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Chaotic dynamics of a semiconductor laser with double cavity feedback:
Applications to phase shift keying modulation
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a b s t r a c t

We report results on the numerical investigations of the dynamical behavior of a single mode semicon-
ductor laser under the influence of double cavity optical feedback. We find that the system displays,
under certain conditions, chaotic behaviors appropriate for chaos based communications. The synchroni-
zation of two unidirectional coupled (master–slave) systems is also studied. The influence of some
parameters on the resynchronization and autocorrelation times is investigated. We find that the resyn-
chronization time for the proposed scheme can be two orders of magnitude shorter when compared with
that of the single-cavity feedback case. Very good conditions for message encoding by using the on/off
phase shift keying encryption method are identified and examples of message encoding/decoding are
presented.

� 2008 Elsevier B.V. All rights reserved.

1. Introduction

During recent years the phenomenon of synchronization has re-
ceived considerable attention in many research areas [1]. In partic-
ular chaotic waveforms have found applications in chaos based
communication systems. Although the technique was originally
proposed in electronic circuits [2,3] it has strongly developed in
optical systems where different setups for chaotic data transmis-
sion have been proposed [4,5]. From the application point of view,
chaos based communications has become an option to improve
privacy and security in data transmission, especially after the re-
cent field demonstration on the metropolitan fiber networks of
Athens [6]. In optical chaos based communications the chaotic
waveform is usually generated by using semiconductor lasers sub-
ject to either all-optical [7–11] or electro-optical [12–14] feedback.
In particular, semiconductor lasers subject to the influence of all-
optical feedback from a distant mirror have been investigated
extensively for the past two decades and different dynamical
behaviors have been characterized, including periodic and quasi-
periodic pulsations, low frequency fluctuations and coherence col-
lapse (for more details see Ref. [15]). Integrated lasers with ultra-
short feedback cavities have also revealed similar characteristics
if the feedback is properly amplified [16]. Configurations using
Fabry–Perot resonators providing the optical feedback, the so

called frequency selective feedback, have also been studied [17–
19]. In this case the feedback can either destabilize the laser emis-
sion or improve the stability of the CW emission allowing the con-
trol of the laser in a non-invasive way [17].

Lasers subject to feedback from two cavities have been consid-
ered in several configurations. In particular, feedback from a sec-
ond cavity has been used to control the chaotic dynamics of
semiconductor lasers with optical feedback [20–23] or to hide
the information about the delay time [24]. Control in the low fre-
quency fluctuation regime has been achieved by adjusting properly
both the length and feedback strength of the second external cav-
ity. Phase locking has also been found in a semiconductor laser
with two external cavities. Contrary to these previous studies, we
aim in this paper to use a second cavity to generate a high dimen-
sional chaotic waveform and at the same time profit from the sec-
ond branch for on/off phase shift keying (OOPSK) encryption
purposes [25,26]. We anticipate that when using the second
branch as a perturbation of the main one we get resynchronization
times that are much shorter than those obtained with a single cav-
ity allowing bit rate transmission of hundreds of Mbit/s.

The paper is structured as follows. We start in Section 2 by
describing the model for the investigated scheme. Section 3 pre-
sents a study of the dynamics of a laser under the influence of a
double cavity optical feedback (DCF). In Section 4 we highlight
the advantages of the proposed setup when compared with the
conventional optical feedback (COF) case and the OOPSK encryp-
tion method is demonstrated for the DCF. Finally, the summary
and conclusions are given in Section 5.
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2. Model

The proposed setup is depicted schematically in Fig. 1. It consists
of a semiconductor laser coupled to the external reflectors R1 and R2,
that could be implemented, e.g., by using two fiber cavities. The
advantage of the proposed scheme is that we can control two feed-
back strengths, two feedback phases and two delay times indepen-
dently. The feedback branch governed by reflectivity R1 is called
conventional feedback branch (CFB) and the one governed by R2

the modulated feedback branch (MFB). Assuming fiber based cavi-
ties with a refractive index of 1.5 we consider the delay time in
the CFB to be s1 = 0.5 ns and that of MFB s2 = 0.3 ns. In the model
we only account for single reflexions in both branches. In the ab-
sence of coupling, the correlation between the transmitter and re-
ceiver outputs is negligible. When a certain amount of light from
the transmitter is injected into the receiver, the latter is able to syn-
chronize to the emitter under appropriate conditions. Once syn-
chronized, a message can be encoded into the carrier. At the
receiver side, the message can be recovered via the chaos pass filter-
ing process [27]. Several encoding schemes have been proposed in
the literature [28,29]. One of the most attractive schemes in terms
of security is the OOPSK method [25,26] where the codification is
achieved by slightly modulating the phase of the optical feedback
of the emitter. The physical basis for OOPSK is that the synchroniza-
tion behavior of the receiver acts as a sensitive detector for varia-
tions of the transmitter feedback phase: suitable discrete changes
yield the dynamics of the receiver to jump between synchronized
and de-synchronized states. In contrast to these drastic changes in
the receiver dynamics changes in the emitter dynamics should not
be noticeable neither in the intensity dynamics, nor in the RF or
optical spectra. The principle of the ON/OFF phase shift keying
encryption works as follows. The message is encoded by switching
between two states of the master system that yield highly corre-
lated (synchronized) states (Bit ‘‘0”) or less correlated (desynchro-
nized) states (Bit ‘‘1”) in the receiver system. Hence, the message
can be simply recovered by monitoring the synchronization error.
The controlled variations in the master system can be accomplished
by inserting, e.g., an electrooptical modulator within the external
cavity of the transmitter. The message is decoded by detecting
whether the receiver synchronizes or not with the input carrier
[26]. Up to now this technique has the disadvantage that the maxi-
mum modulation rate is only of some tens of Mbit/s [25,26,30].

In the present study, the laser dynamics is analyzed in the
framework of the extended Lang-Kobayashi equations for the com-
plex field amplitude E and an excess carrier density N [31]
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The subscripts t and r refer to transmitter and receiver lasers,
respectively. The last term in the Eq. (1) is present only in receiver
laser and describes the unidirectional coupling between transmitter
and receiver. jr is the coupling strength given by jr ¼ffiffiffiffiffiffiffiffiffiffiffiffi

1� R
p

gext=ðsc

ffiffiffi
R
p
Þwhere R is facet power reflectivity of the slave la-

ser (R = 30%), sc is the cavity roundtrip time of the light within the
laser (sc = 8.5 ps), gext accounts for losses different than those intro-
duced by the laser facet (gext = 0.5) resulting in j = 90 ns�1. s1 and
s2 are roundtrip time in the CFB and MFB, respectively. c1 and c2

are the feedback strengths governed by the reflectivities R1 and
R2, respectively. / = x0s1, and w = x0s2 are the accumulated optical
phases in the CFB and MFB, respectively, which, without loss of gen-
erality, can be assumed to take values between 0 and 2p. The other
parameter values are: a = 5 the linewidth enhancement factor;
g = 1.5 � 10�5 ns�1 the differential gain parameter, s = 4 � 10�7

the gain saturation coefficient, sph = 2 ps and se = 2.0 ns the photon
and carrier lifetimes, respectively and N0 = 1.5 � 108 the carrier
number at the transparency. These parameters, that are considered
identical for both lasers, are used for the calculated results shown in
all figures in the paper. The injection current is fixed at I = 45 mA
(Ith = 14.7 mA). For the model given by Eq. (1) and (2) if s1 = s2

the feedback term in (1) can be reduce to a COF term with an equiv-
alent feedback coefficient given by ~cei ~u ¼ c1eiu þ c2eiw.

3. Transmitter laser dynamics

In this section we discuss the behavior of a semiconductor laser
under the influence of a DCF. For small enough feedback strengths
semiconductor lasers under the influence either of COF or DCF
show CW or pulsating operations. Chaotic behavior appears if the
feedback strength is increased enough. Fig. 2b illustrates typical
time traces (left) and the power spectra (right) of a laser under
the influence of a DCF operating in a robust chaotic regime. We
mention that the behavior shown in Fig. 2a is similar to that of a
laser under the influence of COF with c = 40 ns�1, s = 0.5 ns and
identical laser parameters. It is well known, that the autocorrela-
tion time is related to the complexity of the generated chaos. The
shorter the correlation time is the more chaotic and less predict-
able the dynamics is. The calculations of the autocorrelation time
for the traces shown in Figs. 2a and b [16] yield similar result for
both COF and DCF with values of TCOF

ac � TDCF
ac � 100 ps for our

parameter values. A confirmation of this property is given below.
Fig. 3a shows the autocorrelation time, as a function of feedback
strength for COF for s = 0.5 ns (solid line) and s = 2 ns (dotted line).
It can be clearly seen that as the feedback strength and delay time
are increased the autocorrelation time decreases, an indication that
the laser dynamics becomes more chaotic. Fig. 3b shows the calcu-
lated autocorrelation time for a laser under the influence of DCF.
The feedback strength of CFB is fixed to c1 = 30 ns�1 while that of
MFB is varied. For zero MFB strength the resynchronization and
autocorrelation times coincide with that of COF for c = 30 ns�1.

Fig. 1. Investigated setup. A laser with fiber-based external cavities. The cavity lengths are l = 0.05 m (s1 = 0.5 ns) and L = 0.03 m (s2 = 0.3 ns). The refractive index of the
optical fiber is n = 1.5.
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An increase of feedback strength of MFB leads to a decrease of
autocorrelation time up to 0.1 ns similar to that of COF. However,
when the MFB is introduced the resynchronization time can be ex-
pected to become much shorter as a result of only distortion of the
chaotic attractor generated by the CFB.

Fig. 4a displays a typical bifurcation diagram of a semiconduc-
tor laser under the influence of COF with the feedback strength
acting as a bifurcation parameter and s = 0.5 ns, / = 0. As the
feedback strength is increased several bifurcations take place.
For each value of the feedback strength the figure displays the
values of the maxima of the time traces of the emitted power.
It is well known that as the feedback strength is increased a sce-
nario compatible with quasiperiodic route to chaos appears [15].
Figs. 4b and c display the bifurcation diagrams of a semiconduc-
tor laser subject to DCF for the feedback strength and feedback
phase acting as bifurcation parameters. Let us, e.g., consider
the case of feedback strength for the CFB fixed to c1 = 30 ns�1

while the feedback strength of MFB is increased. Considering /
= 0 and w = p/2, as shown in Fig. 4b, even for low values of
the feedback strength c2 the dynamics of the laser is already
chaotic due to the influence of the feedback of CFB. It can be no-
ticed from the figure that the amplitude of the chaotic oscilla-
tions slightly increases with the feedback strength c2 (see
Fig. 4b). When both feedback strengths are fixed to
c1 = 30 ns�1, c2 = 10 ns�1 and the phase / = 0, as shown in
Fig. 4c, fully developed chaotic dynamics is found for any value
of MFB phase w.Fig. 2. Time traces of the output power P (left) and the power spectrum (right) for

(a) COF for c = 40 ns�1, s = 0.5 ns, and / = 0; and (b) DCF for c1 = 30 ns�1,
c2 = 10 ns�1, s1 = 0.5 ns, s2 = 0.3 ns, / = 0, and w = p/2.

Fig. 3. The autocorrelation time as a function of feedback strength for (a) COF for /
= 0, and different values of delay time, (b) DCF of MFB for c1 = 30 ns�1, / = 0, w = p/
2, s1 = 0.5 ns, s2 = 0.3 ns.

Fig. 4. Bifurcation diagrams of the output power for (a) COF with the feedback
strength c as bifurcation parameter for / = 0; (b) DCF with c2 as bifurcation
parameter; c1 = 30 ns�1, / = 0 and w = p/2; (c) DCF with the MFB phase w as
bifurcation parameter; c1 = 30 ns�1, c2 = 10 ns�1 and / = 0. Each dot represents a
peak of the output power.
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4. Synchronization and message transmission

So far we have clarified different aspects of the transmitter laser
dynamics under a DCF. In what follows we focus on the transmit-
ter–receiver configuration and evaluate the synchronization prop-
erties. Since our final aim is to use the auxiliary branch to perform
OOPSK encryption, it is important to characterize in advance the
resynchronization time, i.e., the time required by the setup to syn-
chronize when the link between master and slave lasers is inter-
rupted. The inverse of the resynchronization time is an
estimation of the maximum modulation rate that can be achieved
with the OOPSK technique. We estimate the resynchronization
time as the time needed by the system to achieve a correlation
coefficient of 0.98 when starting from an initial uncoupled config-
uration, for which the correlation between emitter and receiver is
close to zero [32]. Fig. 5 shows the resynchronization time as a
function of feedback strength for a laser under the influence of
COF for different values of delay time s and different coupling coef-
ficient j in a region where the system displays a chaotic behavior.

As shown in Fig. 5a for delay time s = 0.5 ns two regimes are ob-
served. For c� jr the resynchronization time grows linearly with
a small slope and it is of the order of a few roundtrip time. When c
becomes larger the resynchronization time grows exponentially.
This last regime appears for c > 27 ns�1 when jr = 60 ns�1 and for
c > 33 ns�1 when jr = 90 ns�1. The separation in the regimes comes
from a competition between the coupling strength jr and the feed-
back strength c. For jr >> c the first dominate leading to a small
resynchronization time while when both are similar there is a tran-
sient competition, which induces large resynchronization time. Fi-
nally for c >> jr no synchronization is observed. Similar behaviour
is observed for a large delay time s = 2 ns (see Fig. 5b), although
now the resynchronization time in the first regime grows linearly
with a larger slope.

Fig. 6a shows the calculated resynchronization time for a laser
under the influence of DCF. The feedback strength of CFB is fixed
to c1 = 30 ns�1 while that of MFB is varied. For zero MFB feedback
strength the resynchronization time coincides with that of COF for

c = 30 ns�1. An increase of the MFB feedback strength up to
c2 = 20 ns�1, leads only to a smooth increase of the resynchroniza-
tion time up to a value approximately 7 ns. A first comparison be-
tween Figs. 5 and 6 shows evidence that the DCF has some
advantages with respect to the COF. When the feedback strength
of COF is 40 ns�1, the resynchronization time is approximately
300 ns while for the DCF with c1 = 30 ns�1, c2 = 10 ns�1 the resyn-
chronization time is approximately 3ns (see Fig. 6a). In fact, we
have found that when using the DCF setup we can reduce the
resynchronization time by two orders of magnitude when com-
pared with the COF setup. This decrease in the resynchronization
time can be attributed to the fact that for low feedback strength

Fig. 5. Resynchronization time as a function of feedback strength for COF for / = 0
and the delay time s = 0.5 ns (a) and s = 2 ns (b). Results are obtained from 100
random initial conditions. Thick lines show the average resynchronization time,
while thin lines show the maximum value of those 100 realizations.

Fig. 6. Resynchronization recovery time as a function of different parameters (a)
the feedback strength c2 of MFB for DCF for c1 = 30 ns�1, / = 0, w = p/2, (b) the
feedback phase for the COF (dashed line) and for the DCF (solid line). The
parameters for the COF are c = 40 ns�1 and s = 0.5 ns. The parameters for the DCF
are c1 = 30 ns�1, c2 = 10 ns�1, / = 0, s1 = 0.5 ns, s2 = 0.3 ns. jr = 90ns�1.

Fig. 7. Cross correlation coefficient in the wm � ws phase space. The other
parameters are c1 = 30 ns�1, c2 = 10 ns�1, jr = 90 ns�1, /m = /S = 0. A high degree
of synchronization is characterized by light grey level. Phases are varied in 0.05
radians steps.
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values the MFB acts as a weak perturbation of the strong chaotic
attractor generated by the CFB. This fact yields shorter resynchro-
nization times when compared to the COF case. Fig. 6b shows, with
solid line, the resynchronization time as a function of MFB phase w
for DCF, for c1 = 30 ns�1, c2 = 10 ns�1, /m = /S = 0. The dashed line
shows the resynchronization time as a function of optical feedback
phase of the COF case for c = 40 ns�1, / = 0. From these results it
can be clearly seen that the DCF system resynchronizes much fas-
ter that the COF system for any value of the feedback phase. We

have checked that these results also hold for any value of the
COF phase /.

Now we consider the influence of a mismatch between the
phases w of the slave laser with respect to that of the master laser
on the cross correlation coefficient. Fig. 7 shows the values of this
coefficient in the plane (wm � ws) for feedback strengths
c1 = 30 ns�1, c2 = 10 ns�1 and the coupling coefficient jr = 90 ns�1.
Other parameters are identical for the master and slave lasers. It
can be clearly seen that highest correlation coefficients are

Fig. 9. On/off phase shift keying encoding and decoding of 0.25 Gb/s digital message. Top panel: encoded message. Central panel: decoded message represented by the
synchronization error. Bottom panel: recovered message after filtering. The other parameters are as in Fig. 7.

Fig. 8. Calculated pulse traces of the emitter laser at point A (a) and point B (b), shown in Fig. 7. Power spectra of the master (c) and slave (d) lasers. Panels (e) and (f) show the
synchronization error for wm ¼ ws ¼ 0:75 rad and wm ¼ 0;wS ¼ 0:75 rad, respectively. Parameters are as in Fig. 7.
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achieved when the two phases coincide, i.e., wm = ws while the cor-
relation degrades when the phases start to be different. Points A
and B in Fig. 7 correspond to the operating points that will be con-
sider later for message encoding and decoding using OOPSK
encryption. The point A is chosen to have high correlation while
the point B (or B0) corresponds to a state with low correlation.

An important issue in chaos based communication systems is
the security of proposed setup. Schemes such as chaos shift keying
[28], chaos masking [33] and chaos modulation [7] require keeping
the message amplitude small enough in order to avoid message
recognition. In the OOPSK technique the message is codified by
changing the feedback phase of the master laser without introduc-
ing significant changes in the time trace or spectrum of the emitted
light [25,26]. In this setup the slave laser for which the feedback
phase is kept constant, acts as a detector of the synchronization
quality. When the feedback phases of the emitter and receiver
coincide the correlation between the outputs of the two systems
is high while it is low when the phases are different (as was shown
in Fig. 7). In our scheme the phases / of the COF branch are kept
constant in both master and slave lasers while we study the phase
shift keying method by varying the phase of the auxiliary branch.
Fig. 8 shows the pulse traces of the master laser operating in the
chaotic regime at the point A (a) and at point B (b). It can be clearly
seen that both time traces remain similar to each other. Fig. 8c
shows the power spectra of the time traces shown in Figs. 8a and
b, while Fig. 8d shows the power spectra of the receiver system
for the fixed phase wS = 0.75 rad. The power spectra of the emitter
system for the operating points A and B, as shown in Fig. 8c, remain
almost unchanged. On the contrary the power spectrum of receiver
laser changes, as shown in Fig. 8d, due to the coupling light that is
uncorrelated with that generated by the receiver system. Figs. 8e
and f show the synchronization error, defined as |(Pm � Ps)/
(Pm + Ps)|, for different phases. For wm ¼ ws ¼ 0:75 rad (see
Fig. 8e) the synchronization error is almost zero and the cross cor-
relation coefficient approaches unity. On the other hand for
wm ¼ 0;wS ¼ 0:75 rad synchronization degrades, as shown in
Fig. 8f, and the synchronization error is very high.

Fig. 9 depicts the process of 0.25 Gbit/s message OOPSK encryp-
tion. On the top panel the digital message is shown. Fig. 9 (central
panel) shows the synchronization error when the phase of the
transmitter laser is changed from 0.75 rad (bit ‘‘0”) to 0 (bit ‘‘1”)
i.e. from point A to point B of Fig. 7. Fig. 9 (bottom panel) shows
that the message can be successfully recovered after a standard fil-
tering process. Thus the proposed setup can distinctly increase the
bit rate compared with that previously obtained in [26].

5. Summary and conclusions

In this paper we have studied the dynamics of a device com-
posed by a semiconductor laser subject to a double cavity feed-
back. Main advantages of proposed scheme include the existence
of two feedback strengths, two feedback phases and two delay
times that can be controlled separately. The results presented in
this paper show the following features: under appropriate condi-
tions the setup shown in Fig. 1 is capable of generating a robust
chaotic waveform; two of these devices can be synchronized when
operating in the chaotic regime in a master-slave configuration if
some parameters are properly matched; with this scheme a short
resynchronization time, which is two orders of magnitude shorter
than that of COF case, can be obtained; OOPSK encryption can be
successfully applied at a rate of hundreds of Mbit/s. This means
that such devices are promising candidates for fast on/off phase
shift keying encryption.

Our investigations highlight new perspectives for the use of
phase shift keying scheme in chaos based optical communication
applications. We believe that our work provides a good basis for fu-
ture studies and, in particular, provides some pointers for more de-
tailed investigations of III–V integrated devices containing a phase
modulation section and its practical application in chaos-based
communication systems.
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