason� let(s consider the empty cavity mode� mo� closer to the VCSEL emission
wavelength� �� and let + be the carrier frequency corresponding to this mode� such
that

�� $
+

c
ne $

mo�

Le�+�
$ qrmo�

	 ������

Developing ��
� in Taylor series around +� we obtain

��
� $ ��

� % ����
�
��� � +� %O��� � +� � ��

� % ����
�
��� � +� � ����
�

where � �
� $

d��
dw
j��� $ ng�c� and ng $ ne % +

dne
dw
j��� is the group index of the

longitudinal mode considered� Hence� the propagation equation for the transverse
component of the optical 	eld of the mo mode becomes
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r�
�E� % ���� �

��� � +�E� % ���
� � q�mo�

�E� � i +��
�oc�

E� % +
�-z
�oc�

Pn�
� $ � � ������

where we have used the de	nition in Eq� ���
��� Taking into account Eqs� ������ and
������� we can approximate the third term of the left hand side of Eq� ������ as

���
� � q�mo�

�E� $ ��� % qmo�
���� � qmo�

�E� � i ���qimo�
E� � ������

where we have assumed that qrm� 	 qim�� De	ning

�T $ �� %
�ocne
�L

ln

�



RtRb

�
� ������

as the total conductivity� and � $ � � + as a slow frequency around +� Eq� ������
now reads

r�
�E� % ���� �

��E� � i
+�T
�oc�

E� % +
�-z
�oc�

Pn�
� $ � 	 ������

Rewriting Eq� ������ in the time domain �i � �
 � t � E� 
 E � Pn�
� 
 P� and

using the de	nitions for �� and �
�
�� we end up with

� t E $ ��E � i c�

�+neng
r�
�E � i

+-z
��oneng

P � ������

where we have de	ned the optical 	eld decay rate� �� as �

� $
�T

��oneng
$

c

�ng

�
�in %




�L
ln

�



RtRb

�	
� ������

with �in $ �����ocne� being the internal losses�
The 	rst term on the RHS of Eq� ������ accounts for the optical 	eld losses inside

the cavity� The second term on the RHS accounts for optical 	eld di�raction which
leads to the selection of the transverse mode pro	les and the associated frequencies�
The last term in Eq� ������ is responsible for the material gain �real part� and the
dispersion �imaginary part�� We point out that� since the time scale of the evolution
of the 	elds E�x� y� and P�x� y� is much slower than +��� these magnitudes correspond
to the slowly�varying amplitudes of the optical 	eld and the nonlinear polarization�
respectively�
At this point we have to take into account that light emitted from VCSELs is�

typically� linearly polarized with the vector 	eld oriented along one of two orthogonal

��
 is the inverse of the photon lifetime in the cavity� �ph � ��
�
�� �  ps
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crystal axis� which are both perpendicular to the emission direction �z � Let us de	ne
these directions in terms of two arbitrary orthogonal vectors� �x and �y � which lie in
the quantum�well plane� Eq� ������ becomes

� t Ei $ ��Ei � i c�

�+neng
r�
�Ei � i

+-z
��oneng

Pi� i $ x� y � ������

and the vector character of the optical 	eld� as pointed out in Eq� ���
��� is 	nally

recovered� �E $ Ex�x % Ey�y � For what follows� it is convenient to rewrite Eq� ������
in the basis of circularly polarized 	eld components �E� $ �Ex � i Ey��

p
�� and P� $

�Px � iPy��
p
��� as

� t E� $ ��E� � i c�

�+neng
r�
�E� � i

+-z
��oneng

P� � ������

��� Dynamical equations for the density�matrix el�

ements in unstrained quantum�well media

The polarization state of laser light originates in the spin sublevels of the transi�
tions involved in the lasing process� Di�erent polarization states have been associated
to di�erent J� 
 J� transitions in atomic systems� where Ji refers to the total an�
gular momentum quantum number of the two atomic energy levels involved in the
interaction with the optical 	eld "
��#�"

�#�
For semiconductors� the situations is rather more complicated� Semiconductor

bands cannot be described �completely� by atomic symmetry properties since the
atomic orbitals are coupled in the solid� However� for semiconductors with cubic
symmetry� such as GaAs� it is possible to assign quantum numbers for the electron
states at the band edge �k$�� using the tight�binding approximation "
��#� this is� by
relating the crystal states of a given symmetry to the the atomic states of the same
symmetry�
In the element semiconductors of group IV� and also in the isoelectronic compound

semiconductors of the groups III�V and II�IV� the valence band states at k$� are
made up of three degenerate p�like states� while the conduction band consists of an
s�like state� In an isolated atom� electron states from an s�type orbital have J $ �

�
�

while electron states from p�type orbitals may have J $ �
�
or J $ �

�
� where we have

already considered that due to spin�orbit coupling the relevant quantum number of
the electron states is the total angular momentum J � Therefore� the conduction
band at the band edge has symmetry isomorphous to J $ �

�
states� while the energy

degenerate heavy�hole and light�hole valence bands have symmetry isomorphous to
J $ �

�
"
�
#� Due to spin�orbit interaction� the split�o� valence band �J $ �

�
� is

usually energetically well separated from the J $ �
�
valence band near the band�edge

�tenths of eV � so it will not be consider any further�
With these considerations� the energy band structure of III�V bulk semiconductor

media can be calculated around the band�edge using the Luttinger Hamiltonian and
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Figure ���� �a� Band structure of a III�V unstrained quantum�well semiconductor for the �rst
allowed subbands	 Here k� is the modulus of the momentum vector orthogonal to kz � �b� Equivalent
six�level model at the band�edge	 States are labeled according to the quantum numbers jJ� Jz �	
For quantum�well VCSELs it is su cient to take into account e�hh transitions giving rise to the
four�level system considered in the SFM model	

k � p theory "
��� 
��#� The heavy�hole �hh� and light�hole �lh� bands result degener�
ated at the band�edge� although this degeneracy is lifted for k �$ � values due to the
di�erent e�ective hole masses�
The same formalism can be applied in III�V quantum�well semiconductors� In

these structures� due to the carrier con	nement along the quantization z�direction�
kz can only take 	nite values so the energy is quantized� However� for each allowed
kz value� energy subbands result due to the free motion in the x � y plane �e
� e��
��� hh
� hh�� ���� lh
� lh�� ����� In unstrained� narrow ��� nm� quantum�wells� it is
su!cient to consider the 	rst conduction �e
�� heavy�hole �hh
� and light�hole �lh
�
subbands� In this case� it turns out from the band�structure calculation that the
energy degeneracy of the hh
 and the lh
 subbands at the band�edge is removed 	�
In addition� band�mixing e�ects occur for k� �$ � 
�
However� the quantum�well band structure at the band edge �k�$�� reduces to

the six�level system shown in Fig� ����b�� and can be labeled according to the Jz
quantum number in the respective band� conduction subband states have Jz $ ��

�
�

hh
 valence subband states have Jz $ ��
�
� and lh
 valence subband states have

Jz $ ��
�
� Such a six�level scheme has been widely used in many theoretical "
��#�

�Typically� tens of meV
	For states with k� �� �� Jz is no longer a good quantum number and the band states are a linear

combination of states with di�erent Jz �band�mixing�	
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"
��# and experimental "
��#�"
��# studies of time�resolved luminiscence spectroscopy
and photoluminiscence experiments in ���
��grown III�V semiconductor quantum�
wells� In these experiments� polarized laser pulses are used to excite and distinguish
di�erent spin states of the interband transitions�
The possible optically allowed intraband transitions are those verifying the se�

lection rule for the third component of the total angular momentum� 'Jz $ ���
�
Transitions with 'Jz $ 
 are associated with right�handed circularly polarized light�
E��a� $ E���x %i�y ��

p
�� transitions with 'Jz $ �
 are associated with left�handed

circularly polarized light� E��a� $ E���x � i�y ��
p
�� when the component of the opti�

cal 	eld parallel to the quantization direction does not vanish� Ez �$�� 'Jz $ � tran�
sitions are also allowed� Since the quantization direction in quantum�well VCSELs
coincides with the propagation direction of the optical 	eld� the axial component of
the optical 	eld is very small �see Eq� ���
���� so the most favored optical transitions
are those for which 'Jz $ �
�
Therefore� in III�V unstrained quantum�well VCSELs a further simpli	cation of

the six�levels scheme is possible in the case of large hh
�lh
 splitting� since it is
su!cient to investigate only the allowed transitions between the hh
�valence and the
e
�conduction subbands "
��� 
��� 
��� 
��#� In this situation� the scheme reduces
to a four�level system� which is the starting point of the SFM model� It is worth
noting that the previous arguments are only valid at the band edge� However� a
detailed analysis of band�mixing e�ects in the SFM model "
��# indicates that they
do not produce qualitative changes in the results that we will present in the remaining
Chapters�
From here on� we use the notation j � 
 � for the conduction band states with

Jz $ ��
�
� and j � � � for the hh
 band states with Jz $ ��

�
�see Fig� ����b��� Let

us apply a matrix�density formalism to the four�level scheme� The time evolution
equations of the density�matrix elements of a N energy levels laser are derived in
Appendix B� and read

.k�l $ i �k�l k�l � 


i )h
�E �

NX
j��

h
k�j �/j�l � j�l �/k�j

i
� ������

where �k�l is the frequency di�erence between the levels k and l� �E is the optical 	eld

perturbing the medium� k�l $ �l�k are the density�matrix elements� and
�/k�l $ �/�l�k

are the dipole matrix elements ��
Within the four�level scheme for quantum�well VCSELs� the dipole selection rules

depend on the dot product �E � �/� where �E $ E��a�%E��a�� Hence� the non�vanishing
dipole elements are

�/����� $ �/������ $ /
�
��a� � ����
�

for the ���transition �j � 
 �
 j � � ��� and

See Appendix B for de�nitions	
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�/��� $ �/��� $ /
�
��a� � ������

for the ���transition �j % 
 �
 j % � ��� In addition� there are 
� independent
density�matrix elements whose time evolution equations read

.��� $ �E�

i )h

�
���� /� � ��� /

�
�

�
$ � .��� � ������

.����� $ �E�

i )h

�
������ /� � ����� /

�
�

�
$ ������ � ������

.��� $ �i �g ��� % ��� � ���
i )h

E� /� � ������

.����� $ �i �g ����� % ����� � �����
i )h

E� /� � ������

.���� $ � 

i )h

�
����� E� /� � ���� E� /

�
�

�
� ������

.���� $



i )h

�
����� E� /� � ���� E� /

�
�

�
� ������

.���� $ �i �g ���� � 


i )h
"���� E� /� � ���� E� /�# � ������

.���� $ �i �g ���� � 


i )h

�
����� E� /� � ����� E� /�

�
� ������

where we have taken that ���� $ ������ $ ����� $ ����� $ ��g� where �g is the
frequency di�erence between the upper and lower levels�

��� The semiclassical Four�Level Maxwell�Bloch equa�

tions

The diagonal matrix�density terms i�i give the occupation probabilities of the
energy levels� The population di�erence of the ���transitions are de	ned as d� $
�������������� The elements ����� give the dipole polarization vector �p $ *p��a�%
*p��a� where we de	ne *p� $ ������/�� The rest of density�matrix coherences involved
in Eqs� ������������� are decoupled from d� and *p�� so they will not be considered
any further�

From Eqs� �������������� we derive the evolution equations for the the population
di�erence and dipole polarization variables� which read

.*p� $ i �g *p� � j/�j
�

i )h
d� E� � ����
�

.d� $ � �
i )h

E�

�
*p� � *p��

�
� ������
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Let be *p� $ p� e
i�gt and E� $ E� ei �t%E�� e�i �t� with p� and E� being the slowly

varying amplitudes of the dipole polarization and the optical 	eld� respectively� For
these slow variables� Eqs� ����
�������� read

.p� � �j/�j
�

i )h
d� E� ei ����g�t � ������

.d� � �

i )h

�E� p�� ei ����g�t � E��p� e�i ����g�t
�
� ������

where we have disregarded the terms containing e�i �����g�t since they average to zero
in the characteristic times for the evolution of the slow variables� This approximation
is known as the Rotating Wave Approximation�
For the rede	ned material variables P��t� $ p��t� e

�i ����g�t and N��t��N��� $
d��t�� where N� is the total population di�erence at transparency� the time evolution
equations are

.P��t� $ ���P��t� % i ��g � +�P��t�� j/�j
�

i )h
�N��t��N����E��t� � ������

.N��t� $ C��� �eN� � �j�N� �N�� %
�

i )h

�E�P�
� � E��P�

�
	 ������

Some phenomenological terms have been added to Eqs� ������ and ������� The 	rst
term on the RHS of Eq� ������ takes into account the relaxation processes su�ered by
the dipole� where �� is the inverse of the polarization relaxation time 
p � ��� 
�� fs�
The 	rst term on the RHS of Eq� ������ is the total injection current density necessary
for lasing� C� The second term on the RHS of Eq� ������ accounts for the spontaneous
and non�radiative processes which decrease the number of carriers� where �e $ 
��e �

 ns�� is the carrier decay rate�
The third term on the RHS of Eq� ������ takes into account coupling mechanisms

between the two emission channels which mix the populations with opposite value
of Jz� For our purposes the parameter �j can be understood as a phenomenological
modeling of a variety of complicated microscopic processes� which are loosely termed
spin��ip relaxation processes "
�
#� Several spin relaxation processes for electrons
and holes have been identi	ed in semiconductors "
�
#� e�g�� scattering by defects
"
��� 
��#� exchange interactions between electrons and holes "
��#� exciton&exciton
exchange interactions "
��#� etc� From experimental measurements "
��#&"
��� 
��#
of spin relaxation times in quantum wells it is known that ���j is of the order of tens
of picoseconds� Indirect evidence of the coupling between N� and N�� as implied
by spin��ip relaxation processes� might be given by anticorrelations of the two in�
dependent polarization components in RIN spectra "
��#� More recently� an indirect
measurement of �j in the context of the predictions of the model developed here has
also been reported ��� � �j�ns

��� � ��� "��#��
Equations ������ and ������ can be generalized considering the transverse de�

pendence of P� and N� by including transverse carrier di�usion� with D being the
di�usion constant� These generalized equations� supplemented by Eq� ������ for the
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optical 	eld� become the whole set of Maxwell�Bloch equations describing laser action
in the quantum�well VCSEL

� t E� $ ��E� � i c�

�+neng
r�
�E� � i

+-z
��oneng

P� � ������

� t P� $ ���"
� i �# P� � j/�j
�

i )h
�N� �N����E� � ������

� tN� $ C�x� y���� �eN� � �j�N� �N�� %Dr�
�N�

%
�

i )h

�E�P�
� � E��P�

�
� ������

where we have de	ned the normalized detuning as � $ ��g � +����� As we will
show in the next section� the detuning parameter plays the role of the semiconductor
��factor "
�
# within the four�level model�
The frequency reference frame of the laser can be changed to one where the laser

emission frequency is close to zero at threshold� The change of the reference frequency
frame can be accomplished by de	ning

E��x� y� t� $ *E��x� y� t�ei �	
�t � P��x� y� t� $ *P��x� y� t�ei �	
�t 	
In addition� it is useful to rescale the optical 	eld variables to be proportional to

the total photon number� 0ph� which is given by the ratio of the total electromagnetic
energy in the medium and the photon energy at frequency +

0ph $
��one

�

)h+

Z �

��

dx

Z �

��

dy j *E��x� y�j� 	

Therefore� de	ning the rescaled variables

E� $

r
�ng
-zne

r
� �one�

)h+
*E� � P� $ �i

s
+-z

)h�oneng
*P� �

and

N $ N� %N� � n $ N� �N� � N� $ N� �

the model can be 	nally written as

� tE��x� y� t� $ ���
 % i ��E� � i c�

�+neng
r�
�E� % P� � ������

� t P��x� y� t� $ ����
� i ��P� % ��a�
 % ����N �N� � n�E�

%
p
��N � n����x� y� t� � ����
�

� tN�x� y� t� $ C�x� y�� �eN %Dr�
�N

� "�E�P
�
� % E�P

�
�� % �c	c	�# � ������

� t n�x� y� t� $ ��sn%Dr�
�n� "�E�P

�
� � E�P

�
�� % �c	c	�# � ������
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where P� are the slowly varying amplitudes of the material dipole densities corre�
sponding to the left and right circularly�polarized optical 	elds E�� N � N� is the
total carrier distribution referred to the transparency value N�� and n is the di�erence
of the carrier distributions associated with the transitions �� and ���
The spin��ip decay rate is now given by the parameter

�s $ �e % ��j 	 ������

The di�erential gain at the lasing frequency� a� has been de	ned as

a $
j/�j�

���
 % ���

+-z
�)h�oneng

	 ������

The total injected current� I� is given by

I $ qd

Z �

��

dx

Z �

��

dy C�x� y� � ������

where q is the electron charge and d is the thickness of the quantum�well layer� and
C�x� y� is the transverse density of injected carriers per unit time�
The semiclassical theory developed here ignores the quantum�mechanical nature

of the electromagnetic 	eld� Therefore� this approach neglects spontaneous emis�
sion processes although they can be included by adding Langevin noise sources�p
�N����x� y� t�� to the polarization equation� where � is the spontaneous emission

factor� and ���x� y� t� are two complex Gaussian white noise sources of zero mean
value and correlation � ���x� y� t��

�
��x

�� y�� t�� �$ ���x� x����y � y����t� t��
The model given by Eqs� ������������� is the 	rst fundamental model to explain

polarization dynamics in VCSELs and was introduced by San Miguel� Feng and
Moloney in 
��� "

�#� Since then� the SFM model has been extensively used by
many theoretical and experimental groups in the study of the polarization properties
of quantum�well VCSELs "��� ��� ��� 

�#�"
�
� 
��� 
��#�"
��#�

��� Limitations of the two�level Maxwell�Bloch model

for semiconductor lasers

The material dipole densities P� are the sources for the optical 	elds� providing
both material gain and changes in the background refraction index of the system
�dispersion� through the complex susceptibility� The complex nonlinear susceptibil�
ity resulting from our nonlinear dipole polarizations can be obtained� under linearly
polarized steady state conditions ��� by Fourier transform of Eq� ����
� into the fre�
quency domain

��For linearly polarized light� n��	
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P �
� $ �o���N�E

�
� $

a�
 % ����N �N��


 % �� � ������
�
 % i �� � ������E

�
� � ������

The real part of the complex susceptibility yields the gain spectrum which in the
two�level approach has a symmetric� lorentzian pro	le� The dispersion spectrum�
associated with the imaginary part of the complex susceptibility� is antisymmetric�
The gain peak is located at the dipole resonance frequency ��g�� where dispersion
vanishes� The ratio of the carrier�induced changes in the imaginary and the real parts
of the susceptibility� which would correspond to Henry(s ��factor in semiconductor
lasers "
�
#� is given by

� $
�N Im����

�N Re����
$ � � �

��
	 ������

where � is the emission frequency referred to the carrier frequency �� � +�� Hence�
the detuning in the two�level model plays the role of the ��parameter in semiconductor
lasers "��#� The main e�ects of the detuning� �� in the two level model are� �i� it
provides phase�amplitude �AM�FM� coupling of the optical 	eld� and �ii� its sign
determines the change in refraction index induced by the carrier density� positive
�negative� detuning leads to carrier�induced index anti�guiding �guiding�� Typical
values of the detuning in real two�level lasers are ��	�� � � � �	�� while � � �� �
for semiconductor lasers� Hence� in order to match the typical measured values of
the ��factor in semiconductors with a detuning in two�level models� lasing away from
resonance must be arti	cially enforced�
Another important limitation of the Maxwell�Bloch two level model to describe

semiconductor laser dynamics comes when transverse e�ects are considered� Since
higher order modes have always higher frequencies than the fundamental one� the
sign of the detuning also a�ects the stability of the fundamental mode� for negative
detuning �focusing�� the gain of the fundamental mode is always the highest� while for
positive detuning �defocusing� there might be a higher transverse mode with higher
gain than the fundamental mode "
��#�
From the above discussion� we see that the two�level model does not take into

account some features of the semiconductor medium� which is characterized by� i�
a strongly asymmetric gain spectrum� ii� an operation wavelength close to the gain
peak� iii� a strong amplitude�phase coupling in the vicinity of the gain peak� and iv�
carrier�induced antiguiding� Having spelled out clearly the limitations of modeling
the nonlinear dynamics of semiconductor gain�guided VCSELs with two�level models�
we proceed in the next Chapters as follows�
In Chaps� ��� we analyze the polarization behavior of VCSELs within the funda�

mental mode regime� The single longitudinal and transverse mode operation allows
us both to dismiss the spatial terms � optical di�raction and carrier di�usion �
and to adiabatically eliminate the material polarization in the general model given
by Eqs� ��������������� The resulting rate equation model accounts for the general
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features of the four�level scheme and� more important� will have a proper descrip�
tion of the e�ects of the ��factor� The studies performed in these Chapters will be
independent of the guiding mechanism of the VCSEL�
However� the description of the polarization dynamics in multi�transverse mode

gain�guided VCSELs� carried out in Chap� �� requires the use of the general model in
order to provide the laser medium of a gain spectrum� The reason is that transverse
modes in common VCSELs are separated� typically� 
���
�� GHz in frequency� so
gain di�erences between transverse modes might be important� In addition� in or�
der to preserve the commonly observed property that higher order transverse modes
have lower gain �higher threshold� that the fundamental one� we will force VCSELs
operation in the negative detuning �negative ��factor� side of the gain curve ���

��Results from previous studies in gain�guided edge�emitting lasers ���� ��� illustrate that the
two�level Maxwell�Bloch model can provide a proper description of the spatio�temporal dynamics
when the lasers are operated in the negative detuning side of the gain peak� which seems to indicate
that gain�guided semiconductor lasers are strongly dominated by transverse mechanisms as the
modal gain� the carrier di�usion and optical �eld di�raction	
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Polarization properties in the

fundamental transverse mode of

VCSELs

Abstract �

Polarization state selection� polarization state dynamics� and polarization switching of
a quantum�well Vertical Cavity Surface Emitting Laser for the lowest order transverse
spatial mode of the laser is explored using a recently developed model that incorpo�
rates material birefringence� the saturable dispersion characteristic of semiconductor
physics� and the sensitivity of the transitions in the material to the vector character
of the electric 
eld amplitude� Three features contribute to the observed linearly po�
larized states of emission� linear birefringence� linear gain or loss anisotropies� and
an intermediate relaxation rate for imbalances in the populations of the magnetic sub�
levels� In the absence of either birefringence or saturable dispersion� the gain or loss
anisotropies dictate stability for the stronger linearly polarized mode and switching is
only possible if the relative strength of the gain for the two modes is reversed� When
birefringence and saturable dispersion are both present there are possibilities of bista�
bility� monostability� and dynamical instability� including switching by destabilization
of the mode with the higher gain to loss ratio in favor of the weaker mode� We compare
our analytical and numerical results with recent experimental results on bistability and
switchings caused by changes in the injection current and changes in the intensity of
an injected optical signal�

�This chapter is based on the papers �i� �Polarization Switching in Quantum Well Vertical Cavity
Surface Emitting Lasers�� by � J	 Mart�!n�Regalado� M	 San Miguel� N	 B	 Abraham� and F	 Prati�
Optics Lett� ��� �� ������ and �ii� �Polarization Properties of Vertical Cavity Surface Emitting
Lasers�� by J	 Mart�!n�Regalado� M	 San Miguel� N	 B	 Abraham� and F	 Prati� IEEE Journal of
Quantum Electronics ��� ��� �����	

��
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��� Introduction

When the injection current is changed near the lasing threshold in a VCSEL�
variations in the polarization state of the fundamental Gaussian pattern can be dis�
tinguished� In several experiments it is found that laser emission on the fundamental
spatial mode with linear polarization near threshold switched to the orthogonal linear
polarization as the current was increased �e�g�� see Fig� 
 of "��# and Fig� ��c� of "��#
in the region of injection currents I � 
	�Ith�� Polarization switching has also been
biased or induced by an injected optical 	eld of a particular polarization state "��#�

We explore in this Chapter a fundamental explanation for these polarization phe�
nomena� We 	rst review in Sec� ��� a rate�equation model for polarization dynamics
in VCSELs based on the general model derived in the previous Chapter� Linear
anisotropy terms are added to the simpler rate�equation model in order to account
for the birefringency and dichroism typical from VCSELs� Sec� ��� describes the po�
larization states predicted by the rate�equation model and their stability when the
gain is the same for both linearly polarized modes� Polarization switching phenomena
is anticipated by representing domains of stability of the linearly polarized modes in
the parameter space of injection current and birefringence� The polarization behav�
iors found by numerical integration of the model equations as the injection current is
increased� are discussed for particular parameter values in Sec� ���� The polarization
state selection when there are small anisotropies in the gain or loss are considered
in Sec� ���� Sec� ��� presents results for the e�ects of the transverse spatial varia�
tion of the fundamental mode neglected in the previous sections� showing that there
are no qualitative di�erences in the polarization state selection and switching� Fi�
nally� Sec� ��� presents results from our model for polarization switching or dynamical
hysteresis induced by an injected optical signal�

��� A rate�equation model for polarization dynam�

ics in VCSELs

The rate�equation model that describes polarization dynamics of a single longitu�
dinal VCSEL operating in the fundamental transverse mode can be directly derived
from the schematic band structure of quantum well VCSELs depicted in Fig� ��
 by
using general rate equation arguments supplemented with the introduction of phase
dynamics� A more rigorous derivation can be performed from the Maxwell�Bloch
model developed in the previous Chapter after the material dipole polarization is
adiabatically eliminated provided that the VCSEL operates in the single longitudinal
spatial mode with the lowest order transverse 	eld pattern �fundamental transverse
mode�� For single mode lasers� the transverse dependence in Eqs� ������������� can
be disregarded� leading to the following set of equations for the amplitudes of the
circularly polarized 	elds coupled to the material variables which describe the laser
system
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Figure ��
� Four level model for polarization dynamics in QW�VCSEL"s	

.E� $ ���
 % i ��E� % P� � ���
�
.P� $ ����
� i ��P� % ��a�
 % ����N �N� � n�E� �����
.N $ C � �N � "�E�P

�
� % E�P

�
�� % �c	c	�# � �����

.n $ ��sn� "�E�P
�
� � E�P

�
�� % �c	c	�# � �����

The adiabatic elimination of the material polarization variables P�� relies of the
fact that the polarization decay rate is large compared with the decay rates of the rest
of the dynamical variables describing the system ��� 	 � � �s � �� �Class B laser
"
�
#�� Under the assumption ���� 
 �� the macroscopic polarizations �adiabatically�
follow the optical 	eld� and the approximation .P�$� can be considered in Eq� ������
The resulting material polarizations are

P� $ �
 % i ��a�N �N� � n�E� � �����

Inserting Eq� ����� in the rest of the equations and rescaling the remaining dy�
namical variables as F� $

p
�a�� E�� D $ �D� % D���� $ a�N � N����� and

d $ �D� � D���� $ an�� �� the model equations� appropriate for narrow contact
�single mode� VCSELs operating at constant active region temperature �constant
gain�� read

.F� $ ��
 % i���D � d� 
�F� � �����
.D $ ���D � ��� ��D % d�jF�j� � ��D � d�jF�j� � �����
.d $ ��sn� ��D % d�jF�j� % ��D � d�jF�j� 	 �����

where � is the 	eld decay rate� � is the linewidth enhancement factor which have been
identi	ed with the detuning � �see Eq� �������� � is the decay rate of the total carrier
population� � is the injection current normalized to threshold� and �s is the decay

�D� are the carrier populations of the circularly polarized channels� as depicted in Fig	 
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rate of the carrier population di�erence through spin��ip relaxation processes "
�
#�
We point out that� since typically ��� � 
 ns� and ��� � 
 ps "
��� 
��#� the spin
mixing processes described by �s occur on an intermediate time scale between that of
the 	eld decay and that of the total carrier population di�erence decay� Hence� the
dynamics of d cannot be in principle adiabatically eliminated�
Eqs� ����������� describe polarization dynamics in a perfect isotropic VCSEL� and

predicts the preference of quantum�well material for linearly polarized emission due to
the 	nite coupling� via spin��ip relaxation processes� between the carrier populations
involved in the two circularly left and right polarized transitions "

�#� In the math�
ematical limit of very fast mixing of populations with di�erent spins� �s �
 � d
quickly relaxes to zero� Therefore� the spin dynamics can be adiabatically eliminated
so the two polarization 	eld amplitudes F� are coupled to a single carrier population
D� a model that is sometimes assumed phenomenologically for dual polarization semi�
conductor lasers "
��#� When �s takes on its minimum value� given by the radiative
lifetime of the carriers ��s $ ��� the right and left circularly polarized transitions are
decoupled and two sets of independent equations for �F�� D�� and �F�� D�� emerge�
The physics of the conventional semiconductor laser rate equations for the intensity
of a linearly polarized mode �given by I $ jF�j�% jF�j�� is recovered by forcing d $ ��
As pointed out previously� the eigenstates of the model are linearly polarized

�rather than circularly or elliptically polarized� because of the cross�saturation pref�
erence exerted through the nontrivial value of �s� However the orientation of the
linearly polarized modes is not 	xed by the nonlinear 	eld�matter interaction in this
model� Therefore� any amount of linear birefringence or linear gain anisotropy result�
ing from material or cavity anisotropies restricts the linearly polarized solutions to
one of two speci	c states along the linear anisotropy axes� that we call here the *x�
and *y directions� Incorporating the linear phase anisotropy and the linear amplitude
anisotropy into Eq� ����� by considering the cavity anisotropy tensor in Appendix C
"��� 
��#� leads to

.dF� $ ��
 % i���D � d� 
�F� � ��a % i�p�F� � �����

while the equations for D and d remain unchanged�

Eq� ����� can be rewritten in the matrix form�

�
.F�

.F�

�
$ ��
 % i��

�
�
�

 �
� 


�
%D

�

 �
� 


�
% d

�

 �
� �


�	�
F�

F�

�
���
��

���a % i �p�
�
� 


 �

��
F�

F�

�
	

Therefore� the matrices on the RHS of Eq� ����� represent�� from left to right� �i� the
isotropic amplitude loss� �ii� the isotropic gain �real part� and the isotropic change

�see Appendix C
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of the emission frequency due to the pumped material �imaginary part�� �iii� a cir�
cular anisotropy induced for non�zero values of d �� and �iv� the linear anisotropies�
respectively�
The parameter �p represents the e�ect of a di�erent index of refraction � di�erent

emission frequency � for each linear polarization as a consequence of the birefrin�
gency of the crystal� In addition� the two polarization modes may have a slightly
di�erent gain�to�loss ratio that can be related to the anisotropic gain properties of
the crystal "��� 
��#� the slightly di�erent position of the frequencies of the modes
with respect to the gain pro	le "��� 
��#� and�or di�erent cavity geometries for the
di�erently polarized modes "��� ��#� These e�ects are included in the parameter �a�
Notice also that� for simplicity� we have assumed that the directions of linear phase
and amplitude anisotropy coincide� so that both are diagonalized by the same basis
states� The axis mismatch between birefringency and dichroism leads to elliptically�
instead of linearly� polarized light emission "��� 
��#� the ellipticity depending on the
angle between the linear anisotropies "
��� 
��#� However� reported measurements of
elliptically polarized emission in VCSELs show that the ellipticity is very small "��#�
which indicates that the amplitude and phase anisotropy axes are nearly aligned�
The meaning and e�ect of the parameters �p and �a are most clearly displayed

when these equations are rewritten in terms of the orthogonal linear components of
the electric 	eld�

Fx $
F� % F�p

�
� Fy $ �i F� � F�p

�
	 ���

�

For the *x& and *y�polarized components the complete model becomes

.Fx $ ��� % �a�Fx � i ���% �p�Fx % ��
 % i���DFx % inFy� � ���
��

.Fy $ ���� �a�Fy � i ���� �p�Fy % ��
 % i���DFy � inFx� � ���
��
.D $ ��"D�
 % jFxj� % jFyj��� �% i d�FyF

�
x � FxF

�
y �# � ���
��

.d $ ��sn� �"d�jFxj� % jFyj�� % iD�FyF
�
x � FxF

�
y �# 	 ���
��

It is clear here that �p leads to a frequency di�erence of ��p between the *x& and
*y�polarized solutions �with the *x�polarized solution having the lower frequency when
�p is positive� and that �a leads to di�erent thresholds for these linearly polarized
solutions �with the *y�polarized solution having the lower threshold when �a is pos�
itive�� The values of these parameters depend critically on VCSEL designs� which
range from etched posts to buried structures� Both index�guided and gain�guided
structures have been fabricated� We use a here a generic model for all devices and
reasonable parameter values�
In the absence of saturable dispersion �� $ �� or birefringence ��p $ ��� the

anisotropic gain� �a� fully controls the stability of these two modes� the mode with

�Notice that here is an important subtle e�ect of d on the cross saturation coupling of the right
and left circularly polarized �eld amplitudes which might seem to interact independently with the
two lasing transitions	
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the higher gain�to�loss ratio �which thereby has the lower threshold current� is always
stable above its lasing threshold and the orthogonally polarized mode is always unsta�
ble when the solution exists �above a higher threshold value of the current�� Without
external injection of optical signals to excite and enforce operation of the unstable
mode and without strong noise perturbations to induce temporary switchings to the
unstable mode� simple variations of the injection current will not lead to polarization
state switching unless the gain anisotropy changes sign as the injection current is
varied� Polarization switching will occur� without hysteresis� as the current crosses
the value at which the gain anisotropy changes sign "��#�
Semiconductor physics makes the saturable dispersion of the ��factor unavoidable�

Since birefringence also seems to be a common feature of VCSELs� it is important that
these properties be studied in conjunction with the gain anisotropy for their combined
e�ect on polarization state selection and polarization switchings� In addition� the
dynamics of the magnetic sublevel populations provides a natural mechanism for
enforcing the observed preference of VCSELs for linearly polarized emission� In the
remainder of this Chapter we investigate the e�ects of these physical phenomena and
show that many of the interesting polarization switchings �elsewhere attributed to
gain anisotropies� can be explained as a consequence of birefringence and saturable
dispersion�

��� Polarization states and their stability for isotropic

gain

The model presented in Sec� ��� contains a variety of solutions with constant
population variables� constant intensity and a single optical frequency in their 	eld
spectrum� We will call them stationary solutions because of their trivial time depen�
dence that corresponds to an optical frequency shift� In order to obtain the analytical
expressions for these solutions� we write an arbitrary steady state solution as

F� $ Q�e
i ���t����i
 � D $ D� � d $ d� � ���
��

where � is the global phase that can be ignored or set to zero without loss of generality�
and � is a relative phase which indicates the direction of linear polarization in the
transverse plane of the laser�
In absence of anisotropies ��a $ �p $�� the solutions are linearly polarized but

oriented in an arbitrary direction of the quantum�well plane "

�#� For these solutions�
the amplitudes of the two circularly polarized components are equal and have the same
frequency�

Q� $

r
�� 

�

� �� $ � 	 ���
��

The relative phase � is arbitrary and determines the orientation of the linear
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Figure ���� Steady state solutions of Eqs	 �
	����
	��� a� �x�polarized� b� �y�polarized� and c�
elliptically polarized	

polarization� The projection of the linearly polarized 	eld on the x� y basis is given
by�

Fx $
p
�� 
 cos� � Fy $

p
�� 
 sin� 	 ���
��

While this solution is susceptible to orientational di�usion due to perturbations
of the phase �� this state is linearly stable for any 	nite value of the parameters with
respect to amplitude perturbations� However� as �s 
 � it becomes marginally
stable with respect to amplitude �uctuations "

�#� This means that the 	nite value
of �s for the isotropic case stabilizes the linearly polarized emission and destabilizes
circularly polarized or elliptically polarized emission�
For �p �$ �� and when there are no amplitude �gain or loss� anisotropies ��a $ ���

we obtain four types of steady state solutions �see Fig� ����� For each of these solutions
the phase anisotropy breaks the rotational invariance of the orientation of the 	eld
�polarization� vector� that is� the relative phase � is no longer arbitrary� Two of these
types of solutions have orthogonal linear polarization� We will call these states the
*x& and *y�polarized solutions �modes��
For the linearly polarized modes the circularly polarized components have equal

amplitudes and frequencies� but di�er in the relative phase� The *x&linearly polarized
solution "shown in Fig� ����a�#� is given by

Q� $

r
�� 

�

� �� $ ��p � � $ � � ���
��
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and corresponds to

Fx $
p
�� 
e�i �pt � Fy $ � 	 ������

The *y&linearly polarized solution "shown in Fig� ����b�#� is given by

Q� $

r
�� 

�

� �� $ �p � � $
�

�
� ����
�

and corresponds to

Fx $ � � Fy $
p
�� 
ei �pt 	 ������

The steady state values of the total carrier population and the population di�erence
between the sublevels with opposite value of the spin for both linearly polarized
solutions are

D� $ 
 � d� $ � 	 ������

The other two types of solutions are elliptically polarized solutions for which
the circularly polarized components have equal frequencies but unequal amplitudes�
These elliptically polarized solutions are given by

Q�
� $




�
���D��

�

� D� � 


d�

�
� ������

�� $ ��
�D� � 
�� � d��

D� � 
 � ������

tan���� $



�

D� � 

d�

	 ������

The two elliptically polarized solutions are distinguished by the two possible values
of d� which are given by

d� $ �
s
���D���D� � 
�D�

�s�� % ��D�
	 ������

The value for D� is obtained from the following equation

��p

�
�s
�
% ��D�

��

$ ��
��

�s
�
% ��D�

�
� �s

�
D�

	
��

�s
�
% ��D�

�
�D� � 
� % �����D��D�

	
	 ������
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Eq� ������ restricts the possible values to those for which D� is greater than 
� From
Eq� ������� D� � 
 requires

� � 
 %
�s�p

����� �p�
	 ������

which gives the range of currents where elliptically polarized solutions exist�
In general� for �p �$ �� the relation j d� j� D� � 
 is always satis	ed if Eq� ������

holds� The two di�erent elliptically polarized solutions have the same optical fre�
quency but di�erent orientations of their polarization ellipses and di�erent senses of
rotation "see Fig� ����c�#� An interesting result is obtained when �p $ �� for which
the elliptically polarized solution becomes circularly polarized light� In this case we
have

D� $
�% �s

�


 % �s
�

� d� $ ��D� � 
� � ������

where the positive �negative� sign yields left �right� circularly polarized light� How�
ever� these circularly polarized solutions are always unstable "

�#�
In order to study the linear stability of these stationary solutions we have used a

standard procedure� The stability of a particular solution is studied by writing it as�


�
�

F� $ �Q� % a��e
i���t��� �

D $ D� %' �
d $ d� % � �

����
�

where a� is a complex perturbation of the 	eld amplitude� and ' and � are real
perturbations related to the carrier variables�
After substituting the perturbed solution given by Eq� ����
� in the equations of

the model and linearizing to 	rst order in the perturbation� one obtains the following
set of linear coupled di�erential equations for a� � ' and �


�
�

.a� $ ��
 % i���D� � d� � 
�a� � i��a�
%��
 % i���'� ��Q� � i �pa�e�i �� �

.' $ ���D� % d��Q��a� % a����
��D� � d��Q��a� % a����
��
 %Q�

� %Q�
��'� ��Q�

� �Q�
��� �

.� $ ���D� % d��Q��a� % a���%
��D� � d��Q��a� % a����
��Q�

� �Q�
��'� "�s % ��Q�

� %Q�
��#� �

������

which can be shortenly written in the vectorial form as

�t �A $M �A � ������
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where �A $ �a�� a
�
�� a�� a

�
��'� ��� and M is a � � � matrix whose coe!cients can

be easily derived from Eq� ������� The eigenvalues of M are determined by a ��th
order polynomial that has to be solved� The linear stability of a steady state solution
is given by the real parts of the eigenvalues which indicate if the solution is stable
�when Re��� � � for all �� or unstable �when Re��� � � for at least one ��� while the
imaginary part of �� when it exists� gives a frequency characteristic of the evolution
of the perturbation�
We 	rst consider the stability of the linearly polarized solutions� by substituting

in Eq� ������ the steady state solution for the linearly *x& and *y�polarized states given
by Eq� ���
�� and ������� or Eq� ����
� and ������� respectively� The set of equations
given by Eq� ������ can be decoupled into two independent subsets if the equations
are rewritten for the new perturbation variables S $ a� % a� and R $ a� � a� as
was done in "

�#� The 	rst subset is


�
�
.S $ ���
 % i��Q' �
.S� $ ���
� i��Q' �
.' $ ���'� �QS � �QS� �

������

which determines the stability of a polarized solution with respect to perturbations
with the same polarization� This subset of equations is independent of �p and �s�
The general solution

�
� S

S�

'

�
A $

�
� S�

S��
'�

�
A e � t � ������

leads always to a zero eigenvalue� associated with the arbitrary global phase �� and two
complex conjugate eigenvalues with always negative real parts� This means that each
linearly polarized steady state solution is always stable with respect to perturbations
with the same polarization� The complex eigenvalues are associated with ordinary
relaxation oscillations characteristic of many lasers� including semiconductor lasers�
The second subset of equations reads


�
�

.R $ ���
 % i��Q� � i��pR �

.R� $ ���
� i��Q� � i��pR
� �

.� $ ���s % ���� 
��� � �QR � �QR� �

������

where the positive �negative� sign is for the stability of the linearly *x� �*y�� polarized
steady state solution� This subset determines the stability of a polarized solution
with respect to perturbations of the orthogonal polarization�
For �p $ � there is a zero eigenvalue associated with the arbitrariness of the polar�

ization direction� and there are two more eigenvalues that always have negative real
parts "

�#� These two eigenvalues are complex for small �s� describing polarization
relaxation oscillations� These eigenvalues become real for large �s and one of them
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approaches zero as �s 
� corresponding to the existence of �and di�usion among�
a family of elliptically polarized states with arbitrary ellipticity�
When �p �$ �� the zero eigenvalue becomes nonzero� thus stabilizing or destabiliz�

ing a given steady state� To determine the eigenvalues of Eq� ������ we set

�
� R

R�

�

�
A $

�
� R�

R�
�

��

�
A e � t 	 ������

The resulting third order polynomial for � is

P ��� $ �� %

�
�s
�
% �� 


�
�� %

�
�
�

�
��� 
� % �

�
�p
�

��
�
�

% �

�
�p
�

����s
�
% �� 


�
� ���p

��
���� 
� � ������

where the negative �positive� sign holds for the stability of the linearly *x� �*y�� polar�
ized solution�
Let us consider 	rst a situation in which there is no saturable dispersion in the

	eld&matter interaction� In semiconductor physics language� this would be a case of
no amplitude�phase modulation �no coupling between amplitude �uctuations and fre�
quency �uctuations� in which � $�� In this case both linearly polarized solutions are
always stable �the coe!cients of the polynomial are all positive�� so that there exists
a regime of bistability for any value of � or �p� Therefore� for �$� no polarization
switching occurs as the injection current is changed� However we show below that the
nonvanishing value of � together with the phase anisotropy may cause polarization
switching� This is the same type of behavior known for gas lasers� where for zero
detuning� both linearly polarized modes are stable for any value of the birefringence
parameter� but polarization switching occurs for nonzero detuning�
We determine the stability of a particular solution for a general value of � in terms

of two control parameters� the injection current � and the birefringence parameter
�p��� which are commonly measured in polarization switching experiments� The lines
separating stability regions in this parameter space are those for which � $ ��i�� For
the *x�polarized solution the critical value of � at which the stability of this solution
changes is given by

�x $ 
 %
�s�p

����� �p�
� ������

with � $�� Hence� the eigenvalue which vanishes at �x is real� indicating that *y
polarization �uctuations have pure exponential growth or decay in the vicinity of �x�
Similarly� for the *y�polarized solution we 	nd two � $ � � i� eigenvalues� The

	rst one occurs at threshold ��

�The real part of this eigenvalue is negative for any value of �p when the injection current is
above threshold	
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Figure ���� Stability diagram for the steady state solutions	 The �x�polarized state is stable below
the continuous line ��x�� while the �y�polarized state is stable to the left of the dashed line ��y�	
Elliptically polarized solutions are stable within the narrow region between the solid line and the
stars	 The following parameters have been used� 
 � ��� ns��� � �  ns��� �s� �� ns

�� and  �
�	

�thy $ 
 � ������

for which � $ ��p� The second zero eigenvalue occurs at

�y $ 
� �s
�
% ��

�p
�
� ����
�

with � $ "��p
�%������p��s�#���� Therefore� *x polarization �uctuations have oscilla�

tory exponential growth or decay �polarization relaxation oscillations� in the vicinity
of the instability boundaries given by Eqs� ������ and ����
��
We have plotted in Fig� ��� the stability domains for the linearly *x� and *y�polarized

solutions in the ��p � �� stability diagram� The *x�polarized solution is always stable
for any current � � �x� which occurs below the solid line� The *y�polarized solution
is stable when � � �thy and � � �y� which occurs to the left of the dashed line�
Therefore� the stability diagram is divided into four di�erent regions with di�erent
stability for the linearly polarized solutions� region I� where both linearly polarized
states are stable� region II where both are unstable� and regions III and IV where
only *x�or *y�polarized solutions are stable� respectively� The stabilities of the *x& and
*y�polarized solutions can be interchanged by changing the sign of �p�
Finally� the linear stability of elliptically polarized solutions has also been exam�

ined� In this case� the values of Q�� ��� � and d� are given by Eqs� ������&������ after
solving Eq� ������ for D�� However� the particular values of the steady state do not
allow decoupling Eq� ������ into the subsets for �S� S��'� and �R�R�� �� as was done
for the linearly polarized solutions� This forces us to work directly with a �&th order
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polynomial for the eigenvalues� To 	nd the stability of a particular elliptically polar�
ized solution� we numerically obtain the values of the coe!cients of the polynomial
and then we 	nd their eigenvalues� The stability is determined by looking at the real
part of the eigenvalues as previously described� The procedure has been applied to
several values of the birefringence parameter for the range of injection current shown
in the stability diagram of Fig� ���� We have indicated on the 	gure by stars� the
values of � and �p�� that verify Re��� $�� The elliptically polarized solution is stable
in a narrow domain of parameters in which � is close to but larger than �x� Note
that according to Eq� ������� this solution only exists for � � �x�
For realistic values of the parameters used in Fig� ���� the stability diagram is

a consequence of the combined e�ect of saturable dispersion associated with the ��
factor and spin dynamics associated with a 	nite value of �s� The existence of regions
II �which is an obvious candidate for coexistence of the two polarizations� and III is a
consequence of spin dynamics� This is veri	ed by studying the steady�state solutions
and their stability in the case �s 	 �� �� In this limit it is possible to adiabatically
eliminated the population di�erence variable� which reads

d � � �

�s
�jE�j� � jE�j��D 	 ������

In this approximation� spin��ip dynamics is neglected� The linearly polarized states
correspond exactly to those given by Eqs� ���
���������� Their stability analysis give
now two instability boundaries

�x $ 
 %
�s�p
���

� � $ � � ������

�thy $ 
 � � $ ��p 	 ������

Notice that these instability boundaries correspond to Eq� ������ �in the limit �p �
�� and Eq� ������� respectively� but the polarization instabilities associated with
Eq� ����
� do not occur� Hence� we conclude that regions II and III in Fig� ���
are a consequence of spin�dynamics�
On the other hand� only region I survives when phase�amplitude modulation is

neglected by setting � $ �� Therefore� region IV appears as a consequence of saturable
dispersion which favors the *y�polarized mode with a small positive frequency shift
induced by birefringence� This fact also becomes clear in a third order Lamb theory
obtained from Eqs� �����&����� by adiabatic elimination ofD and d in the limit �s� � 

 but  $ �s

�
	nite� We 	nd �jE�j�� jE�j� � 
�

D � ��
� jE�j� � jE�j�� � ������

d � ���jE�j� � jE�j��� � ������

and the dynamical equation for the optical 	eld vector becomes �notice that we change
� by � in the spirit of gas laser theory� with � being the detuning�
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.F� $ ��
 % i��

�
�%

�



��
�� 

�% �

�

� jF�j� � �jF�j�
�
F� � i�pF� � ������

where � $
�
���
���

�
is the coupling parameter ��

The steady state solutions of Eq� ������ are F x
� $ Qe�i �pt for the *x�polarized

mode� and F y
� $ Qei �pt for the *y�polarized mode� where Q� $ ���
������� From the

linear stability analysis it is straightforward to derive an expression for the eigenvalue
which causes the instability

� $ ����� 
�


%





q
����� 
��� � ���p�� � ��p����� 
� � ������

where the positive �negative� sign is for the *x� �*y�� polarized mode�
Choosing the detuning as the control parameter in analogy to gas laser theory� we

recover the characteristic polarization behavior of gas lasers� For a 	x birefringency
and pump values �i� the *x�polarized mode is unstable for �x � �p������
��� �ii� the
*y�polarized mode is unstable for �y � ��p������ 
��� �iii� both polarization modes
are stable �bistability� for �y � � � �x� What allows us to identify that regions I and
IV come as consequence of saturable dispersion becomes clear when we write down
the instability in terms of �� For �p� � ��� we 	nd that the *x�polarized mode becomes
unstable for

�x � 
 %
�p
��

� ������

which corresponds to Eq� ������ in the limit ��p � ��

��� Injection current scans and polarization switch�

ing for isotropic gain

In experiments on polarization switching in VCSELs� it is common to measure
the optical power of each of the linearly polarized modes as the injection current is
increased� The frequency di�erence between the modes remains constant as the in�
jection current is varied "��#� These experimental conditions and constraints can be
reproduced in our model by varying the injection current while holding the birefrin�
gence parameter 	xed� that is� by moving vertically in the parameter space of Fig� ����
To see the resulting dynamics and changes in the polarization state� we numerically

�For weak coupling �� � �� there is a preference for linearly polarized emission� while for large
coupling �� � �� there is a preference for circular polarization	 The limiting cases here are � � �
giving light strongly linearly polarized� and ��� �fast spin relaxation� in which there is marginal
coupling �� � �	
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integrated Eqs� �����&����� in time with weak stochastic noise perturbations added to
the optical 	eld equation 	 "
��#� The injection current was periodically increased in
small abrupt steps �� of the threshold value�� beginning from a value of the injection
current which started the laser below threshold� Each new value of the current was
held constant for a time interval equivalent to about �� ns� long enough in most cases
to ensure that the transient evolution of the 	elds and carriers was almost completely
	nished� Fig� ��� shows an example of the temporally stepped injection current and
the resulting evolution and changes in the intensities of each linearly polarized mode
and in the carrier numbers� The 	nal states in the time ranges 0
 and 0� �indicated
on the 	gure� correspond to linearly *x& and *y�polarized emission� respectively� In
time ranges 0� and 0� the 	nal state is elliptically polarized� Solutions with peri�
odic modulation of the variables corresponding to states of mixed polarization� were
found in time ranges 0� and 0��

If we assume that the laser will most often settle on an available stable steady
state solution� Fig� ��� allows us to predict polarization switching when the injection
current is varied� as these variations can move the laser from a zone where one linearly
polarized mode is stable to a zone where the other linearly polarized mode is stable�
From Fig� ��� alone it is not clear how� or whether� the elliptically polarized steady
states would be involved in these transitions�

We 	rst consider a scan of the injection current in the domain where *y�polarized
emission is always stable� that is� for small values of the birefringence parameter�
�Small� in this case is determined by having frequency splittings between the lin�
early polarized modes that are less than the typical relaxation rate of the population
di�erences in the magnetic sublevels �spin relaxation rate�� In this case� just above
threshold there is bistability of the two linearly polarized solutions� Spontaneous
emission noise �uctuations as the laser is brought from below threshold to above
threshold will set the initial conditions that select one of the two linearly polarized
modes� However� because the two modes are not equally stable there would be a
greater likelihood of 	nding the more stable �*y�polarized� mode� The time evolution
as the current is increased depends on which mode is initially selected� �
� if the
system begins with a *y�polarized solution� this polarization mode is retained as �
is raised and lowered because it is stable for the whole range of injection currents�
or ��� if the system begins with *x�polarized emission� it will switch to *y�polarized
emission at a value of the injection current given by � $ �x��p�� Once the laser
reaches *y�polarized emission� this new state will be retained stably if the injection
current is raised further� or if it is lowered� even if it is lowered into the bistable
region� This would provide an evident �one�time� hysteresis signature which would
not be repeated as the injection current was raised and lowered unless the laser again�
due to spontaneous emission noise or other �uctuations� switched stochastically to
the *x�polarized mode in the bistable region or when the laser was operated below the
lasing threshold�

�
p
��D � d�#��t� is added to Eq	 �
	��� where ����

�� s��� is the spontaneous emission factor�
and #��t� are two complex Gaussian white noise sources of zero mean value and correlation give by
� ���t��

�
��t

�� �� ���t	 t��	
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Figure ���� Time dependent evolution of the injection current �increased in steps�� the intensities
of each polarized mode �Ix � jFxj

�� Iy � jFy j
�� and the carrier variables D and d� when the injection

current � is increased	 The parameters used are those of Fig	 
	� and �p � ��	

Results for a scan of the injection current with a 	xed value �p $ �� � which is
midway in the zone that is initially bistable� are shown in Fig� ���� In order to compare
this result with the experimental results which are typically completed with a slow
�quasi�adiabatic� scan of the injection current� the intensity was averaged during the
last �� ns �second half� of each time interval during which the injection current was
held at a particular value� The averaged intensity for each linearly polarized mode is
plotted versus the value of the injection current� giving a light�current characteristic
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for each polarized mode� This procedure was followed rather than a quasi�adiabatic
scan of the current which could be fashioned from a series of many smaller steps� in
order to allow transients to die out and to avoid the phenomena which result from
scanning a parameter through a bifurcation point with the consequent critical slowing
"��#� Of course in detailed comparisons with experiments with continuously scanned
currents� such critical phenomena must be present and one would also have to include
adequate noise strengths in all variables to make an accurate prediction�
As expected� two di�erent light�current characteristics were obtained� depending

on which of the two stable steady states was selected as the laser was brought above
threshold� When the initial selected state was *y�polarized� this state was retained for
any value of the injection current� As this is a relatively trivial result for presentation
�even though it is slightly more common because this state is slightly more stable�
and thus more frequently selected at the lasing threshold�� it is not represented in
Fig� ���� Instead� Fig� ��� shows the light�current characteristic for the other case�
when the selected initial state is *x�polarized� The *x�polarized state is retained up to
� $
�
 where it loses its stability to elliptically polarized emission� After a further
increase in the injection current the output changes to the *y�polarized state at �
$
��� The switching involves intermediate states of di�erent polarization� such as an
elliptically polarized state �an example is labeled by �� and some other complex time
dependent intensity solutions �an example is labeled by ��� Each emission state can
be also characterized by the optical spectrum �spectrum of the optic 	eld amplitude�
which we compute for the last �� ns of each transient for each of the labeled states�
For the linearly polarized �� and �� and the elliptically polarized state ��� the spectra
have one well�de	ned peak� For the solution with time�varying intensities ��� each
of the spectra for the linearly polarized 	eld amplitudes have a main peak �at the
same frequency in the two cases� and many equally spaced sidebands� which is the
signature of the periodic modulation of the intensity �and phase� for each component�
For a better description of these intermediate states we use three alternative char�

acterizations of the data from the last �� ns of each current step� 	rst a plot of Re�Fx�
versus the Re�Fy� for a given time interval� secondly� the Poincare sphere representa�
tion� and third� a measure of polarization given by the Fractional Polarization �F	P	��
We have selected a particular example from each qualitatively di�erent type of emis�
sion along the light�current characteristic curve in Fig� ��� �for example� � labels
a condition of *x�polarized emission while � labels a case with *y�polarized emission��
The Re�Fx� versus the Re�Fy� plots are shown beside the light�current characteristics
for the labeled states and clearly identify the di�erent types of polarization� a curve
or line is obtained because the solutions have a non�zero optical frequency relative to
the rotating reference frame selected for the slowly varying amplitudes of the model�
This kind of plot represents the projection of our six dimensional space of dynamical
variables onto a two�dimensional space� and some information is necessarily lost or
obscured�
An alternative two�dimensional plot is that of one carrier variable �D� versus the

other one �d� � For the steady states �constant intensity solutions� both linearly
and elliptically polarized� both carrier variables are time independent� resulting in a
single point in the plot as given by Eq� ������ or Eqs� ������ and ������� respectively�
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Figure ���� Light�current �LI� characteristic for the intensity of each linearly polarized mode and
the associated fractional polarization �F	P	�	 Re�Fx� vs	 Re�Fy� plots� D� vs	 d� and optical
spectra of the �eld amplitudes Fx �solid line� and Fy �dashed line� for the solutions labeled on the
LI characteristic	 The parameters are those of Fig	 
	� and �p � ��	

The time�dependence of the carrier variables for the case labeled as � re�ects the
lack of a well de	ned state of polarization� However� a closed trajectory is obtained
which indicates a distinct relation between the two carrier magnitudes and an overall
periodic evolution� For comparisons� the behavior labeled � in Fig� ��� corresponds
to the time range 0� in Fig� ����

Another way to characterize the polarization of a state is the Poincare sphere
plot "��#� where for the given pair of 	eld amplitudes �F��t�� F��t�� we assign the
radial value of a point on the trajectory ����t�� to the total intensity of this state�
the azimuth angle on the Poincare sphere is given by ���t�� where � is the angle of
the instantaneous polarization in the x�y plane� and the polar angle� ���t�� of the
point on the Poincare sphere is set by � which is the instantaneous ellipticity of the
emission� These quantities appear in the de	nition of the Stokes parameters�
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s��t� $j F��t� j� % j F��t� j�$ ���t� �
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������

The Stokes parameters obey the time�dependent identity

s��t�
� $ s��t�

� % s��t�
� % s��t�

� 	 ����
�

By identifying si�s�� i$
����� with the linear coordinates x� y and z� Eq� ����
� can
be regarded as the equation of the unit sphere� Every polarization state of the laser
beam is then represented by a point on the surface of the sphere� In case of polarized
light� the Stokes parameters are constant in time� since intensity� polarization and
helicity are 	xed� For incompletely polarized light� the Stokes parameters vary in
time because the amplitudes F� and F� and the relative phases vary� In this case
what one can do is to measure the averages � si � over a suitable time interval� In
general Eq� ����
� must be replaced by the inequality

� s� �
��� s� �

� % � s� �
� % � s� �

� � ������

where the equals sign holds only for a state of pure polarization� A measure of the
degree of polarization of a vector optical 	eld is given by the Fractional Polarization
�F	P	�� de	ned as "
��#

F	P	 $
� s� �

� % � s� �
� % � s� �

�

� s� ��
	 ������

The F	P	 ranges from � �natural unpolarized light� to 
 �polarized light�� taking
intermediate values for incompletely polarized light� This new physical quantity can
supply some of the information missing in the Re�Fx� vs� Re�Fy� plots when the
solutions are time dependent �� � F	P	 � 
�� The values of the F	P	 averaged over
the last �� ns of each current step are plotted above the light�current characteristic
in Fig� ���� The linearly polarized and the elliptically polarized states have F	P	 $ 
�
while the time�dependent states �of mixed polarization� have F	P	 � 
�
The Poincare sphere representation of each of the four identi	ed states ��� �� �

and �� is shown in Fig� ���� When the state has F	P	 $ 
 �states �� � and ��� it
is represented by a 	x point on the sphere� This point lies on the equator of the
sphere if the state is linearly polarized� However� when the state has F	P	 � 
�
the representative point moves on the surface of the normalized sphere� When the
intensities vary periodically the representative point moves on a closed trajectory
�state ��� The state � can be understood as an elliptically polarized state whose
ellipticity and azimuth change in time in a periodic way� For states with a broad
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Figure ���� Time evolution of the labeled states of Fig	 
	� on the normalized Poincare Sphere	

	eld spectrum �corresponding to quasiperiodic or chaotic variation of the intensities�
the representative point would move in a complicated �not closed� trajectory on the
surface of the sphere�

Elliptically polarized states are stable in a very narrow region� They can be
understood as an intermediate stationary state reached in the destabilization by a
steady bifurcation of a linearly polarized solution as the current is increased� At
the critical value of the current at which the *x�polarized state loses its stability� the
elliptically polarized state appears as an in	nitesimal distortion of the destabilized
state� There are two frequency�degenerate elliptically polarized solutions with two
possible signs for the azimuth "two orientations� see Fig� ����c�#� The supercritical
transition from one linear polarized mode to the other can occur through either of
these two states�

We next consider a scan of the injection current� at a 	xed value of �p which is
comparable to the relaxation rate of the magnetic sublevels� and� therefore� where
sublevel population dynamics play a crucial role� For these values of �p� the *x�
polarized state is the only stable steady state near the lasing threshold� but no linearly
polarized state is stable beyond � $ �x� Fig� ��� shows typical results for �p $ 
��
presented as in Fig� ���� In this case� di�erent initial conditions as the injection
current 	rst crosses the lasing threshold lead to the same qualitative behavior� The
initial state of the system just above threshold is always *x�polarized �labels A and
B�� As in the previous case� if the injection current is raised enough� this state loses
its stability at � $ �x by way of a supercritical bifurcation to an elliptically polarized
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Figure ���� Same as Fig	 
	�� but for �p���	 The y�scale of �gure C in the N� vs	 n plot has
been expanded �� times to increase the resolution	

state as was true for the conditions of Fig� ����

When the injection current is increased further� we 	nd a state of mixed polar�
ization �labeled as C� involving periodic modulation of the intensities of the linearly
polarized components and a periodic modulation of the total intensity �evident in
the equal spacing of the optical sidebands in the 	eld spectra and in the closed curve
nature of the d vs� D plot�� From the various representations and spectra we infer
that this is a state of nearly elliptical polarization with a dominant optical frequency
close to that of the horizontally polarized state with about a 
 modulation� The in�
tensity modulation frequency is approximately ��p� which would be the approximate
beat frequency between *x�polarized and *y�polarized emissions� This state of time�
dependent intensities has a F	P	 value slightly smaller than one indicating that we
might think of it as a strong amplitude of an elliptically polarized state at one optical
frequency with the addition of two weak 	elds at di�erent optical frequencies with
di�erent polarization states� It appears that this is reached through a supercritical
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Hopf bifurcation from elliptically polarized steady state solutions� Thus it is likely
that the additional 	elds �at di�erent optical frequencies from the main peak� that
are evident in the optical spectrum are those represented by the eigenvectors at the
Hopf bifurcation point �with speci	c polarization states and optical frequencies given
by positive and negative shifts of the Hopf bifurcation frequency� of the linear sta�
bility analysis for the elliptically polarized solutions� While we have only numerical
evidence for the six eigenvalues that govern the stability of the elliptically polarized
solution� it appears that the boundary denoted by the stars in Fig� ��� is always the
result of such a Hopf bifurcation� It is also worth noting that the overall sequence
from linear to elliptical to modulated elliptical solutions by way of supercritical steady
and Hopf bifurcations� respectively� appears to be common to both the of the cases
examined in Figs� ��� and ����
For larger injection currents in the conditions of Fig� ���� the system loses al�

most all of its temporal coherence� presenting broad spectra �probably chaotic� in the
sense of deterministic chaos� with a less well de	ned principal frequency �state D��
The fractional polarization decreases signi	cantly below one as the injection current
is increased still further� The time�averaged output powers of the linearly polar�
ized components might be interpreted as �coexistence� of the two linearly polarized
modes if one were looking only at the time averaged light�current characteristics for
linearly polarized components� but an optical spectral analysis would reveal several
sidebands� rather than a single sideband� to the primary spectral peak� Analysis of
the polarization states of the spectrally resolved peaks might be required before a
decision could be made about the usefulness or validity of a possible interpretation of
the result as combination of a few components of de	nite polarization and di�erent
optical frequencies� though the proper basis set for such a description� if it exists� is
not the linearly polarized states�
The stability region of elliptically polarized emission �and of the periodically

modulated elliptically polarized emission� is very narrow for these parameter val�
ues� Hence elliptically polarized states are not easy to observe in the switching from
*x�polarization to the �coexistence� regime� If the model accurately describes the
physics� this would indicate that it would also be di!cult to observe elliptically po�
larized solutions in the polarization switching found experimentally�
We 	nally mention that we have found polarization states that can be character�

ized by the dynamical coexistence of the two linearly polarized modes with di�erent
frequencies� These �two�frequency� solutions appear in the case of very fast mixing
of carrier subpopulation between the two channels �large �s� such that d is e�ectively
adiabatically eliminated in the dynamical evolution� An example of these polariza�
tion states is shown in Fig� ���� Just above the lasing threshold� stable simultaneous
emission in both *x� and *y�polarizations is observed� Two peaks are observed in the
spectrum of the emitted optical 	eld �state labeled �� with nearly equal power in the
two spectral components and with the frequency di�erence corresponding to the bire�
fringence induced splitting of the linearly polarized single�frequency solutions� The
two�frequency state is unstable at currents above � � 
	
�� Beyond this current value�
only the *x�polarized survives as can be inferred from the 	eld spectrum �state labeled
��� The power versus current �L�I� characteristic curve shown in this 	gure has been
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Figure ���� Two frequency solutions� L�I characteristic and optical spectra of the �eld amplitudes
Fx �solid line� and Fy �dashed line� for fast spin��ip relaxation	 The parameters used are � � 
ns��� 
�� � ���� �s��� ����  � �� �p����	�	

observed for many circular lasers emitting at room temperature "��� ��#� Qualita�
tively similar polarization and spectral behavior has been observed for �p values in
the range �	� � �p � ��� All these birefringence values are within the bistability
region �region I of Fig� ���� which� for the set of parameters used here�see 	gure cap�
tion�� extends up to �p��$ 
��� The range of currents for which the two�frequency
solutions remain stable is enlarged as the value of spin��ip relaxation rate becomes
larger� In the limit of very fast spin��ip mixing ��s �
�� the population di�erence
d is zero� and two�frequency states are stable for any value of the injection current�

��� Anisotropies in both amplitude and phase

In this section� we obtain the steady state solutions and their stability in the
presence of amplitude anisotropy �a �$ �� In this case the *x& and *y�polarized modes
have di�erent thresholds� This is a typical experimental situation in which small
amplitude anisotropies are unavoidable� We proceed here from the knowledge gained
in the simpler case of Sec� ��� and follow the same methodology� Assuming a general
steady state of the form of Eq� ���
��� we obtain that the *x�polarized solution is given
by
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while the *y�polarized solution is given by
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These orthogonal linearly polarized solutions have di�erent steady state ampli�
tudes and di�erent �symmetrically detuned� optical frequencies� though the value of
�a shifts the frequency splitting from that caused by the birefringence alone ���p�� �a
�together with �� even creates a splitting of the optical frequencies in the absence of
true birefringence� a complication in interpreting experimental lasing spectra for the
value of the birefringence�

The stability of these linearly polarized solutions is modi	ed by the amplitude
anisotropy� Linear stability analysis of Eq� ����
� for the perturbed solution gives a
system of equations for the perturbations which can be decoupled �as for the ampli�
tude isotropic case� into two subsystems for S $ a� % a� and R $ a� � a�� The
set of equations for S and ' is independent of �a so� as in Sec� ���� a given linearly
polarized state is stable with respect to perturbations of the 	eld amplitude having
the same polarization�

For the stability of a linearly polarized state with respect to perturbations of the
	eld amplitude having the orthogonal polarization� we 	nd


�
�

.R $ ���
 % i��Q� � ���a % i �p�R �

.R� $ ���
� i��Q� � ���a � i �p�R� �
.� $ ��D�QR� �D�QR

� � ��s % ��Q��� �

������

where the positive �negative� sign is for the stability of the linearly *x� �*y�� polarized
steady state solution� The characteristic polynomial for the eigenvalues � is
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Figure ���� Stability diagram for �a ���	�� other parameters as in Fig	 
	�	 The �x�polarized
mode has the lowest threshold	

The plus and minus signs correspond to the stability of the *y�polarized and *x�polarized
steady state solutions� respectively� under perturbations of the orthogonal polariza�
tion� while D� is the steady state value for the solution �either Eq� ���� or Eq� �����
being analyzed for its stability�

The amplitude anisotropy breaks the previous symmetry between *x and *y polar�
izations when the sign of the phase anisotropy is changed� as can be inferred from
Eq� ������� Now in order to have equivalent stability of the states by interchanging
*x and *y� one has to change both the sign of �a and the sign of �p� This is consistent
with the idea that if we change which polarization state corresponds to a particular
optical frequency �which is done by changing the sign of �p�� we should change the
sign of the amplitude anisotropy parameter that prefers one state over the other� if we
want to have the modes interchange all of their properties and relative stabilities� For
a 	xed sign of �a� di�erent signs of �p correspond now to di�erent physical situations
because of the 	xed sign of the saturable dispersion governed by ��

Proceeding as we did in the case for �a $ �� we can determine the new instability
boundaries for the linearly polarized solutions� We have considered two cases in
which a small amplitude anisotropy is introduced in the system� The 	rst case is
when �a is negative �Fig� ����� in which *x�polarized emission is �favored� because its
lasing threshold �threshold value of the injection current� is lower than the threshold
for existence of the *y�polarized emission� The other situation is when �a is positive
�	g� ��
��� in which the *y�polarization is �favored� because its lasing threshold is
lower than that of the *x�polarized state�

In the stability diagram for �a $ ��	
� �shown in Fig� ����� the *x�polarized
solution is stable below the solid line� while the *y�polarized solution is stable inside
the zone bounded by the dashed curves� There are zones in which only one mode is
stable� zones of bistability and zones in which neither linearly polarized mode is stable�
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Figure ��
�� Stability diagram for �a ��	�� other parameters as in Fig	 
	�	 �y�polarized mode
has the lowest threshold	

As the birefringence ��p� goes to zero� only the *x�polarized solution is stable� In a
large domain given roughly by � � 
	
 and �	�� � �p�� � �	� only the *y�polarized
mode is stable� indicating that despite the favoring by the gain anisotropy for the
*x�polarized solution� the emission will switch to *y�polarized emission as the current
is increased near threshold� an e�ect of the combination of saturable dispersion and
birefringence similar to that which appeared in Fig� ���� For those values of �p for
which as the current is increased the dashed curve is crossed before the solid curve
is crossed� there will be hysteresis in the switching points as the injection current is
raised from its threshold value where *x�polarized emission is found �switching at the
solid line� or lowered from a value high enough that *y�polarized emission is found
initially �switching at the dashed line�� The *x �
 *y switching current is given by

� $ 
 %
���p % ��a�

���a % ��p�� ��p

�s
�e

� ������

This switching is not abrupt� Rather it occurs through one of two frequency�degenerate
�orthogonal orientations� stable elliptically polarized states� Consequently� elliptically
polarized light can be understood as intermediate states reached in the destabilization
by a steady bifurcation of the linearly polarized solution as the current is increased�
In the stability diagram for �a $ �	
� �shown in Fig� ��
��� the *x�polarized solution

is stable in the region between the solid curves� while the *y�polarized solution is stable
to the left and below the dashed curve� As in Fig ��� there are also zones where either
one� both or none of the linearly polarized states are stable� As the birefringence ��p�
goes to zero� only the *y�polarized �lower threshold� solution is stable� For �p � 
�	��
and as the current is increased� there is a switching of stability from the *y�polarized
mode to the *x�polarized mode � destabilization of the mode with higher gain�to�loss
ratio in favor of the weaker mode��
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The main di�erence in the new values of the parameters from the case of isotropic
gain shown in Fig� ��� is that the thresholds for the existence of the two modes di�er�
For the parameters we have chose these di�erences are small �the threshold current for
the favored mode is lowered to 
 � 
����� and the threshold current for the existence
of the other mode is raised to 
 % 
������� The somewhat unexpected consequence
is that when the injection current is increased� the weaker mode does not always
gain stability where the solution exists� Most strikingly the weak mode does not gain
stability for any value of the current when the birefringence is small� These two e�ects
are those which indicate the importance of the gain anisotropy� giving stability only
to the mode with the higher gain�to�loss ratio� However� important zones remain
near threshold� accessible for typical values of many VCSELs� in which the saturable
dispersion and the birefringence combine to induce switching to the mode with the
lower gain�to�loss ratio�
Now� we compare the polarization state switchings observed in these cases with

those found in Sec����� If the amplitude anisotropy favors *y�polarized emission as in
Fig� ��
�� the state close to threshold will be always *y�polarized� For �p $ �� �barring
strong noise�induced switching in the bistable region� this polarization state will be
retained as the injection current is raised and lowered� However� if the amplitude
anisotropy favors *x polarization as in Fig� ���� the polarized state selected close to
threshold will be *x�polarized� In this case� when �p $ ��� we 	nd the same type of
switching �from *x�polarized to *y�polarized� when the current is increased as shown in
Fig� ���� �recall that what is shown there is one of two possible outcomes depending on
the noise�selected initial state at the lasing threshold�� Unlike the switching found in
the conditions of Fig� ���a� with the gain anisotropy represented in Fig� ��� there would
be a reverse switching from *y�polarized to *x polarized emission at about � $ 
	�� as
the current is lowered �instead of retaining the *y�polarized emission all the way down
to the lasing threshold��
The amplitude anisotropy can also force a polarization switching in a situation

where it does not exist when �a $ �� As an example� Fig� ��

 shows the time�averaged
power of each polarized mode for �p $ 
�� and �a $ �	
�� where an abrupt switching
from *y& to *x�polarized emission occurs �compare with Fig� ����� The switching current
is given by

� $ 
 %
����s % ��

�
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�e

	 ������

Notice that the switching current linearly depends on the value of the amplitude
anisotropy� The larger the amplitude anisotropy� the larger the current at which
switching occurs for a 	xed value of the rest of the parameters 
� Such a dependence
is consistent with recent experimental results in gain�guided VCSELs operated under
fast pulse current operation �see Chap� ��� Hysteresis in the switching current� as
reported experimentally "�
# �see Fig� 
�

 �left� below��� is also numerically observed
as the injection current is raised and lowered �see Fig� ��
���

	If the amplitude anisotropy is large enough� the �y�polarized state will be the only stable polar�
ization state for all accessible values of the current	
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Figure ��

� Light�current characteristic for each linearly polarized mode� and associated fractional
polarization for �a ��	�	 Rest of the parameters as in Fig	 
	�	 Labels indicate emission in �a� �y
polarization� �B� �x polarization� �C� periodically� and �D� chaotically modulated emission	

In summary� in this section we have demonstrated that a combination of spin�
dynamics� birefringence and saturable dispersion can lead to polarization switchings�
particularly to the selection �preferential stability� of the mode with higher losses�
This points out that changes in the relative gain that result from self�heating of the
device are not the only factor that in�uence the stability of linearly polarized solutions
when spin�dynamics� VCSEL anisotropies and nonlinear dispersion of the semicon�
ductor laser are considered� Which of these mechanisms� including temperature� is
the primarily responsible for the experimentally observed switchings merits detailed
experimental study because of the implications for speci	c designs and applications�
Chap� � is devoted to this topic�

Finally� we point out that the rate�equation version of our model does not account
for the appearance of higher order transverse modes as the 	elds and carrier numbers
develop transverse spatial dependence� Hence� we have limited the studies in this
and the previous Sections to values of the injection current for which the experiments
indicate that it is reasonable to expect that only the fundamental transverse spatial
mode would be lasing� Transitions to higher order transverse modes are observed
experimentally depending on the device parameters� but they usually occur in VC�
SELs when the current exceeds between 
�� and � times the threshold current� Then
additional polarization instabilities are combined with changes in transverse mode
pro	le "�
� ��� ��#� The e�ects of higher�order transverse modes on the polarization
state and spatial mode selection are studied in Chap� ��
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Figure ��
�� Hysteresis of the switching current when the injected current is raised �UP� and then
lowered �DOWN�	 Solid �dashed� line stands for �x� ��y�� polarized light	 The parameters used are �
�  ns��� 
�� � ���� �s��� ���  � �� �p�����	�� and �a���	�	

��� Plane wave vs� Gaussian approximation

In the previous sections we have neglected the dependence of the laser emission
on the transverse coordinates� However� it is known that VCSELs close to threshold
operate with the Gaussian mode TEM�� � In this section we show that the linear
stability analyses for the plane wave model performed in Secs� ��� and ��� remain
qualitatively valid even if one assumes that the laser beam has a Gaussian transverse
pro	le� We write

F��r� t� $ e��r�w��
�

f��t� � ������

where f� is the modal amplitude of the Gaussian mode� and w� is the beam waist�
which can be taken constant along the very short active region in the longitudinal
direction� The carrier populations D and d must then be functions of r and t� as well�
The dynamical Eqs� ����������� become �

.f� $ ��
 % i��

�Z �

�

du e�u�D � d�� 

	
f� � ��a % i �p�f� � ����
�

�D

�t
$ �� "D � ��u�#� ��D % d� e�ujf�j� � ��D � d� e�ujf�j� � ������

�d

�t
$ ��sd� ��D % d� e�ujf�j� % ��D � d� e�ujf�j� � ������

where we have introduced the new radial variable u $ ��r�w��
�� We also take the

pump parameter � to be a function of u� If the active region is a cylinder of radius


We neglect the e�ects of carrier di�usion	
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rA� � takes two di�erent values for u � ��rA�w��
� and u � ��rA�w��

�� Taking a 	nite
value of the ratio rA�w� allows to consider the e�ects of gain guiding� For simplicity
we assume that the radius of the active region is much larger than the beam waist
w�� so that ��rA�w��

� 
 � In this approximation the pump parameter � can be
taken constant and the integration range for the variable u is �����
The linearly *x�polarized state is given by

f� $ Q e�i ��p���a�t � ������


 %
�a
�

$ �
ln�
 % �Q��

�Q�
� ������

and the *y�polarized state by

F� $ �i Q ei ��p���a�t � ������


� �a
�

$ �
ln�
 % �Q��

�Q�
	 ������

The amplitude Q has been taken real without loss of generality� A comparison
with Eqs� ������ and ������ shows that the thresholds for the two solutions� obtained
in the limit Q 
 �� coincide with those of the plane wave model �� $ 
 � �a����
Linear stability analysis yields the following characteristic equation� where the upper
�lower� signs hold for the *x� �*y�� polarized solution

�
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�
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Eq� ������ is implicit in � because � is contained in the argument of a logarithm�
However� we are interested just in 	nding the stability boundaries� where� by de	ni�
tion� Re��� $ �� Therefore� we can study Eq� ������ in the limit Re���� �s��� Since
�s 	 � and Q� is typically of order 
 or less� we can make the following approximation

ln

�

 %

�Q�

�% �s��

�
� �Q�

�% �s��
$

��

�� �a

ln�
 % �Q��

�% �s��
	 ������

Inserting Eq� ������ into Eq� ������ we obtain a cubic equation in � of the form
P ��� $ �� as in the plane wave case� The characteristic polynomial is
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which is very similar to Eq� ������� In the limit �s 	 � and Q� � 
 the two polynomi�
als coincide� For �s $ ��� the stability boundaries de	ned by Eq� ������ are almost
indistinguishable from those given by Eq� ������ and represented in Fig� ���� We have
also checked that the averaged light power vs� injected current curve for each polar�
ization state obtained by numerical integration of Eqs� ����
&����� coincides with that
of Fig� ��� if the same parameters values are used �except for a di�erent scaling of
average power�� As a consequence the polarization behavior of the laser is essentially
the same if the modal pro	les of the fundamental mode are taken into account�

��� Polarization switching induced by optical in�

jection

In Secs� ��� and ��� we have shown several examples of polarization switching
obtained by varying one of the VCSELs parameters� namely the pump intensity ��
However� polarization switching can be also obtained by 	xing the parameters of
the VCSEL and by injecting into the laser an optical signal whose polarization is
orthogonal to that emitted by the laser "��� �
#� Two di�erent situations should
be considered depending on the stability of both linearly polarized states� If the
system is bistable� with a su!ciently strong or su!ciently long injected signal to
cause switching� the laser will remain on the new state� If the system is monostable
the laser will go back to the initial state soon after the injected signal is removed�
We have analyzed both cases� considering the Gaussian model presented in the

previous section� The term describing the external 	eld can be easily inserted in
the equations� For instance� if one considers injection of a *y�polarized beam� the
equations for the 	eld amplitudes are

dfx
dt

$ � �
 % i��

�Z �

�

du e�u �D fx % i d fy�� fx

	
�i ��p %'�� fx � �a fx � ����
�

dfy
dt

$ � �
 % i��

�Z �

�

du e�u �D fy � i d fx�� fy

	
%i ��p �'�� fy % �a fy % �inj finj � ������
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Figure ��
�� Switching by injection of  ns long pulses in a bistable situation given by � � 	
from the conditions of Fig	 
	� and �a��	� �	 Switching energy for the transition �y � �x �triangles�
and for the opposite transition �circles� as a function of the scaled frequency detuning $���	

where �inj is the coupling coe!cient� which coincides with the inverse photon lifetime
� for an ideal case of e�ectively mode�matched injected input beam � the injected
beam has the same waist than the input beam� and does not present misalignment ��
The amplitude of the injected 	eld is finj and its frequency �inj is now taken as the
reference frequency� The frequency detuning '� is de	ned as the di�erence between
�inj and the frequency intermediate between those of the *x�polarized ��x $ ��p� and
*y�polarized ��y $ �p� solutions� Therefore '� $ ��p �'� $ �p� means that the
injected 	eld is resonant with the *x �*y� polarization of the VCSEL� We have studied
the response of the laser to optical injection for di�erent values of the injected power
jfinjj� and of the frequency detuning '�� in both the bistable and the monostable
cases�
Fig� ��
� presents results for a bistable case corresponding to the parameters of

Fig� ��� and �p $ ��� � $ 
	
� and �inj $ � � The frequency detuning '� varies from
��� to ��� For this bistable situation� the injected signal is a rectangular pulse of
normalized duration 'tinj� We estimated the injected energy in the following way�
the injected power P and the power emitted by the VCSEL P� are proportional� re�
spectively� to jfinjj� and �Q�� where Q is the stationary amplitude given by Eqs� ������
and ������� Then� the injected energy is

Finj $ P 'tinj $
P

P�

P�'tinj $
jfinjj�
�Q�

P�'tinj 	 ������

We have 	xed 'tinj $ 
 ns in all simulations� and the power P� emitted by
the VCSEL close to threshold can be assumed to be about ��
 mW� The switching
energy is then obtained by inserting in Eq� ������ the minimum value of finj for which
switching occurs�
In Fig� ��
� the triangles indicate the switching *y 
 *x by injecting a *x�polarized

pulse in a state initially *y�polarized� The circles are for the inverse switching *x 
 *y
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caused by injection of a *y�polarized pulse� The dashed lines indicate resonance of
the injected signal with the eventually reached *x& or *y�polarized state� The behavior
of the laser is very di�erent for two possible directions of switching� In general� the
switching energy is much higher for the 	rst case �switching to the less stable state��
It is evident that the most e!cient �least energy demanding� switch is accomplished
by setting the frequency of the injected signal to a value di�erent from the frequency
of the desired 	nal state� This is a reminder that the actual switching transient may
be a complicated trajectory in the ��dimensional phase space� For '��� $ � and
'��� $ � the switching energies are comparable and very small� on the order of 
�
eV� Taking into account that the energy of 
 photon of wavelength ��� nm is about

�� eV� the arrival of 
� photons in 
 ns is enough to make the laser to switch in the
situation of e�ectively mode matched injection considered here�
We next consider a di�erent situation of switching by injection as it occurs in a

parameter region in which there is no bistability� This is the experimental situation
described in "��# and we have tried to keep our simulations as close as possible to those
experiments� The reported frequency di�erence between orthogonal linearly polarized
emissions is � GHz� Taking into account that in our model this frequency di�erence is
given by ��p������ we took �p$�� rad ns

��� The amplitude anisotropy parameter �a
was chosen in such a way that in a scan of the injected current as in Fig� ��

� the laser
switches from the *y�polarized to the *x�polarized state at about � $ 
	�� in agreement
with Figure 
 of "��# �see Fig� 
�

 �right�above��� For the other parameters we used
the same values as those used for Fig� ��� and �inj $ �� We 	xed � $ 
	�� above
the current at which the polarization switching occurred� where only the *x�polarized
state is stable� and we simulated an injected signal of a beam of orthogonally polarized
light� Following the experimental procedure� the injected optical power was increased
linearly in time until switching occurred� and then the injected power was decreased to
zero� In agreement with the experimental results� we found polarization bistability in
laser emission� as shown in Fig� ��
��left�� Adiabatically sweeping the injected power
P from � to �	� of the emitted power P� and back� we found an hysteresis cycle for
both polarization components� Sometimes the switching is not so clean �abrupt� as in
Fig� ��
��left�� and we have found more gradual transitions from one polarized mode
to the other� This feature appears frequently in experimental results� Moreover� in
our dynamical simulations very often the intensities of both modes oscillated� though
at high frequencies corresponding to the intermode beat note frequency ���p� and
higher harmonics�
The values of power P for which the *x�polarized component of the emitted 	eld

switches o� and on for di�erent detunings '� are shown in Fig� ��
��right�� The tri�
angles indicate switch&o� power and the circles switch&on power� This 	gure presents
many similarities with Figure � of "��#� In both cases the minimum switch&o� power
is attained when the frequency of the injected 	eld coincides with that of the VCSELs
state with the same polarization �in our case �y� in the case of "��# ���� Moreover the
hysteresis cycle is larger on the small frequency �large wavelength� side� while there
is a gradual transition from one polarization to the other in the opposite side�
However� the value of the switching power compared to the power emitted by the

VCSEL is about three orders of magnitude smaller than in the experiment� although
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Figure ��
�� �left� Switching occurring upon injection of signal with �rst linearly increasing and
then linearly decreasing intensity in a monostable situation	 Hysteresis cycles for the power of the
�x�polarized and �y�polarized components of the light emitted by the VCSEL versus the normalized
injected power	 The symbols represent average emitted power over a time interval of �� ns	 The
circles refer to the scan with increasing injected power and the triangles to the scan with decreasing
injected power	 The frequency detuning is $� � 	���� and �a��	� �� and �right� Switching points
found by injection in a monostable situation as in Fig	 
	�	 Switch%o� �triangles� power level
for increasing injected power and switch%on �circles� power level for decreasing injected power for
di�erent values of the scaled frequency detuning $���	

one has to take into account that such a ratio depends critically on the value of the
coupling parameter �inj �in our analysis we consider �inj $ ��� In the real experiment
most of the injected power is lost because it is very di!cult to match perfectly the
injected beam and the beam inside the resonator� Hence� di�erences in the beam
waist of the input beam relative to the fundamental mode waist of the VCSEL and�or
displacement or misalignment of the injected beam relative to the VCSEL axis will
lead to a value of �inj considerably smaller than � which results in a much larger
experimental value of the switching power� In addition� discrepancies of our results
with experiments can also be due to the intensity induced changes in the frequency
di�erence between the two polarization modes which are not included in our model�
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Polarization dynamics in the

fundamental transverse mode of a

VCSEL with an axial magnetic

�eld

Abstract ��
We study the e�ects of an axial magnetic 
eld on the polarization characteristics
of Vertical�Cavity Surface�Emitting Lasers� We observe that a weak magnetic 
eld
induces emission of elliptically polarized light� Hence� the characteristic switching be�
tween orthogonal linearly polarized states with zero magnetic 
eld becomes a switching
between elliptically polarized states with low ellipticity� Larger magnetic 
elds induce
time�dependent solutions with two main peaks in the optical spectrum and orthogonal
elliptically polarized basis states� Strong magnetic 
elds induce rotating elliptically
polarized emission� a state which closely resembles rotating linearly polarized light but
with small residual modulation of the ellipticity because of linear birefringence� Based
on the latter result� we explore the possibility of generating low�chirped� fast optical�
linearly polarized pulses in closely isotropic VCSELs�

�This chapter is based on the papers �i� �Polarization dynamics in a vertical cavity laser with
an axial magnetic �eld�� by C	 Serrat� N	 B	 Abraham� M	 San Miguel� R	 Vilaseca� and J	 Mart�!n�
Regalado� Physical Review A �Rapid Comm��� ��� ��� ������ and �ii��High�Bit�Rate Generation
of Low�Chirped Pulses from Vertical�Cavity Surface�Emitting Lasers via External Axial Magnetic
Field�� by Han van der Lem� J	 Mart�!n�Regalado� S	 Balle� and Claudio R	 Mirasso� accepted in
Photon� Tech� Lett�

�
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��� Introduction

VCSELs most often emit linearly polarized light preferentially oriented along one
of two perpendicular directions associated with the crystal axes� Misalignment of
linear birefringency and dichroism axes may cause elliptically polarized emission with
small remnant ellipticity "
��#� Elliptically polarized emission has also been observed
experimentally for VCSELs under the in�uence of an axial magnetic 	eld� with greater
ellipticity for increasing injection current and�or magnetic 	eld strength "��#�
From the point of view of the four�level model described in Chap� � one would ex�

pect an applied magnetic 	eld to enhance the dynamical role of the magnetic sublevels
by breaking the degeneracy of the resonant frequencies for left and right circularly
polarized 	elds as a consequence of Zeeman splitting� When combined with the intrin�
sic linear birefringence of the VCSEL� the magnetically�induced circular birefringency
would then naturally transform the preferred basis states of the system from linearly
polarized to elliptically polarized� An extreme case of magnetically coupled radiation
channels for circularly polarized 	elds might lead to simultaneous emission on both
transitions� with the frequency di�erence resulting in a state of almost rotating linear
polarization� This leads us to expect that a magnetic 	eld of intermediate strength
might stabilize two�frequency solutions with simultaneous emission of two elliptically
polarized states� Motivated by these expectations we analyze in this Chapter the
predictions of the rate�equation four�level model for single transverse mode VCSELs
in an axial magnetic 	eld�

��� Model and analytical results

The starting point is the simpli	ed four�level model describing the allowed optical
transitions in the VCSEL quantum�well medium� An axial magnetic 	eld� B $ Bz�z�
will induce Zeeman splitting � on the magnetic sublevels involved in the lasing process
as "��#

Ei $ Ei
� � �Bg �B � �J $ Ei

� � �BgBzJ
i
z ���
�

where Ei
� is the zero 	eld energy of level i� �B is the Bohr magneton� g is the Lande

factor� and Jz is the third component of the total angular momentum� The resulting
four�level model is depicted in Fig� ��
�
Therefore� as a consequence of the magnetic 	eld the frequencies of the circularly

polarized 	elds with opposite helicities will be split proportionally to the strength of
the applied magnetic 	eld� This e�ect can be included in the equations governing the
laser dynamics by means of a circular phase anisotropy �see Appendix C�� Eqs� ������
����� now read

�Zeeman splitting has been observed in GaAs�AlGaAs quantum�well samples in magnetic �elds
up to 
T �
��	 In this study� it is found that the magnetic �eld has small in�uence on the spin��ip
relaxation time	
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Figure ��
� Four level model for polarization dynamics in QW�VCSEL"s �dashed levels� modi�ed
by an axial magnetic �eld �solid levels�	

.F� $ ��
 % i���D � d� 
�F� � ��a % i �p�F� � i�z�B�F� � �����
.D $ ���D � ��� ��D % d�jF�j� � ��D � d�jF�j� � �����
.d $ ��sd� ��D % d�jF�j� % ��D � d�jF�j� � �����

where �z�B� represents the magnetically�induced frequency splitting of the circularly
polarized modes � circular birefringency � which depends linearly on the magnetic
	eld strength� B� as "��#

d�z�dB $ �	� rad GHz T�� 	 �����

For a perfect isotropic VCSEL� �p$�a$�� Eqs� ����������� allows three di�erent
steady�state solutions� Considering the general solution

F� $ Q�e
i ���t��� � D $ D� � d $ d� �

the 	rst two solutions are a pair of unstable� orthogonal� circularly polarized states�
given by


�
�

Q�
� $

�
�
���D� � d��s��� � Q� $ � �

�� $ %�z � � is arbitrary �
d� $ ���� 
����s�� % 
� � D� $ 
� d� �

�����

and


�
�

Q�
� $

�
�
���D� % d��s��� � Q� $ � �

�� $ ��z � � is arbitrary �
d� $ %��� 
����s�� % 
� � D� $ 
 % d� �

�����

The only stable state is a rotating linearly polarized solution� which reads
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F� $

r
�� 

�

e�i ��zt��� � D $ 
 � d $ � � �����

corresponding to the vector optical 	eld

�F $
p
�� 
"ei ��zt����a� % e�i ��zt�����a�# � �����

or� equivalently

�F $
p
�� 
"cos��zt % ���ax % sin��zt% ���ay# � ���
��

with � being an arbitrary angle set to zero for convenience� Hence� the emitted power
in each linearly polarized component is given by

Px
y
$ jFx

y
j� $

�� 

�
"
� cos���zt�# 	 ���

�

Therefore� a perfectly isotropic VCSEL in an axial magnetic 	eld can only emit in a
rotating linearly polarized state� where the polarization of the output light is linear
but its azimuth �orientation� periodically oscillates in time with a frequency ���z�
that depends on the strength of the magnetic 	eld�
In the next section� we will numerically study the polarization state of the VCSEL

output under the in�uence of an axial magnetic 	eld in the case of an anisotropic
VCSEL�

��� Numerical analysis

In absence of external magnetic 	eld ��z $ ��� Eqs� ����������� predict di�erent
domains of stability for the *x� and *y�polarized steady � constant intensity � states
�see� Fig� ����� which have di�erent optical frequencies given by ��p and %�p� respec�
tively� Depending on the values of the birefringence parameter �p and the injection
current � either one� both or none of the two linearly polarized states are stable� As
an illustration we restrict this Section to a situation of low birefringence in which
increasing � changes the system from a domain of bistability to a domain in which
only the *y�polarized emission is stable� Let us consider also that �a � �� such that
the *x�polarized mode is favored close to threshold and for increasing current there is
a *x �
 *y polarization switching at � $ 
	
� ��p $ ��� �a $ ��	
���
For non�zero but weak magnetic 	eld the linearly *x and *y�polarized steady states

become elliptically polarized with small ellipticity and major axis oriented towards
the *x and *y axes� We will denote these states as �x and �y� respectively� These
elliptically polarized states are characterized by the ellipticity parameter� de	ned as
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Figure ���� Ellipticity ��� vs	 injection current ��� for indicated values of the magnetic �eld
strength ��z�	 Inset� � vs	 �z for small values of �	 The parameter values are� 
 � ���ns���
� � ns��� �s � ��ns

���  � �� �p � ��� and �a � 	�	�	

��t� $



�
arcsin

� jE��t�j� � jE��t�j�
jE��t�j� % jE��t�j�

�
���
��

Fig� ��� shows the ellipticity for the solutions found as the current was increased in
small steps and for several circular birefringences �several magnetic 	eld strengths��
At threshold� the solutions are �x�type� Its ellipticity increases in absolute value for
increasing current up to � � 
	
� The inset of the 	gure shows the dependence of
the ellipticity on �z for 	x current values close to threshold� The ellipticity linearly
depends on the circular birefringence in the range of very weak magnetic 	elds and
saturates for larger values� Both features are in good agreement with the experimental
observations in "��#� For current values above the switching current� the solutions are
�y�type� with the ellipticity decreasing with increasing current� but very smoothly�

Time�dependent states are found as intermediate states in the switching from �x
to �y� These time�dependent solutions are more prevalent with increasing magnetic
	eld� and some samples are shown in Fig� ���� We denote them as �M��states �ellip�
tical polarization with Modulated ellipticity and modulated azimuth about nonzero
mean values�� �R��states �states with periodically modulated ellipticity around a zero
mean and with a Rotating azimuth�� and �RE��states �states which resemble rotating
linearly polarized light but having a small residual modulation of the ellipticity as
a consequence of the non�vanishing linear anisotropies��� Their characterization in
Fig� ��� is given in terms of their total optical spectrum �sum of the optical spectra of
the circular 	eld components� E� and E�� and their representation in the Poincare
sphere "��#�
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Figure ���� Optical power spectrum and Poincare sphere representation of time�dependent solu�
tions termed �a� M � �b� R� and �c� RE as discussed in the text	 The parameter values are those in
Fig	 �	� and �a� � � 	�� �z � �	��p� �b� � � 	� �z � �p� �c� � � 	� �z � ��p	

All three states have two predominant peaks in their optical spectra� The state
we call �M� has unequal strengths in its spectral components� elliptical polarization
for each spectral component� and a small closed trajectory on the Poincare sphere�
The stronger spectral component has the elliptical polarization state given by the
center of the trajectory� The state we call �R� has two nearly equally strong spectral
components� and is thus represented by what is nearly a great circle on the Poincare
sphere� The elliptically polarized states of the spectral components are given by
the intersections of the surface of the Poincare sphere with the diameter which is
perpendicular to the plane of the circular trajectory� The state �RE� is a limiting
case of �R� in which the basis states of the spectral components are almost circularly
polarized� a condition reached only asymptotically for very large magnetic 	elds for
the parameters we have chosen �or weak magnetic 	elds in isotropic VCSELs��

Fig� ����a� is the phase diagram showing the dominant polarization states of the
VCSEL in an axial magnetic 	eld as a function of � and �z for the parameters of
Fig� ��� �� For simplicity we use the symbol M in this 	gure to denote not only
the time�dependent states of modulated ellipticity such as that shown in Fig� ����a�
�which appears after a Hopf bifurcation destabilizes the �x solution� but also more

�It is obtained by adiabatically increasing the injection current for a �xed magnetic �eld strength



Chapter � ��

����p RE RE RE RE RE RE RE � � � RE
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Figure ���� Sequence of states �L%linearly polarized� others as identi�ed in Fig	 �	� and the text�
observed with adiabatically �a� increased and �b� decreased injection current for indicated �z values	
M states always appeared with increasing � between �x and R states� but they are not indicated
unless they appeared for the speci�c values of � chosen for these tables	 The parameter values are
those in Fig	 �	�	

complicated states of modulated ellipticity including 	gure��(s on the Poincare sphere�
The results for no magnetic 	eld include states labeled �Lx� and �Ly� for x and y�
polarized states� respectively�

We 	nd three di�erent scenarios in this switching process depending on the strength
of the magnetic 	eld ��z�� �
� For a weak magnetic 	eld ��z �� �p� the switching
from �x to �y occurs through narrow regions of intermediateM and R states� This is a
small modi	cation of what happens for zero magnetic 	eld where the switch from Lx

to Ly occurs through intermediate �x and M states� ��� When �z � �p� the switch�
ing occurs through broader regions of intermediate M and R states� ��� For very
large magnetic 	elds� emission occurs in rotating elliptically polarized states� RE� In
addition� the system is bistable for low injection currents and there is hysteresis of
the switching current� when � is 	rst raised and then lowered� State sequences with
decreasing injection current showing such a behavior are shown in Fig� ����b��

Therefore� the results indicate that substantial zones of polarization switching
which may be useful for signal applications remain for low magnetic 	elds� with
the switching occurring between distinguishable states of di�erent azimuth and low
ellipticity� The dynamically signi	cant strength of magnetic 	elds for qualitative
changes in behavior is set by �z � �p�
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��� Generation of fast optical pulses from VCSELs

via External Axial Magnetic Field

Transmissions at 
� Gb�s for ��� nm "��# and ��� Gb�s for 
��� �m VCSELs "
��#
have been recently obtained by direct modulation of the injection current in VCSELs�
However� these systems do not take advantage of their polarization properties which
may lead to� e�g�� chirp reduction� improvement of the Signal�to�Noise Ratio �SNR��
duplication of the transmission capability� etc�

Optical pulses with alternating polarization have been obtained in VCSELs by
modulating the injection current around the switching point� but a maximum mod�
ulation rate of �� MHz has been achieved "
��#� This limitation in the maximum
frequency could be due to either the thermal response of the device "
��#� or to
spatial�hole burning "��#� Polarization self�modulation at GHz rates has been also
observed by means of external optical feedback�induced polarization locking "�
#�

Motivated by the results in Eq� ������ we explore now the possibility of generating
fast optical pulses by applying an axial magnetic 	eld� We have already seen that�
for closely isotropic VCSELs such that �z 	 �p� �a� the rotating linearly polarized
state becomes rotating elliptically polarized� but with a very small remnant ellipticity�

Figure ���� Output power for the *x� �solid� and *y� �dashed� linearly polarized com�
ponents corresponding to a rotating elliptically polarized state at 
�� �th� The inset
shows the optical spectrum of this polarization state� Parameters� � $ 
 ns��� ���
$ ���� �s�� $ 
��� � $ �� �p��$ �� �a��$��
� and �z��$�����
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Figure ���� Dependence of the pulse frequency �fp� on the magnetically�induced cir�
cular birefringency ��z� for di�erent values of the applied current� 
�� �squares��

�� �triangles��and 
�� �th �diamonds�� Same parameters as in Fig� ���� The corre�
sponding magnetic 	eld strengths can be roughly estimated� using Eq� ������ to vary
between ��� and 
�� T�

Nevertheless� modulation of the polarized output still occurs as inferred from Fig� ����
where we plot the output power for both linear polarizations as a function of time�
solid �dashed� line stand for *x �*y� polarization� Very clear optical pulses are obtained
at a rate of � ��
 GHz for each linear polarization� This periodically modulated
output can be used� e�g�� for optical clock generation without requiring high speed
electronics� An additional advantage of this laser system is that each polarization can
be encoded independently by an external electro�optical modulator� so the amount of
information can be duplicated�

The inset in Fig� ��� shows the optical spectrum of the rotating elliptically po�
larized state� after including Langevin noise terms to Eqs� ������������ The two main
peaks� at frequencies at �
�� and 
�� GHz� correspond to the emission frequencies of
the left and right circularly polarized states� respectively� which form the rotating
linearly polarized solution �see Eq� ������� The additional side bands come as a con�
sequence of the residual linear anisotropies� It is worth noting that� since the rotating
elliptically polarized solution is a steady state of the system for a 	xed value of the
injection current� and consequently the carriers are clamped to the threshold� the
pulses so obtained have no �or very small� transient chirp� When comparing with� for
example� gain�switched pulses �with a transient chirp of � ����� GHz or more�� it is
clear that our proposed scheme looks specially attractive for optical communication
systems�

The rate at which pulses are generated mainly depends on the strength of the
magnetic 	eld� Fig� ��� shows the frequency of the pulsations� fmod� versus the circular
birefringence for three di�erent bias currents� 
�� �squares�� 
�� �triangles��and 
��
�th �diamonds�� where �th stands for the threshold current� The solid line stands
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Figure ���� Digital frequency modulation� �a� bit sequence� �b� optical power emitted
in the *x polarization� �c� signal recovered with a second order Butterworth 	lter with

�� GHz band�pass centered at ��
 GHz� �d� same as �c� but centered at 
�� GHz�
Same parameters as in Fig� ����

for perfect isotropic VCSELs for which fmod$��z������ The frequency at which the
VCSEL starts to pulse depends on the injection current in such a way that the higher
the bias current� the larger the �z to observe pulses� In addition� the presence of
small linear anisotropies slightly modi	es the linear behavior� However� these features
strongly depend on the ratio between linear and circular anisotropies in the system�

The linear dependence of the rotation frequency of the rotating elliptically polar�
ized state on the magnetic 	eld strength opens the possibility of information transmis�
sion with chirpless pulses by modulation of the magnetic 	eld� Although nowadays
fast modulation of strong magnetic 	elds is not achievable� it is interesting to specu�
late with this possibility�

The scheme is conceptually similar to frequency modulation� but instead of mod�
ulating the carrier frequency of the optical 	eld here the rotating frequency of the
polarization orientation is modulated� As an example� in Fig� ��� we show the results
for such a transmission scheme for a ���Mb�s pseudo�random NRZ bit stream� where
the magnetic�induced circular birefringence is digitally modulated between ��� ns��

for ��� bits and ��� ns�� for �
� bits� leading to pulsation frequencies f� � 
	� GHz
for ��� bits and f� � � GHz for �
� bits� A portion of the bit stream is shown in trace
�a�� and the power emitted in the *x polarization is shown in trace �b�� The di�erent
pulse repetition rates for the di�erent bits can be clearly seen� which allows for easy
recovery of the information just by 	ltering the signal received from a moderately
fast photodetector which monitors the power on one polarization� Trace �c� shows
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the output obtained by 	ltering with a second�order Butterworth electrical band�pass
	lter centered at f�� Alternatively� if the central frequency is f�� the resulting signal
is the negation of the transmitted signal� as shown in trace �d�� The SNR can be im�
proved increasing the ratio f��f� for constant 	lter order and 	lter bandwidth� which
must be larger than twice the bit modulation in order to properly detect the signal�
Notice also that a similar time trace will be obtained in the *y�polarized beam but
shifted half a period� Thus� four copies of the transmitted message can be decoded�
which may allow to decrease the bit error rate �BER� in the detector�
In conclusion� we have shown the possibility of generating low�chirp linearly polar�

ized periodic pulses by applying an axial magnetic 	eld to a almost isotropic VCSEL�
Gigahertz pulse rates can be achieved for nearly isotropic devices with applications in
clock generation� optical communications� optical interconnects� etc� An interesting
property of such a laser system is that the pulse frequency mainly depends on the
strength of the magnetic 	eld� Based on this dependence� we propose a digital fre�
quency modulation scheme such that information can be easily encoded and decoded�
The practicality of such scheme is restricted by the capability of fast modulation of
strong magnetic 	elds�
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Experiments of polarization

switching in VCSELs at constant

active region temperature

Abstract �

The in�uence of thermal e�ects on the polarization state of the light emitted by gain�
guided Vertical�Cavity Surface�Emitting Lasers is experimentally studied� We demon�
strate that polarization switching still occurs when the active region temperature is kept
constant during fast pulse low duty cycle operation� This temperature�independent po�
larization switching phenomenon is explained in terms of the rate�equation analysis
developed in Chap� �� A comparison of the experimental results with the predictions
of the model allows us to estimate the values of the spin��ip relaxation rate and the
intrinsic dichroism of the VCSEL�

�This chapter is based on the paper �Polarization switching in vertical�cavity surface emitting
lasers observed at constant active region temperature�� by J	 Mart�!n�Regalado� J	 L	 A	 Chilla� J	 J	
Rocca� and P	 Brusenbach� Appl� Phys� Lett� ��� ���� �����	


��
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��� Introduction

An explanation o�ered to polarization state selection in VCSELs operating in
the fundamental transverse mode is based on the change in the material gain di�er�
ence between the linearly polarized modes due to current�induced self�heating "��#�
Since crystal birefringence splits the emission frequencies of the two linearly polarized
modes� they experience slightly di�erent material gains� At threshold� the polarized
mode closer to the gain peak dominates suppressing the orthogonal one� For in�
creasing current� self�heating of the device induces a faster red�shift of the gain peak
frequency relative to the cavity resonances which modi	es the material gain di�erence
and leads to a change of the stability when the modes are aligned with the peak gain�
An additional mechanism for polarization state selection arises from the combined

e�ect of saturable dispersion� VCSEL anisotropies and the di�erence in the population
of the magnetic sublevels of the conduction and heavy�hole valence bands in quan�
tum well VCSELs �Chap� ��� This population di�erence is annihilated by spin��ip
relaxation processes in a time scale of tens of picoseconds "
��#� which is comparable
to the photon lifetime and thus slow enough � to have an important e�ect on the
dynamics� Within the framework of the SFM model� polarization switching occurs
as the injection current is scanned above the lasing threshold even though the gain
di�erence between the linearly polarized modes� �a� is kept constant�
In this Chapter we report a systematic study of the temperature dependence of

the polarization switching behavior observed during fundamental mode operation in
gain�guided VCSELs� First� we present polarization switching measurements carried
out using a current ramp of a few seconds long� such that active region temperature
adiabatically increases with dissipated power �and therefore �a changes with current��
We next show polarized LI characteristics performed with a shorter current ramp �
much shorter than the thermal response time of the VCSEL �see Sec� ���� � in order
to keep the active region temperature constant during the current scan ��a constant��
Both measurements will allow us to discriminate between the e�ects produced on the
polarization state by changes in the injection current �and the associated changes in
the nonlinear coupling of 	elds and carriers though spin dynamics� gain and disper�
sion� and those produced by the current�induced self�heating alone�

��� Measurements with varying active region tem�

perature

The lasers used in this study are from a linear array "
��#� already described in
Chap� �� with VCSELs having an active region diameter of 
� �m� The array was
mounted on a thermo�electric cooler and polarized LIV measurements were performed
using a HP��
��A Semiconductor Parameter Analyzer �see setup in Fig� ����left�below��
for di�erent substrate temperatures� From the set of � VCSELs measured� three of
them �VCSELs A� B� C� showed polarization switching at some substrate tempera�

�so it cannot be adiabatically eliminated	
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Figure ��
� �a� Polarized Light�Current characteristics at �oC substrate temperature �Tth
act ���

oC� under CW conditions	 �b� Active region temperature vs	 Injected current diagram for CW
operation	 Threshold currents are indicated by squares� and switching currents by triangles	 The
open �solid� circles corresponds to the shorter �longer� wavelength linearly polarized mode	

tures while the other devices had always stable linear polarization emission during
fundamental mode operation�

From here on we focus on the study of VCSEL A since it showed polarization
switching in the whole range of temperatures analyzed� ���� �Tsub�

oC�� ���� The
frequency splitting between the linearly polarized modes for this laser� measured as
indicated in Sec� ���� is �� GHz� In addition� its thermal characterization� carried out
by monitoring the dissipated power dependence of the emission wavelength at di�erent
substrate temperatures �Sec� ����� gives a thermal resistance value Rth$
���

oC�mW�
which is used to estimate the active region temperature� Tact� through Eq� ���
��

Fig� ��
�a� shows the polarized LI characteristics taken at �oC substrate tempera�
ture for VCSEL A during fundamental mode operation� The threshold is at ��� mA�
For increasing current� the shorter wavelength polarized mode is dominant up to ���
mA� where an abrupt polarization switching occurs� Beyond the switching current�
stable emission in the orthogonal polarization is observed�

Results for di�erent substrate temperatures are mapped out in Fig� ��
�b�� where
we show the regions of polarization dominance as a function of the injected current
and the associated active region temperature raise� The 	gure presents the general
features already reported in Ref� "��#� namely i� the threshold current �squares� de�

�VCSELs B and C had a similar behavior but in narrower temperature ranges	
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pends quadratically on the active region temperature� with the minimum threshold at
roughly �� oC� and ii� the polarization switches from the polarized mode with shorter
wavelength to the polarized mode with longer wavelength as the current is increased��
Both features indicate that the VCSEL has been designed with the linearly polar�
ized cavity resonances red�shifted from the gain�peak wavelength for temperatures
lower than room temperature� so switchings can be a priori attributed to VCSEL
self�heating �thermally�induced polarization switching� "��# �
However� there are two results which are worth to point out� On the one hand�

the short wavelength polarization mode still dominates at threshold for temperatures
where the material gain should favor the orthogonal polarization mode � tempera�
tures larger than the minimum threshold temperature �� On the other hand� the
switching current for each measurement �triangles� increases with decreasing active
region temperature but one would expect the thermally�induced switchings to occur
at constant active region temperature� While the former can be attributed to the
existence of an intrinsic dichroism favoring the shorter wavelength mode� the latter
may indicate the existence of additional mechanisms that complement the relative
spectral alignment of the cavity resonances and the material gain in determining the
polarization characteristics of VCSELs�

��� Measurements at constant active region tem�

perature

The e�ects of the temperature on the polarization dynamics of VCSELs can be
minimized performing LIV measurements with short current ramps at low duty cycle�
After determining the thermal response time to be roughly 
 �s �see Sec� ����� the
duration of the ramps is chosen to be 
�� ns� Notice that� as the characteristic time
in carrier�	eld interaction �relaxation oscillations� is roughly 
 ns� this ramp duration
is slow enough to ensure that the measurements are taken in a quasi�steady situation
while being fast enough to avoid the e�ects of self�heating�
Fig� ��� shows schematically the setup for this type of measurements� The current

source consists of a DC pre�bias and a fast �
�� ns ramp� �� kHz repetition rate�
current ramp generator connected to the VCSEL through a bias�tee network� The
injected current and voltage drop in the VCSEL are measured using a �� + load
resistance� The light power is measured independently for both polarizations using
a fast �� 
 ns� photodiode located after a polarizer� All the signals are monitored
using a digital scope �
�� Ms� 
�� MHz bandwidth�� stored in a computer� and then
processed taking into account the di�erent delays in the transmission lines�
In this measurements the active region temperature does not change signi	cantly

during the current ramp� This feature is veri	ed by time�resolved spectrum measure�

ments which show a small blue�shift �� ���� o

A� of the VCSEL emission wavelength
during the pulse duration �� Such a blue�shift can be attributed to a relatively small

�These polarization switchings correspond to the �y 	� �x switching in the notation of Chap	 
	
�A red�shift is expected from thermal e�ects
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Figure ���� Setup for LIV measurements at constant active region temperature	

carrier�induced change of the refractive index �'n $ n��� '� ����
���� "��#� so it is
consistent with the quasi�steady state conditions assumed for the measurements�

The polarized LI characteristics obtained during fast current ramp excitation with
a pre�bias current of � mA and a substrate temperature of � oC is depicted in
Fig� ����a� �Tth

act �
� oC�� The 	gure shows polarization switching from the lower

Figure ���� Same as Fig	 �	 for fast current ramp operation	
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to the higher wavelength polarized modes at roughly 
� mA� Notice that� since the
measurement is performed at constant active region temperature �constant material
gain di�erence�� this result becomes the 	rst clear experimental evidence for the
polarization state selection mechanisms explored in Chap� ��
In order to characterize the polarization switching behavior under fast current

excitation� LIV characteristics were carried out at di�erent substrate temperatures�
Results are mapped out in Fig� ����b� considering that the active region temperature�
which depends on the pre�bias current �Ib� and voltage �Vb� values through Tact $
Tsub % Rth � Ib � Vb� is constant during the scan� Notice that the dependence of the
threshold current on the active region temperature follows that of Fig� ��
�b� since the
threshold current mainly depends on the mismatch of the cavity resonances and the
gain peak� In addition� the regions of dominance of each polarization in Fig� ����b� are
similar to those obtained in the CW experiments� although not the same� providing
further evidence of the action of a switching mechanism di�erent that the thermal
one in Ref� "��#�

��� Comparison of experimental and theoretical

results

We now provide a possible explanation for the observed non�thermal polarization
switching in terms of the results of Chap� �� The theoretical model allows for two
di�erent classes of polarization switching� i� a switching from the lower �higher� to the
higher �lower� frequency �wavelength� states� *x
 *y� which occurs at low birefringence
values and is related to saturable dispersion and linear dichroism� and ii� a switching
from the higher �lower� to the lower �higher� frequency �wavelength� states� *y 
 *x�
which occurs at high birefringence values and arises because of saturable dispersion�
linear dichroism and spin dynamics�
The switchings we observe in our experiments correspond to the *y 
 *x type� and

for them the model predicts a linear dependence of the switching current normalized
to threshold ��sw��th� on the gain di�erence between the linearly polarized modes
��a� as �see Eq� �������

�sw
�th

$ 
 %
����s % ��

�
p�

�����p � �s��
�a �

where � is the 	eld decay rate� � is the total carrier decay rate� �s is the spin��ip
relaxation rate� � is the linewidth enhancement factor� and �p $ �'� is the VCSEL
birefringence�
In Fig� ��� we have plotted the switching current normalized to threshold �tri�

angles� as a function of the the active region temperature for the data in Fig� ����
In order to compare the experimental results with the predictions of the model� we
have to 	nd a relationship between �a and the active region temperature� T� This
can be accomplished by assuming a parabolic modal gain pro	le near the gain peak
wavelength� �p� as "��#
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Figure ���� Dependence of the switching current normalized to the threshold current vs	 the active
region temperature	 The triangles are the measured data	 The solid line is the calculated result for
�s� �� ns

��	

g��� T�Nth� $ -G�Nth� T �

�

� �

�
�� �p
�F

��
�

�in cm��� � ���
�

where - is the gain con	nement factor� G�Nth� Tact� $ a�T ��Nth � N�� is the peak
modal gain at threshold� a�T � $ a�% b�T �T�� is the di�erential gain� Nth�T � and N�

are the threshold and transparency carrier densities� respectively� T� is the minimum
threshold active region temperature� and �F is the full�width half�maximum of the
gain spectrum�
For two linearly polarized modes with birefringence�induce frequency splitting '��

their emission wavelengths can be written as �x
y
$ �c�'���� where �c is the central

wavelength of the modes� '� $ j'�j���ng�c� c is the speed of the light� ng is the group
index� and �� is the lasing wavelength� The material gain di�erence between these
linearly polarized modes when they are red�shifted from the gain peak ��p � �c� is
�see Fig� ����

'g $ g��y�� g��x� $ ��-Gng
c
'�

�
�o
�F

��

��p � �c� � � �in cm��� � �����

or equivalently� we de	ne

�mat
a $

c

ng

'g

�
$ ��-G'�

�
�o
�F

���
d�p
dT

� d�c
dT

�
�T � T�� �in ns��� � �����

were we have considered explicitly the temperature dependence of �p and �c as "��#

�p $ �m %
d�p
dT
�T � T�� � �c $ �m %

d�c
dT
�T � T�� � �����
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Figure ���� Parabolic gain approximation	 �p and �� are the gain peak frequency and the central
frequency of the linearly polarized modes� respectively	

The total linear dichroism in the VCSEL has two contributions� the material gain
di�erence� �mat

a � and the intrinsic dichroism which may arise from stress� strain� etc��
�inta � �a $ �mat

a %�inta � Therefore� the switching current normalize to threshold can be
rewritten as

�sw
�th

� 
 $ � ���
�
s % ��

�
p�

����p � �s��

�p
�

ng
c

�
�o
�F

���
d�p
dT

� d�c
dT

�
�T � T�� %

����s % ��
�
p�

�����p � �s��
�inta ������

where we have considered that the main thermal contribution to the material gain
di�erence in the range of temperatures analyzed comes from the thermal wavelength
red�shifts of �p and �c� so we have taken a temperature independent modal gain peak
whose value corresponds to the modal threshold gain� -G � -gth $ ��ng

c
�

The solid line in Fig� ��� corresponds to the 	tting of the experimental data with
typical parameters values� �$ ��� ns��� ng $ �	� �-gth$�� cm

���� �$�� ���$ 
 ns�

d�p�dT$���
o

A�oC� our measured values ��$��� nm� T�$��
oC� �p $ �� ns

�� �'� �
�� GHz�� d�c�dT$ ����

o

A�oC� and using the spin��ip relaxation rate as a 	tting
parameter�
The best 	tting results for �s$�� ns

��� which is similar to the estimate in "��#�
In addition� the intrinsic amplitude anisotropy is �inta � 
�� ns�� � ��� cm��� in
good agreement with other reported values "��� 
��� 
��#� Howevcer� despite the
good agreement between the experimental data and the analytical result� notice that
the values for the spin��ip relaxation rate and the intrinsic amplitude anisotropy
should be considered only as approximate or mean values of the real ones due to the
temperature�independent assumtions taken for many of the 	tting parameters within
the range of temperatures analyzed ��
� � Tact�

oC������
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Polarization and transverse mode

dynamics of gain�guided VCSELs

Abstract �

We discuss a Maxwell�Bloch Two�Level model to describe polarization and transverse
mode selection in wide�area gain�guided Vertical�Cavity Surface�Emitting Lasers� The
model incorporates the vector nature of the laser 
eld� saturable dispersion� di�erent
carrier populations associated with di�erent magnetic sublevels of the conduction and
heavy�hole valence bands in quantum�well media� spin��ip relaxation mechanisms�
cavity birefringence and dichroism� 
eld di�raction� carrier di�usion and frequency�
dependent gain and dispersion� We study polarization dynamics and transverse mode
competition in conditions in which VCSEL self�heating is avoided� Polarization stabil�
ity and polarization switching behaviors are found during fundamental mode operation
for di�erent sets of cavity anisotropy values� In addition� we 
nd that the 
rst�order
transverse mode starts lasing orthogonally polarized to the fundamental one� At larger
currents� polarization coexistence with several active transverse modes occur� Our re�
sults are shown to be sensitive to the carrier spin��ip relaxation rate�

�This chapter is based on the papers �i� �Polarization and Transverse Mode Dynamics of Gain�
Guided Vertical�Cavity Surface�Emitting Lasers�� by � J	 Mart�!n�Regalado� S	 Balle� M	 San Miguel�
Optics Lett� ������ 
�� ������ �ii� �Polarization and Transverse Mode Selection in Quantum Well
Vertical�Cavity Surface�Emitting Lasers	 Index� and Gain�guided Devices�� by J	 Mart�!n�Regalado�
S	 Balle� M	 San Miguel� A	 Valle and L	 Pesquera� Quantum and Semiclass� Opt�� ��  ������
and �iii� the post�deadline paper EPD�	� � video presentation &Polarization and transverse mode
dynamics of gain�guided vertical�cavity surface�emitting lasers'� by � J	 Mart�!n�Regalado� S	 Balle�
M	 San Miguel� in CLEO 
EUROPE �EQEC��� Hamburg� Germany� ���� September� ���	










� Polarization and transverse mode dynamics of gain�guided VCSELs

��� Introduction

A practical limitation of many VCSELs is the polarization and transverse mode
instabilities which appear as the injected current is increased beyond the threshold
value "�
� ��#� Narrow contact VCSELs always operate in the fundamental Gaussian
TEM�� mode� Although some of these devices have stable polarization emission "��#�
VCSELs where the polarization state of the TEM�� mode changes with the injection
current � polarization switching � are also reported "��#� In wider contact VCSELs�
fundamental transverse mode operation is restricted to a current range close above the
lasing threshold� In this regime� stable polarization emission "��� ��� ��# as well as po�
larization switching "��� ��� ��# behaviors have been reported� In the multi�transverse
mode regime� a commonly observed feature is that the 	rst�order transverse mode
starts lasing orthogonally polarized to the fundamental one "��� ��� ��� ��� ��#� Co�
existence of several transverse modes in both polarizations occurs at high currents�
These experimental features raise the question about which are the mechanisms re�
sponsible for the selection of a particular polarization state in VCSELs mediated by
the transverse mode dynamics�

��� Model and numerical method

In order to describe polarization and transverse mode dynamics in gain�guided
quantum�well VCSELs we use the general model derived in Chap� �� The equations�
including the characteristic VCSEL anisotropies� read �from Eqs� ��������������

� tE� $ ���
 % i ��E� % P� � i c�

�+neng
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� t n $ ��sn%Dr� n� "�E�P
�
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�
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where the parameters �a and �p are related to the linear dichroism and birefringence
of the VCSEL� respectively� The total injected current� I� is assumed to be uniformly
distributed within a circular region of diameter � �VCSEL contact� and zero outside�
de	ning a step�like� current density distribution� C�x� y�� which is characteristic of
proton�implanted gain�guided VCSELs� In addition� the prefactor j�t� allows for the
generation of current ramps� The rest of the parameters involved in the equations
have already been de	ned in Chap� ��
The polarization and transverse mode dynamics of gain�guided VCSELs is studied

by numerical integration of Eqs� ���
�������� The laser variables are discretized in
space using a square grid� Then� for each integration step the integration scheme

�We use a super�Gaussian distribution� C�r� � C�� exp�	��r���
�n�� r� � x� � y�� n � �	
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we follow has four steps� �i� di�raction and di�usion terms are calculated via Fast�
Fourier�Transform of the 	elds and carrier density distributions� respectively� from the
previous integration step �initially from noise conditions�� �ii� complex distributions
of random Gaussian numbers� ���x� y�� are generated� �iii� the optical 	elds E��
carrier densities N and n� and material polarizations P� variables at each point of
the trasverse plane are updated via the Euler method for the integration of stochastic
di�erential equations "
��#� and �iv� to obtain the light�current �LI� characteristics�
the current density distribution is updated by increasing j�t� in a small amount�

Several things are worth noticing from the numerical scheme� �i� the calculation
of the Laplacian terms by the FFT method requires the use of periodic boundary
conditions for the dynamical variables� Hence� in order to avoid not�realistic spurious
reentering waves� we consider a transverse integration region much wider than the
pumped area �given by C�x� y��� such that the dynamical variables decay to values
of the order of the noise level at the integration boundaries� �ii� since the carrier�
	eld interaction is roughly 
 ns� the use of short current ramps ��� ns� to generate
the light�current characteristics ensures that the measurements are taken in a quasi�
steady situation �� �iii� a linear stability analysis reveals that the integration time�step
is strongly related to the optical di�raction coe!cient� which depends on the spatial
discretization� In order to achieve a compromise between spatial resolution� equation
stability and computation time� we use ��x�� grid points for a transverse width of
��x�� �m� and an integration time�step of 
���ps�

The equations of the model are properly rescaled so that jEi�xo� yo�j� represents
a magnitude proportional to the photon number i$x�y polarized going out from the
VCSEL at the point �xo� yo� of the transverse plane� The total emitted power is calcu�
lated by integrating the optical intensity transverse distribution for each polarization
and assuming a quantum e!ciency of 
��  and a 
�� �m e�ective cavity length� The
rest of the physical parameter values involved in the equations are "��� 
��� 
��� 
��#�
� $��� ns��� �� $�� ps

��� �e $
 ns
��� �s $�� ns

��� N� $
�� 
�
��m��� � $��� nm�

ne$����� ng$���� a $ 
�
���m�ps��� D $ � cm��s� and �$���

Notice that with �$�� we choose to operate the VCSEL on the negative detuning
side of the gain spectrum in order to preserve the commonly observed property that
higher�order transverse modes experience lower material gain �have a higher thresh�
old� than the fundamental one� Such a negative value of the detuning � which leads
to carrier�induced guiding instead of antiguiding � can be �justi	ed� in our model by
associating it to a thermally�induced index�guiding e�ect� In real VCSELs� the index
pro	le depends on both the carrier distribution and the temperature pro	le reached in
the active layer where the current is injected� The former leads to a carrier�induced
index antiguiding e�ect through the ��factor� In the latter� the temperature pro�
	le associated with the dissipated power is maximum on the symmetry axis of the
pumped area� and provides a thermally�induced index�guiding mechanism in the res�
onator� Hence� both e�ects act in opposite directions� so the carrier�induced index
antiguiding can be compensated or even avoided by the thermally�induced index�

�This is veri�ed by performing new simulations at constant current and using as initial conditions
the values from the LI characteristics at that current	
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guiding� Typical values for these mechanisms are dn�dN$�
�� � 
� �
�m� "
��# and
dn�dT$� � 
� ��K�� "
��#� However� from measurements of the wavefront curva�
ture in gain�guided VCSELs it turns out that the thermally�induced guiding e�ect is
stronger than the carrier�induced antiguiding e�ect "��#�
Finally� it is important to review the mechanisms that can lead to gain�loss

anisotropies for the linearly polarized modes in the present model� These are the ex�
ternal gain�loss anisotropies� the modal gain anisotropy� and material gain anisotropy�
External anisotropies can have di�erent origins� they can be either deliberate � e�g��
introduced in either the cavity geometry "��� ��� 
��# or in the gain medium "��# �
or unintentional � e�g�� due to the imperfections in the fabrication process "��# ��
The modal gain anisotropy is due to the di�erent overlap of the optical mode pro	les
�which are slightly di�erent for the *x� and *y�polarized modes due to birefringency�
with the threshold carrier distribution� Finally� the material gain anisotropy is re�
lated to both birefringence and the material gain spectrum �see Appendix D�� since
the two linearly polarized modes are frequency split� they have also slightly di�erent
material gain coe!cients� Notice that both modal and material gain anisotropies are
intrinsicly included in the model� so the parameter �a in Eq� ���
� will only describe
external gain�loss anisotropies�

��� Numerical results

The devices we study are circular contact VCSELs with di�erent diameters� a
	xed value of �p� and di�erent �a values� The 	rst device we consider� VCSEL A�
has a diameter � $
��� �m� and we chose �p$ � �e� and �a$�� For these parameters
�see the inset in Fig� ��
�� �y � �x with '� � ���� GHz� In addition� the material
gain di�erence �'g ����� ns���� favors the *y�polarized mode at threshold since it is
closer to the gain peak�
We 	rst study the polarization dynamics during the laser turn�on� Fig� ��
 shows

the time evolution of the total emitted power for each linear polarization when a

� ns square current pulse with pre�bias and bias currents of ���� Ith and 
��� Ith�
respectively� is applied to the VCSEL at t$� �Ith � � mA�� Initially� the laser su�ers
a delay of ��� ns in the switch�on time since the pre�bias current is below threshold�
After the switch�on� the intensity in both polarizations show the typical relaxation
oscillations� the power in the *y polarization being larger than in the *x polariza�
tion� The reason is that� during the switch�on� the total carrier density overcomes
the threshold carrier density for both linearly polarized modes� and therefore� their
modal gains overcome their threshold values� However� � ns after the switch�on� the
output power in the *x�TEM�� mode goes to zero since the total carrier density reaches
the threshold carrier density for the mode closer to the gain peak� N th

y �x� y�� As a
consequence� the *x�polarized mode switches�o� for the rest of the pulse and the *y�
polarized mode reaches its steady�state� A similar behavior has been experimentally
found in Ref� "
��# but there the relaxation oscillations are more damped because of
the pumping conditions �pre�bias current of Ith and biased to � Ith�� Nevertheless� the

�See Appendix D for details	
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Figure ��
� Turn�on event for VCSEL A	 The inset shows the Maxwell�Bloch two�level gain spec�
trum and the location of the linearly polarized TEM�� modes for the set of parameters chosen	

characteristic time for the selection of the polarization state obtained experimentally
in Ref� "
��# �� � ns� is in good agreement with the one found numerically in Fig� ��
�
Fig� ��� shows the polarized L�I characteristics for VCSEL A obtained by linearly

increasing the applied current from I $ 
	��Ith to I $ �	
�Ith in �� ns� Fundamental
mode emission is observed up to I � 
	��Ith� In this regime� the total output power
emitted by the VCSEL increases linearly with the current� while the polarization of
the output light �*y� is very stable� For current values larger than 
	��Ith higher�
order modes start to lase� Here we 	rst observe a basic feature of the polarization
instabilities oftenly observed in gain�guided VCSELs� namely the 	rst order transverse
mode starts lasing orthogonally polarized to the fundamental mode� For increasing
current� coexistence of both polarizations occurs� Such L�I characteristic corresponds
to the scenario observed in some VCSELs "��� ��� ��#�

The insets in Fig� ��� show the instantaneous transverse near�	eld pro	les at the
indicated currents �the plotted area corresponds to a square of 
�� 
��m��� During
fundamental mode operation� the o��polarization mode only emits ampli	ed sponta�
neous emission from the entire VCSEL contact� The width of the *y�polarized Gaus�
sian mode is about �� of the current contact� and slightly increases with current�
This feature has never been observed experimentally in gain�guided VCSELs� and
here occurs because the carrier�induced index�guiding associated with the spatial�
hole burnt in the carrier pro	le by the Gaussian mode favors the spreading of the
mode pro	le� In the multitransverse mode regime� the insets in Fig� ��� show that�

�In gain�guided VCSELs� the fundamental mode typically shrinks as the applied current increases
due to the combined e�ect of thermal lensing and carrier�induced index anti�guiding ����	
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Figure ���� VCSEL A	 L�I characteristic for the linearly �x �solid� and �y �dashed� polarizations	

while the *y�polarized beam consists on a single lobe with the peak moving around the
VCSEL axis as current increases� the *x�polarized beam can adopts di�erent pro	les�
�i� two lobes oscillating in time around the center of the VCSEL at I � 
	��Ith�
�ii� a doughnut�shape at I � 
	��Ith� and �iii� an o��centered lobe distribution at
I � �	��Ith�
In order to force *x�polarized emission at threshold we have to introduce an external

gain�loss anisotropy ��a � �� to overcome the material gain anisotropy� In addition�
to increase the current range where fundamental mode operation occurs� we have to
decrease the diameter of the pump region� For these reasons� we consider now a new
device �VCSEL B� with a contact diameter of 
� �m and the anisotropy parameters
values �p $ �	��e and �a $ ��	��e� For these parameters� we numerically found a
threshold current of Ith $ ���� mA�

Fig� ��� shows the L�I characteristics for VCSEL B� The device switches�on in
the *x�polarized fundamental mode because of the e�ect of the external amplitude
anisotropy� For increasing current� an abrupt *x 
 *y polarization switching within
the fundamental transverse mode is observed at I � 
	��Ith �the switching current
depends on the �a value� e�g�� for �a $ ��	��e the PS occurs at I � 
	��Ith�� As a
consequence of the smaller active region size� the fundamental mode regime extends
to 
��� Ith� a value slightly larger than for VCSEL A� Above 
��� Ith the 	rst�order
transverse mode starts lasing orthogonally polarized to the fundamental mode� Dur�
ing the multi�transverse mode regime� the *x�polarized total power increases almost
linearly with the injected current while *y�polarized total power almost saturates� Such
general behavior corresponds to the scenario found in "��� ��� ��#�

The modal behavior of the VCSEL emission can be obtained by integrating
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Figure ���� Same as in Fig	 �	� but for VCSEL B	

Eqs� ���
������� at a 	xed current value instead of using a current ramp� Fig� ���
shows the optical spectra and the transverse mode pro	les obtained at four di�erent
injection current values for VCSEL B� These spectra are equivalent to those obtained
by a Fabry�Perot interferometer with a free spectral range of 
��� GHz and a fre�
quency resolution of � GHz� At I � 
	��Ith� the polarized spectrum in Fig� ����a�
shows that the laser mainly emits in the *x�TEM�� mode� However� the orthogonal
polarization shows a strongly suppressed peak ����� dB� while the frequency dif�
ference between the two peaks is not resolved� Beyond the switching current� at
I � 
	��Ith� laser emission occurs in the *y�polarized Gaussian mode �Fig� ����b���
For increasing current� I � 
	��Ith� two transverse modes� the TEM�� ��� and the
TEM�� ���� coexist but with orthogonal polarizations �Fig� ����c��� The onset of the
TEM�� can be explained through the change in its modal gain due to the competition
between spatial hole burning and carrier di�usion "��� ��� ��� ��#� but the reason why
it is orthogonally polarized to the fundamental mode is unclear� Also notice that�
as a consequence of the negative detuning� there is a small red shift of the modal
frequencies for increasing current� whereas a blue shift is expected for semiconductor
lasers�

Fig� ����d� shows the spectrum at I � �	��Ith� Several transverse modes are
active at this current value� and their frequency di�erence � ��� � ��� � �� GHz�
��� � ��� � 
� GHz� and ��� � ��� � ��� GHz � is in good agreement with the
experimental data shown in Sec� ��
 and other reported values "��� ��#� Regarding
the polarization characteristics� it is worth noting that the two linear polarizations
choose to operate in modes of di�erent parity� Even�order modes are *y�polarized
�a dominant TEM�� mode ���� and some strongly suppressed second�order modes ��
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Figure ���� VCSEL B	 Optical spectra of the linearly polarized �eld components Ex �solid� and
Ey �dashed� for �xed current values indicated in Fig	 �	� by arrows� �a� I � 	��Ith� �b� I � 	��Ith�
�c� I � 	��Ith� �d� I � �	��Ith	 The insets in the spectra correspond to the transverse mode pro�les
associated to the corresponding labeled peaks	

and ���� while *x�polarized modes have odd�order pro	les �TEM�� ��� and TEM�� ���
modes�� In opposition to the cases shown in Fig� ����a���c�� where the total power
emitted in each linear polarization is constant in time� at �	��Ith it oscillates� the
total *x�polarized power is modulated at twice the beat note between the *x�polarized
	rst�order transverse modes ���� � ��� � � GHz�� a very weak modulation at twice
this beat frequency is also observed in the total *y�polarized power but� in this case�
induced by the nonlinear coupling between the two linearly polarized 	eld components
through the total carrier population ���factor��

For even larger current values� I � �	��Ith� coexistence of several transverse modes
in both linear polarizations is observed in the optical spectrum �Fig� ����b��� The
time evolution of the total *x� and *y�polarized light intensities� shown in Fig� ����a��
is as previously described for I � �	��Ith� but an additional modulation �fast rip�
ples� at twice the beat notes between the fundamental mode and the frequency non�
degenerated 	rst order modes ����� ��� � �� GHz and ���� ��� � 
�� GHz� respec�
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Figure ���� VCSEL B	 �a� Time evolution of the total emitted power� and �b� optical spectrum at
I � �	��Ith	 Solid �dashed� line stands for the �x ��y� polarized �eld component	

tively� is observed in the intensity of the *x polarization and evidenced in its intensity
spectrum �not shown�� At this current� the spatio�temporal dynamics of the beam
is di�erent depending on the polarization� The *y�polarized beam keeps a single�lobe
distribution �almost Gaussian� with the peak slightly moving around the center of
the VCSEL axis� In the orthogonal polarization� the beam pro	le oscillates periodi�
cally �it does not twist� between two positions where the beam consists on two�lobes
oriented along the diagonals of the x � y plane �see the insets in Fig� ���� and the
emitted power is maximum� Between these two positions� we observe doughnut�like
emission corresponding to the minimum emitted power�

We have 	nally studied the relevance of the coupling mechanism between the cir�
cularly polarized emission channels in the transverse and polarization properties of
gain�guided VCSELs� Fig� ��� shows the L�I characteristics for VCSEL B assuming
a larger spin��ip relaxation rate ��s $ ����e�� For these conditions� there is very
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Figure ���� Fast spin��ip relaxation rate	 Same as in Fig	 �	� but for ��� �m� �p���e� �a����e�
and �s���� �e	

fast mixing of the carrier population between the two circularly polarized emission
channels� so that n quickly relaxes to zero and the two linearly polarized 	elds are
coupled to a single carrier population N � The most relevant di�erence with respect
to previous cases is that now the dynamics is not sensitive to the polarization� i�
polarization switching is not observed in the fundamental mode regime� and ii� the
	rst�order transverse mode starts lasing in the same polarization than the fundamen�
tal mode� Both features point out the relevance of spin��ip relaxation processes in
the polarization and transverse mode instabilities commonly observed in VCSELs�
An additional relevant feature is that the fundamental mode regime extends up to

I � �	��Ith� This result may indicate that the onset of higher�order modes does not
only depend on the modal gain� as one could think a priori but additional mechanisms�
such as spin��ip dynamics� may in�uence the threshold condition for the high�order
transverse modes�
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�� Summary and conclusions

This work has been devoted to the study of the polarization and transverse
mode characteristics of Vertical Cavity Surface Emitting Lasers� Theoretical anal�
ysis� numerical simulations and experiments have been combined to investigate the
role of physical mechanisms � such as the saturable dispersion �or ��factor�� the VC�
SEL anisotropies� the spin��ip relaxation processes� and the temperature � on the
polarization and the transverse mode properties of unstrained quantum�well VCSELs�
After a brief introduction to semiconductor lasers in Chap� 
� Chap� � reports ex�

perimental measurements of the electrical� optical and thermal properties of VCSELs�
We studied the dependence of the LIV characteristics on the substrate temperature�
We also measured the thermal resistance and the characteristic thermal time of the
devices� Regarding the polarization properties� we found the commonly observed
feature that VCSELs typically emit linearly polarized light preferentially oriented
along two orthogonal directions of the transverse plane� The polarization state dur�
ing fundamental mode operation was found to depend on the injected current and
the active layer temperature� Polarization instabilities were also observed during
multi�transverse mode operation at high injection currents� The basic polarization
properties measured in the experiments� together with the range of parameters deter�
mined� gave a 	rst�hand basis to the theoretical modeling and results of the remaining
Chapters�
In Chap� � we presented a derivation of the San Miguel�Feng�Moloney �SFM�

model "

�#� Starting from the Maxwell equations and taking into account the bound�
ary conditions of the VCSEL cavity� we obtained dynamical equations for the slowly�
varying circularly polarized components of the vector optical 	eld� interacting with
the medium through the macroscopic dipole vector� Dynamical equations for the
material variables were derived from a four�level approximation to the band structure
of quantum�well media in VCSELs � the simplest energy level picture that accounts
for the quantum nature of the polarization in VCSELs � using a density�matrix for�
malism� The SFM model was 	nally written down in terms of two sets of two�level
Maxwell�Bloch equations coupled through spin��ip relaxation processes and includ�
ing spatial e�ects through optical di�raction and carrier di�usion� We also discussed
the limitations of Two�Level Maxwell�Bloch type of approach in the description of
semiconductor dynamics�
In Chap� � we presented a rate&equation model� derived from the original SFM

model� useful to describe polarization state selection in VCSELs operating in the
fundamental transverse mode "

�� 

�� 

�� 

�#� In order to understand the con�
sequences of the physical mechanisms included in the model � VCSEL anisotropies�
saturable dispersion and the dynamics of the magnetic sublevel populations � on
the polarization state selection of VCSELs we 	rst discussed in detail the idealized
situation of isotropic gain� We then considered more realistic situations in which the
e�ect of saturable dispersion and small gain anisotropies were combined� We demon�
strated polarization switchings as the current is increased which are the result of the
combined e�ect of saturable dispersion� spin dynamics� and cavity anisotropies� We
also found elliptically polarized states in absence of magnetic 	eld and the type of
two�frequency solutions sometimes observed close to threshold� We provided a vari�
ety of representations �time series� power spectra� polarization state resolved spectra�
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Poincare sphere� fractional polarization� etc�� for the interpretation of the observed
phenomena� We 	nally demonstrated polarization switchings induced by injected op�
tical 	elds� including hysteresis� All the results mentioned previously reproduce the
general scenarios observed experimentally�
In Chap� � we studied the in�uence of an axial magnetic 	eld on the polarization

properties of VCSELs "

�#� For weak magnetic 	elds we found that the magnetically�
induced circular birefringence combined with the intrinsic linear birefringence of the
VCSEL transforms the preferred basis states of the system from linearly polarized to
elliptically polarized� We observed that the characteristic switching between orthog�
onal linearly polarized states with no magnetic 	eld �*x �
 *y� became a switching
between elliptically polarized states� and we studied the dependence of the elliptic�
ity of the emitted light as a function of the injected current and the magnetic 	eld�
obtaining a good agreement with the experimental reports� Time�dependent polar�
ization states found in the switching process and�or at intermediate magnetic 	elds
were also characterized using the optical spectrum and the Poincare sphere� For
large magnetic 	elds we showed that emission was in an almost rotating linearly po�
larized state where the intensity in each linear polarized component was modulated
in time� This feature allowed us to propose an alternative way of generating low�chirp
linearly polarized periodic pulses� namely to apply an axial magnetic 	eld to an al�
most isotropic VCSEL� showing that gigahertz pulse rates can be achieved for nearly
isotropic devices with several technological applications "

�#�
In Chap� � we carried out polarization switching experiments minimizing the ef�

fects of temperature on the device in order to discriminate between the e�ects pro�
duced by the mechanisms included in the SFM model and those produced by the
current�induced self�heating on the polarization state of the light emitted by VCSELs
operating in the fundamental transverse mode "

�#� We demonstrated for the 	rst
time to our knowledge that polarization switching phenomena can still be observed
when the active region temperature is keep constant� in opposition to the common
thermal explanation� Such a result pointed out that the physical mechanisms unre�
lated to temperature changes� namely saturable dispersion� birefringence and spin��ip
dynamics� are involved in the selection of the polarization state under isothermal con�
ditions� We also performed a quantitative comparison of the experimental data and
the model predictions by studying the dependence of the switching current on the
active layer temperature� which allowed us to estimate the spin��ip relaxation rate
and the intrinsic dichroism of the VCSEL�
In Chap� � we studied the spatio�temporal and polarization properties of gain�

guided VCSELs using the model derived in Chap� � "
��� 
�
#� We 	rst studied the
turn�on dynamics of the VCSEL and showed that the time necessary for the selection
of the polarization state is of the order of few ns� We next showed that the commonly
observed scenarios of transverse mode competition and polarization state selection in
gain�guided VCSELs can be accounted for within the general model� namely i� the
fundamental transverse mode with the higher gain�to�loss ratio is always selected at
threshold� ii� polarization stability and polarization switching behaviors can occur
during fundamental mode operation of the device� iii� for higher injection currents�
the 	rst order transverse mode appears orthogonally polarized to the fundamental
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one� and vi� for even higher currents� there is polarization coexistence with several
active transverse modes� We 	nally studied the case of very fast spin��ip relaxation
and found that� in this case� the transverse dynamics is not sensitive to polarization�
In conclusion� within the limitations of the SFM model for a complete description

of quantum�well VCSELs� we have shown that it properly describes the polarization
and transverse mode behavior commonly observed in these devices in a variety of
situations� as the injection current is changed� with optical injection� in axial magnetic
	elds� etc� In addition� supported on the experimental results of Chap� � we conclude
that the physical mechanisms included in the model� namely saturable dispersion
�or ��factor�� VCSEL anisotropies� and spin��ip relaxation processes� are responsible
for the selection of the polarization state in these devices when thermal e�ects are
avoided �e�g�� in LI characteristics performed under fast current ramp excitation�
measurements at constant current with optical injection or in axial magnetic 	elds�
etc��� Based on the results of Chap� � we claim that the particular role of each of these
mechanisms on the polarization state should depend on the VCSEL characteristics�
For devices where dichroism is large� the mode favored by the amplitude anisotropy
must dominate at any current � this is well known for VCSEL designers �� For more
isotropic VCSELs �small dichroism�� the polarization behavior should depend on the
value of birefringence� Low birefringence devices �low as compared with the spin��ip
rate� with dichroism favoring the lower wavelength polarization mode �*y� should also
show polarization stability� However� if the favored mode is the orthogonal one �higher
wavelength or *x�� polarization switching as a consequence of saturable dispersion
must be observed� For high birefringency VCSELs and gain anisotropy favoring the
higher wavelength mode �*x�� the VCSEL should emit with stable polarization at any
current� For dichroism favoring the orthogonal mode� VCSEL emission has to have
a polarization switching due to the combined e�ect of saturable dispersion and spin�
dynamics� Notice� however� that these mechanisms are in�uenced by thermal e�ects in
experiments where the active region temperature cannot be not controlled� For these
cases� it should be di!cult to isolate the mechanisms a�ecting the polarization state�
Nevertheless� the SFM model can be applied to gain some insight on the problem� but
then it needs to be complemented to account for some of these e�ects� As an example�
the self�heating induce change in the material gain di�erence between the linearly
polarized modes can be roughly taken into account through a linear dependence of
the parameter �a on the temperature� as given in Chap� ��
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Appendix A  Transverse cavity modes

As a plane parallel resonator� gain�guided VCSELs have not well de	ned transverse
cavity modes� so additional guiding of the optical 	eld is required to accomplished
stable operation� The guiding mechanisms in these devices have been brie�y discused
in Sec� ���� namely the nonlinear susceptibility associated with the carrier density in
the medium� which provides both gain�guiding an index anti�guiding� and the thermal�
lensing �thermal guiding� e�ect caused by Joule heating� The interplay between
these mechanism is very complex and� typically� the transverse modes of gain�guided
VCSELs have to be obtained by numerical simulations� as shown in Chap� ��
Nevertheless� considerable insight about the transverse modes shapes of the cir�

cular gain�guided VCSEL resonator can be obtained by assuming that the resulting
refractive index distribution� if dominated by the thermally�induced index�guiding
pro	le� is approximately parabolic "��� ��#� Under these assumptions� one can make
reference to the results relative to graded�index 	bres� for which the 	ber mode shape
are very similar to the Gauss�Laguerre modes of a resonator with spherical mirrors
"��� 
�
� 
��#�
Taking into account that VCSELs emit in a single longitudinal mode� the associ�

ated transverse modes can be labeled by the pair of indices �p� l� p$�� 
� �� ���� l$��
�
� ��� ��� The Gauss�Laguerre function associated with mode �p� l� is
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where u $ �r� r and � are the polar coordinates� and Ljljp �u� are the generalized
Laguerre polynomials of indices p and q which obey the di�erential equation

u
d�Ljljp
dx�

% �jlj% 
� u�
dLjljp
dx

% pLjljp �����

Some polynomials of low order are Ljlj� �u�$
� Ljlj� �u�$jlj%
�u� Ljlj� �u�$ �jlj % 
��jlj%
����� �jlj% ��u% u����
The emission frequency of the transverse modes only depend on the index q$�p%jlj�

in such a way that the higher the index q the higher the optical emission frequency
and the higher the di�raction losses� Fig� ��
 shows the transverse mode patterns
of the lowest�order q�families of Gaussian�Laguerre modes� Each family of order q
consists on q%
 independent modes �di�erent transverse pro	les�� The fundamental
mode� A���� is Gaussian and is usually termed the TEM�� mode� The family q$
 has
two independent modes� the A���� and the A���� � usually termed TEM�� and TEM��

modes� respectively� where we have use the notation Ap�l� for the linear combination
Ap��l � Ap��l� The combination of both modes yields two doughnut modes of op�
posite helicity but equal intensity distribution� A���� and A���� �or TEM��� modes��
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Figure ��
� Mode patterns of the lowest�order q�families �modes of the same family are frequency
degenerated� using a Gauss�Laguerre polynomials approach valid for parabolic index pro�le	 The
families are� �a� q��� with mode A���� �b� q�� with modes A���� �left�� A���� �center�� and A����

�right�� �c� q��� with modes A��� �left�� A���� �center left�� A���� �center right�� and A���� �right��
�d� q��� with modes A���� �up left�� A���� �up center�� A���� �up right�� A���� �down left�� A����

�down center�� and A���� �down right�	 Notice that the area occupied by a mode increases with the
index number q� so di�raction losses increase with q	

The family q$� has a cylindrically symmetric mode� the A���� and two independent
modes� the A���� �TEM��� and the A����� whose combinations gives again two dough�
nut modes of opposite helicity and equal intensity distribution but higer di�raction
losses than the doughnut modes of the q$
 family� For the family q$�� there are �
independent transverse modes� namely A����� A���� � A����� and A���� �

The previous approach is rather idealized since we have not taken into account
the contribution of the carrier distribution to the guiding mechanism� In addition�
high�resolution spectral measurements show that transverse modes of the same q�
family are frequency non�degenerated� which might be a consequence of transverse
asymmetries of the VCSEL cavity "��#� Despite its simplicity� Gauss�Laguerre modes
provides a good approximation to the numerical results found in Chap� �� Similar
transverse mode pro	les can be obtained using Bessel functions� but using a di�erent
approach "��#�"��#�
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Appendix B  Generalized time evolution equation
for the density�matrix elements of a N levels atom

In this section� we derive the generalized evolution equations for the density�matrix
elements of a laser system with N energy levels� The Hamiltonian of such a system�
Ho� determines the energy levels by the eigenvalue equation

Ho�j $ Ej�j �j $ 
� 			� N� � �����

where �j��s � is the normalized electron wave function in the energy level j� Ej $ )h�j
is the electron energy at this level� and �s stands for the electronic coordinate� In the
presence of an optical 	eld perturbing an atom located at the position �r� of the space

�E��r�� t� $ �E��r�� t� ei �t % �E���r�� t� e�i �t � �����

where �E��r�� t� is the slowly varying amplitude of the optical 	eld� the Hamiltonian of
the system becomes time�dependent

H��s � t� $ H���s � % Vext��s � t� � �����

where Vext��s � t� $ �e�s �E�t�� is the interaction energy in the dipole approximation
"
��#� The Schr1odinger equation of the perturbed atom reads

H� $ "H� � e�s �E # � $ �i )h � t � � �����

where ���s � t� is the new time�dependent electron wave function on the perturbed
atom which can be written as a linear combination of the unperturbed wavefunctions
�j��s � with time�dependent coe!cients

���s � t� $
NX
j��

aj�t��j��s � 	 �����

The macroscopic dipole polarization is de	ned as �P $ na �pat� where the atomic
dipole polarization is given by

�pat $ e � �s �$ e

Z
d�s �� �s � $

NX
j�k��

j�k �/k�j $ Tr
h
 �/

i
� �����

where  is the density�matrix� whose elements are de	ned as

j�k $ aja
�
k� such that j�k $ �k�j � �����

and �/ is the dipole matrix� whose elements are de	ned as

�/k�j $ e

Z
d�s ��k��s ��s �j��s �� such that �/k�j $ �/�j�k 	 ���
��
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Inserting Eq� ����� into Eq� ������ multiplying by ��k� and integrating over the
electron coordinate �

R
d�s �j�

�
k $ �jk�� we end up with

NX
j��

aj )h�j �jk � �E �
NX
j��

aj �/k�j $ �i )h
NX
j��

.aj �jk � ���

�

from which

.ak $ i �k ak %



i )h
�E �

NX
j��

aj �/k�j � ���
��

.a�l $ �i �l a�l �



i )h
�E �

NX
j��

a�j �/
�
l�j 	 ���
��

Taking into account Eqs� ���
�� and ���
�� and the de	nition in Eq� ������ the time�
evolution equation for the density�matrix elements can be derived from the previous
equations� It reads

.k�l $ %i �k�l k�l � 


i )h
�E �

NX
j��

h
k�j �/j�l � j�l �/k�j

i
� ���
��

where we have de	ned �k�l $ �k � �l as the frequency di�erence between the k and l
energy levels�

Appendix C  Cavity anisotropy tensor

Apart from the isotropic amplitude and phase changes� the vector 	eld in the VC�
SEL� �F � is subject to cavity or gain anisotropies which might modify the polarization
properties of the output light� It is possible to write a general anisotropy tensor� -�
as "��� 
��� 
��#

.�F $ -�F � - $
�X

i��

-i 	 ���
��

The anisotropy tensors -i can be written in the linear �l� or in the circular �c� basis
independently� e�g� -c $ T -l T��� taking into account the Jones transformation
matrix� T� given by

T $

p
�

�

 i

 �i

�
� T�� $


p
�

�

 

�i i

�
	 ���
��

The components of the anisotropy tensors are
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� i��� The linear dichroism tensor� of magnitude ��a� and main axes � $ �a and
� $ �a % ��� �with respect an arbitray axis of the transverse plane�

-l� $ ��a
�

cos���a� sin���a�
sin���a� �cos���a�

�
� -c� $ ��a

�
� ei �
a

e�i �
a �

�
	 ���
��

� i��� The linear birefringency tensor� of magnitude ��p� and main axes � $ �p
and � $ �p % ���

-l� $ �i �p
�

cos���p� sin���p�
sin���p� �cos���p�

�
� -c� $ �i �p

�
� ei �
p

e�i �
p �

�
	���
��

� i��� The circular anisotropy tensor� including dichroism ��c� and birefringency
��z�

-l� $ ��c % i �z�

�
� i
�i �

�
� -c� $ ��c % i �z�

�

 �
� �


�
	 ���
��

� In addition� isotropic amplitude loss� �a� and phase� �p� can be written down in
any basis� as

-iso $ ��a % i �p�

�

 �
� 


�
	 ������

For simplicity� if we consider that the directions of both linear amplitude and
phase anisotropy coincide with the *x axis� the anisotropy tensor can be written as

-c $ ���a % i �p�
�
� 


 �

�
% ��c % i�z�

�

 �
� �


�
� ����
�

-l $ ���a % i �p�
�

 �
� �


�
% ��c % i �z�

�
� i
�i �

�
� ������

Therefore� the anisotropic terms to be added to the evolution equations of the optical
	eld in Chap� � are

.F� $ ���a % i �p�F� � ��c % i�z�F� 	 ������
.Fx�y� $ ���a % i �p�Fx�y� � i ��c % i �z�Fy�x� 	 ������
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Appendix D  Calculation of the �material� gain
anisotropy between the linearly polarized modes in
the Maxwell�Bloch approximation

An estimate of the material gain di�erence associated with two orthogonally po�
larized modes of slightly di�erent frequency� can be performed rewriting Eqs� ���
�
and ����� in the frequency domain� neglecting the transverse terms� and consider�
ing the steady state carrier population values for linearly polarized light �nST $��
NST $ N th

i �� These equations� in the linear basis� read ��a$��

i�E�
i $ ���
 % i ��E�

i % P �
i � i �pE�

i � ������

i�P �
i $ ����
� i ��P �

i % ��a�
 % ����N th
i �N��E

�
i � ������

where the positive �negative� sign stands for the i $ x�y� polarized TEM�� mode�
Inserting Eq� ������ into Eq� ������� the fundamental mode emission frequencies are

�x $
�p


 % ����
� �y $ � �p


 % ����
�

so the frequency splitting between the linearly polarized modes �birefringence� is

'� $ �x � �y $
��p


 % ����
� ������

The carrier threshold values for each linearly polarized mode are

N th
i �N� $

�
 % �� � �i����
��

a�
 % ���
� i$x�y � ������

Above threshold� the carrier density remains clamped to its threshold value N th

�smallest value of N th
x and N th

y �� which will depend on the particular choice of the
detuning� Considering the case of VCSEL A in Chap� �� and for negative detuning
�� 
 �j�j�� the carrier threshold corresponds to the *y�polarized mode

N th
y �N� $ N th �N� $

�

a


 %
�
�j�j% �p

���	

��

 % ��

	 ������

The material gain for this mode at threshold� given by the real part of the nonlinear
susceptibility� equal losses �g��y� $ ��� For the orthogonal polarization� the material
gain at threshold is

g��x� $ �

 %

�
�j�j% �p

���	

��

 %

�
�j�j � �p

���	

�� 	 ������
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so the gain di�erence between the linearly polarized modes� 'g� reads

'g $ g��y�� g��x� $ �
�j�j�p

�
 % ����� % ���
	 ����
�

For the parameter values given in Chap� � for VCSEL A� 'g $ ��a � ���� ns���
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