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tWe study an opinion formation model that takes into a

ount that individuals havediverse preferen
es when forming their opinion regarding a parti
ular issue. We show thatthe system exhibits a phenomenon 
alled �diversity-indu
ed resonan
e� [Tessone et al. Phys.Rev. Lett. 97, 194101 (2006)℄, by whi
h an external in�uen
e (for example advertising, orfashion trends) is better followed by populations having the right degree of diversity intheir preferen
es, rather than others where the individuals are identi
al or have too di�erentpreferen
es. We support our �ndings by numeri
al simulations of the model and a mean-�eldtype analyti
al theory.1 Introdu
tionResonan
e in for
ed dynami
al systems is a topi
 of widespread interest with many appli
a-tions. A resonan
e is a maximum in a suitably de�ned response of the system to an externalfor
ing. It usually requires the tuning of some system parameters to the optimal value. Thesimplest example is that of a for
ed linear os
illator whose amplitude of os
illations (theresponse) rea
hes a maximum when the natural frequen
y of the os
illator mat
hes that ofthe external for
ing. In 
oupled nonlinear systems, more 
omplex resonan
es 
an appear. Forexample. they may mode-lo
k into states where the ratio between the individual frequen
iesare rational numbers in wide parameter regions, a phenomenon known as Arnold tongues[1℄. It was shown in the early 80's that a resonan
e 
an also appear as a fun
tion of theintensity of the �u
tuations, of either internal or external origin. The basi
 me
hanism leadingto this sto
hasti
 resonan
e [2, 3℄ is rather generi
 and in its simplest form requires only abistable system, a sub-threshold periodi
 for
ing and a �u
tuating additive term (noise) inthe dynami
s. The for
ing indu
es a periodi
 lowering of the barrier separating the two stable�xed points, so helping the �u
tuation dynami
s to over
ome the barrier in one dire
tion orthe other. The mat
hing for resonan
e o

urs when half the period of the external for
ingequals the Kramers' time. The surprising result that �u
tuations 
an enhan
e the response ofa dynami
al system to external for
ing has be
ome a new a

epted paradigm and there havebeen many extensions and appli
ations [4℄, in
luding neural systems [5℄, non-linear ele
troni
devi
es [6℄, sensory systems [7℄, so
ial dynami
s [8, 9℄, et
.Although most of the work in this �eld has 
onsidered simple, low-dimensional systems,more re
ent work analyses the role of �u
tuations in the response of an extended system1/12
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e in a model for opinion formationsubmitted[10, 11℄. A usual modelling is that of many intera
ting units lo
ated on the sites of a latti
e,su
h that the individual responses to the for
ing are modi�ed by the mutual intera
tions. Atypi
al assumption in this 
ase is that all the units are identi
al in the sense that they allpossess the same values for all 
onstituent parameters and that there is some regularity inthe network of intera
tions. For most appli
ations, mostly in the biologi
al or so
ial s
ien
es,those assumptions are not 
orre
t sin
e some sort of diversity or variability will inelu
tablybe present. We have shown in a re
ent work [12℄ the existen
e of a new type of resonan
e as afun
tion of the diversity of the system. That work fo
uses on bistable and ex
itable systemsin whi
h the diversity is modelled by quen
hed noise or, more spe
i�
ally, by a parameterthat adopts a di�erent value for ea
h of the units. Related work[13℄ has shown that diversity
an also indu
e syn
hronised spiking in an extended, unfor
ed, ex
itable system.Surprising at �rst, the fa
t that the right amount of diversity 
an enhan
e the responseto an external for
ing is not against our intuition. Think, for example, of a so
iety whi
h isvery homogeneous in that all members of the population work on a parti
ular e
onomi
al�eld. If the e
onomy tilts and that parti
ular �eld be
omes of less importan
e, it will have abig negative impa
t in the overall wealth of the population sin
e individuals will not be ableto follow the 
hange. However, if there is some degree of heterogeneity and fra
tions of thepopulations work on di�erent �elds, there will be always a se
tion that 
an adapt easily tothe 
hanging e
onomy. The �nal ingredient that allows the whole so
iety to follow the 
hangeis some degree of intera
tion by whi
h the bene�ted agents 
an pull the others towards thenew �eld.These ideas were put forward in ref. [12℄ where we presented a mathemati
al model thatdisplays this e�e
t of diversity-indu
ed resonan
e. We 
onsidered an ensemble of globally
oupled N bistable units xi(t) whose dynami
s is given by:
ẋi = xi − x3

i + ai +
C

N

N
∑

j=1

(xj − xi) + A sin(Ωt). (1)The parameters ai are independently drawn from a Gaussian distribution of zero mean andvarian
e σ2. The value of σ 
an be 
onsidered as a measure of the diversity. If σ = 0, allsystems are identi
al, whereas in
reasing values for σ indi
ate a larger degree of heterogeneity.We 
onsider that the external periodi
 for
ing of amplitude A is sub-threshold for thosesystems with ai 
lose to zero. This means that for σ = 0 the system as a whole is unableto display a wide response to the for
ing and the 
olle
tive variable X(t) = 1
N

∑N
i=1 xi(t)os
illates around one of the equilibrium values X(t) = ±1 with an os
illation amplitudeproportional to A. Imagine that the os
illation point is X(t) = +1. As σ in
reases therewill be a fra
tion of units (those with a su�
iently large, negative, value for ai) for whi
hthe weak for
ing is now su�
ient to take them to the minimum xi = −1. If the intensity ofthe 
oupling C is su�
iently large the whole system will be pulled by those units and takento that minimum. Hen
e, the 
olle
tive variable will have performed a large ex
ursion from

X(t) = +1 to X(t) = −1. The opposite jump from X(t) = −1 to X(t) = +1 is indu
ed whenthe sign of the for
ing is reversed as indu
ed by those units that have a large, positive, valuefor ai. 2/12



Claudio J. Tessone and Raúl Toral:Diversity-indu
ed resonan
e in a model for opinion formationsubmittedIt is important to realise, as explained in the theoreti
al treatment of [14℄, that thisresonan
e me
hanism relies of the individual units having di�erent dynami
al response tothe external for
ing but that the origin of the heterogeneity in the response is not important.Di�erent sour
es of disorder su
h as noise, diversity, non-regular network of 
onne
tivities,inhibitory 
ouplings, et
. 
an be the origin of the resonan
e. The 
ombined e�e
t of noiseand diversity has been analysed in [15, 16℄. This result has already been shown of interest inmany �elds, from 
omplex networks [17℄ to 
ellular signalling [18℄. A linear model in whi
ha full analyti
al 
al
ulation is possible has been re
ently studied[19℄.In this paper, we show a rather di�erent example of diversity-indu
ed resonan
e in anopinion formation model. The model is a simple majority model with the addition of pref-eren
es in the individual 
hoi
es. Those preferen
es vary from individual to individual andare the sour
e of diversity. The interest of the paper is twofold. First, by giving an examplewhi
h is very far away from the dynami
al system des
ribed above, we want to emphasise thegenerality of the me
hanism leading to the resonan
e. Se
ond, we believe that the examplehas interest on its own in the �eld of so
ial s
ien
es, sin
e it shows that an external for
ing(imitating the e�e
t of advertising) has a larger impa
t on a heterogeneous so
iety than ona 
ompletely homogeneous one. This e�e
t might be relevant when explaining the 
hangesin opinion (e.g. in poll's results) motivated by an apparently small 
hange in the externalenvironment.The outline of the paper is as follows: in se
tion 2 we de�ne the model for opinion forma-tion and highlight its formal similarities to other well known models of spin-glass systems,while stressing the ingredients that, a

ording to the general dis
ussion, might lead to aresonan
e e�e
t. In se
tion 3 we present the results of numeri
al simulations that show theexisten
e of the resonan
e as a fun
tion of a parameter measuring the diversity in the individ-ual preferen
es. In se
tion 4 we introdu
e a mean-�eld theory that fo
uses on the 
olle
tivevariable and from whi
h a global me
hanism for the resonan
e 
an be extra
ted. Finally, inse
tion 5 we end with brief 
on
lusions and outlooks.2 Model studiedAlthough the fo
us is very di�erent, the model we have introdu
ed bears many similaritieswith the random �eld Ising model [20℄. This model has attra
ted mu
h attention be
ause ofits interest for modelling disordered magneti
 materials [21℄ and also spin-glasses [22℄. Morere
ent work has fo
used on the hysteresis behaviour when subje
ted to a slowly varyingmagneti
 �eld [23℄ or the question on how the system 
an rea
h the global energy minimum[24℄. The use of te
hniques of statisti
al physi
s to model so
ial behaviour has a long tradition(see, e.g., [9℄) and suitable modi�
ations of the random �eld Ising model have been usedalready to model the dynami
s of so
ial systems. To the best of our knowledge, Galam [25℄was the �rst one to model individual preferen
es by a random �eld. Sto
hasti
 resonan
eindu
ed by �u
tuating terms in the dynami
s was des
ribed by Kuperman and Zanette [8℄.Mi
hard and Bou
haud [26℄ used the random �eld Ising model in an external �eld and studiedthe emergen
e of 
olle
tive opinion shifts in a diverse population. The imitation me
hanism,3/12
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luded in this work, has also been presented as a key feature in pri
e formation dynami
sby Zhou and Sornette [27℄.We 
onsider a model for opinion formation in whi
h the opinion on a parti
ular topi
 is
onsidered to be a binary variable (against or in favour of su
h a topi
). There are N indi-viduals, ea
h one having an opinion µi(t) = ±1, i = 1, . . . , N , at time t. The opinion µi(t) ofindividual i 
an 
hange due to (i) the intera
tion with the ki individuals in its neighbourhood
n(i), modelled by a majority rule, and (ii) the in�uen
e of advertising, modelled as the e�e
tof some external time-varying agent. Ea
h individual has a tenden
y to favour one of thetwo opinions, +1 or −1. We introdu
e diversity in the fa
t that this preferen
e for one of thetwo opinions is stronger in some individuals than in others. We model the e�e
t of individ-ual preferen
es by a set of independent parameters θi. They are drawn from a probabilitydistribution g(θ), whi
h satis�es 〈θi〉 = 0, 〈θi θj〉 = δij σ2. Their in�uen
e be
omes apparentwhen we spell out the evolution rules of this model:(i) Sele
t randomly one individual i. Its opinion at time t is modi�ed as :

µi(t + dt) = sign





1

k i

∑

j∈n(i)

µj(t) + θi



 . (2)In words, individual i adopts the average opinion in its neighbourhood when this averageopinion over
omes its preferen
e θi. This is a me
hanism of so
ial pressure weightedagainst individual preferen
es. For instan
e if θi = 0.3 (resp. θi = −0.3) it is ne
essarythat the proportion of neighbours supporting the −1 (resp. +1) opinion ex
eeds 70%in order for individual i to adopt the majority opinion. Note that when |θi| > 1 theindividual will keep its preferred opinion no matter what the so
ial pressure is.(ii) With probability A| sin(Ωt)|, the opinion is set to
µi(t + dt) = sign [sin(Ωt) + α θi] . (3)This represents the e�e
t of a time dependent external global �eld (advertising, forexample). A is a measure of the strength of the �eld. This �eld has to over
ome thepreferen
e θi (weighted by a s
ale fa
tor α) in order for the individual to adopt thevalue favoured by the �eld, i.e.: the advertising has more e�e
t on those individualswhose preferen
e 
oin
ides with the sign of the advertising.After these two steps have been taken, time in
reases by t → t + dt = t + 1/N and anew individual is sele
ted again at random. The pro
ess is repeated for many 
y
les of theexternal for
ing. We are interested in quantifying how well the system globally responds tothe external for
ing. To this end, we fo
us on the time evolution of the average opinion:

m(t) =
1

N

N
∑

i=1

µi(t). (4)In general, m(t) os
illates in time with the frequen
y Ω of the for
ing. The amplitude ofthe os
illations of m(t) is a measure of the response to the for
ing. An equivalent measure,4/12
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e in a model for opinion formationsubmittedbut more useful from the 
omputational point of view, is the so-
alled spe
tral ampli�
ationfa
tor R de�ned as[4℄:
R = 4A−2|〈m(t)e−iΩt〉|2, (5)where 〈. . .〉 denotes a time average.The main result of this paper, as shown in the next se
tions, is the existen
e of a valueof the diversity σ for whi
h the response R takes a maximum value. This resonan
e e�e
tappears for weak for
ing (A su�
iently small) and implies that the advertising has an optimale�e
t on the population when there is some degree of diversity in the preferen
es. The�mi
ros
opi
� me
hanism is easy to understand. In a diverse so
iety, there is always a fra
tionof the population whi
h is re
eptive to follow the external �eld. This fra
tion initiates a
hange in the opinion and then, by the imitation me
hanism, the 
hange is spread towards alarger fra
tion. If the population is not too diverse, the fra
tion that 
an follow the externalsignal is small and it is not enough to initiate the global 
hange. If the population is toodiverse, however, the imitation me
hanism is not e�e
tive. In se
tion 4 we will present amean-�eld theory that o�ers an alternative, �ma
ros
opi
�, explanation to this mi
ros
opi
me
hanism. It will be 
lear after the theoreti
al treatment that the origin of the resonan
e
an be tra
ed to the la
k of order 
aused by the diversity and, as stressed in [12℄, any sour
eof disorder will lead to similar results. A re
ent analysis of a similar model[28℄ shows thatthe disorder 
aused by 
ompetitive intera
tions also leads to a resonan
e e�e
t.3 Numeri
al resultsWe have ran the model using di�erent topologies for the neighbourhood network, namely:a two-dimensional latti
e with von Neumann neighbourhood (and periodi
 boundary 
on-ditions); a fully-
onne
ted network; and a small-world network [29℄. In ea
h 
ase, we setthe amplitude of the for
ing A to a small, sub-threshold, value su
h that, in the absen
e ofdiversity, the average opinion makes small os
illations around the value m = +1 or m = −1.As the diversity in
reases, the amplitude of the os
illations �rst in
reases and then de
reasesagain.For the two-dimensional latti
e, we plot in �gure 1 the spe
tral ampli�
ation fa
tor Ras a fun
tion of diversity σ for two di�erent values of the parameter α, whi
h determinesthe relative importan
e that preferen
e has with respe
t to the external signal as 
omparedto the neighbours in�uen
e. Although there are some 
lear �nite-size e�e
ts, a well de�nedmaximum is 
learly observable in both 
ases. Comparing panels 1(a) and 1(b), it is apparentthat for α = 1 the response at the optimal diversity level is lower that for α = 0. Thereason for this dependen
y on the parameter α 
an be easily understood by inspe
tion ofthe dynami
 rules of the system (
f. Eq. 3): this parameter 
an be seen as a se
ondarysour
e of disorder in the system disturbing the external signal, lowering its e�e
t. Thus,the e�e
tive level of disorder introdu
ed by the diversity in the population is in
reased, forin
reasing values of α. This 
an be 
on�rmed by the fa
t that in panel (b), the lo
ation ofthe maximum response is shifted towards lower values of diversity, measured in terms of σ.

5/12
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Figure 1: Spe
tral ampli�
ation fa
tor, R, as a fun
tion of the diversity σ when the neighbourhoodnetwork is a two-dimensional regular latti
e. Ea
h panel 
orrespond to di�erent values of theparameter α, that measures the relative weight of the individual preferen
es with respe
t to theexternal signal: (a) α = 0, (b) α = 1. The symbols represent di�erent system sizes: N = 52 (◦),
N = 102 (�), N = 302 (⋄) and N = 1002 (△). All the 
urves show an optimum response foran intermediate value of diversity. In both panels, the signal has an intensity A = 5 × 10−3 andfrequen
y Ω = 2π/1024.Figure 2 shows the results for the small-world network. This is 
onstru
ted in the usualway [29℄, with a rewiring probability p and average 
onne
tivity 2k. The main result hereis that as p in
reases (leading to a larger degree of disorder), the resonan
e peak narrowsand the optimal response in
reases. Thus, for slightly disordered networks the systems rea
tsmore robustly amplifying the external stimulus for a wider range of diversity values; however,

R rea
hes lower values. This e�e
t 
an be understood if we 
onsider that for small valuesof p, it is more probable for the system to develop stable domains of di�erent opinions,that enlarge or shrink depending on the instantaneous signal value. These domains tend to
oexist, thus de
reasing the global response of the system.Finally, �gure 3 shows the response of the system for a fully-
onne
ted neighbourhoodnetwork. In panel (a), di�erent symbols 
orrespond to di�erent signal amplitudes. We havealso in
luded in this �gure the 
ase of a signal amplitude A = 0.60 whi
h is supra-thresholdin the zero-diversity 
ase. As seen in this panel, supra-threshold signals are not ampli�ed at6/12
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Figure 2: For a small-world neighbourhood network, we plot the response R as a fun
tion ofdiversity, σ, and the rewiring probability p. It is apparent that, regardless the exa
t networktopology, the e�e
t of diversity-indu
ed resonan
e appears in the system, showing the existen
eof an optimum syn
hronisation between the external signal and the global dynami
s of thesystem. The signal has an intensity A = 5 × 10−3 and frequen
y Ω = 2π/1024. The system sizeis N = 103. The initial network is a one-dimensional one with k = 3, i.e. before rewiring, ea
hsite is 
onne
ted to its six nearest neighbours.all, and the response of the system monotoni
ally de
reases with diversity. This trait wasfound in diversity-indu
ed resonan
e in bistable systems [12℄, but is also 
ommonly foundin systems exhibiting sto
hasti
 resonan
e [4℄ with respe
t to noise intensity. Also, in thesame panel, it 
an be seen that larger (but still sub-threshold) signal amplitudes, lead tolower optimal diversity values. In panel (b) of �gure 3 we plot the dependen
e of the systemresponse R with respe
t to the signal frequen
y Ω. As shown, the larger the frequen
y, thelower the response of the system. In this dis
rete model, this is be
ause slower signals allowunits with a given bias more akin to adopt its favoured opinion.4 Analyti
al approa
hWe now present a mean-�eld like theory that 
an explain the observed features. The deriva-tion follows the lines of [28℄. Sin
e the opinion 
hanges at ea
h time by the modi�
ation ofa single variable, we 
an write the following exa
t relation for the ensemble average m(t):
Nm(t + dt) = Nm(t) + 〈µi(t + dt) − µi(t)|{µ(t)}〉 (6)7/12
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Figure 3: We 
ompare the theoreti
al predi
tion of the system response (see inline text for details)with numeri
al simulations in fully-
onne
ted networks. In panel (a) ea
h symbol represents theresponse R, as a fun
tion of diversity σ for di�erent values of signal intensity: A = 0.01 (•),
A = 0.05 (�), A = 0.10 (⋄) and A = 0.60 (△). The full lines 
orrespond to the analyti
alpredi
tion. The other parameters are: N = 104, Ω = 2π/1024 and α = 0.1. Panel (b) shows thespe
tral ampli�
ation fa
tor as a fun
tion of signal frequen
y, Ω for two di�erent values of thesignal intensity: A = 0.05 (•) and A = 0.1 (�). The solid lines stand for the theoreti
al results.The other parameters are σ = 0.85, α = 0.1 and N = 104.where {µ(t)} = (µ1(t), . . . , µN(t)) denotes the parti
ular realisation of the µi variables and

〈. . . | . . .〉 denotes a 
onditional ensemble average. By identifying dt = 1/N and rearrangingwe get:
dm(t)

dt
= −m + 〈µi(t + dt)|{µ(t)}〉 (7)The average term in the right-hand side 
an be 
omputed using the 
ontribution from thebiased majority rule, Eq. (2) whi
h a
ts with probability 1−|f(t)| (we de�ne f(t) = A sin(Ωt))and the 
ontribution of the external for
ing, Eq. (3) whi
h a
ts with probability |f(t)|. Inthe spirit of the mean-�eld approximation we repla
e in Eq. (2) the average opinion of theneighbourhood n(i) by the global average opinion m(t). This yields:

〈µi(t + dt)|{µ(t)}〉 = (1 − |f(t)|) 〈sign (m(t) + θi) |{µ(t)}〉+
|f(t)|〈sign (f(t) + αθi) |{µ(t)}〉 (8)8/12
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e in a model for opinion formationsubmittedBoth mean values 
an now be easily evaluated:
〈sign(m(t) + θi)〉 = Prob(θi > −m(t)) − Prob(θi < −m(t))

= Ĝ(m(t)). (9)Here, Ĝ(θ) = 1− 2G(−θ), where G(θ) is the 
umulative probability fun
tion of the distribu-tion of preferen
es g(θ). In the same way, the 
ontribution of the external signal to equation(8) is
〈sign(f(t) + α θi)〉 = Ĝ(f(t)/α). (10)Adding up those 
ontributions we get a 
losed evolution equation for the average opinion

m(t):
dm(t)

dt
= −m + |f(t)| Ĝ (f(t)/α) + (1 − |f(t)|) Ĝ(m). (11)This equation 
an be written as a relaxational dynami
s [30℄ in a time-dependent potential

dm(t)

dt
= −∂V (m, t)

∂m
. (12)It is easy now to see the e�e
t that the diversity has on the dynami
s of the global variable.For the sake of 
on
reteness, we 
onsider that the preferen
es follow a Gaussian distributionof zero mean and varian
e σ2, but similar results hold for other distributions. In this 
ase,

Ĝ(θ) = erf(θ/σ
√

2), being erf(x) the error fun
tion [31℄. Consider �rst the non-for
ed 
ase,
f(t) = 0. The potential is:

V (m) =
m2

2
− m erf

(

m

σ
√

2

)

− σ

√

2

π
e−m2/2σ2

. (13)This potential is bistable when σ = 0. As σ in
reases, the two minima of the potentialget 
loser to ea
h other and the barrier between them de
reases until at the 
riti
al value
σc =

√

2/π the potential be
omes monostable, as 
an be seen in �gure 4. This shows theexisten
e of a phase transition between 
onsensus and non-
onsensus states. The e�e
t of theexternal �eld now is easily understood as a periodi
 lowering and rising of the two potentialwells. For small σ, the barrier separating the two stable points is large and the e�e
t of the�eld is that of making the global variable m(t) os
illate around one of the equilibrium points.As σ in
reases, the barrier lowers and it is possible to indu
e transitions between the twostable states. When σ in
reases even further, the potential be
omes monostable and againthe e�e
t of the for
ing is that of produ
ing small os
illations, this time around the onlyequilibrium point. This ma
ros
opi
 me
hanism is similar to the one found in [12℄,We 
an now integrate numeri
ally equation 11 to obtain the time evolution of m(t) and
ompute the spe
tral ampli�
ation fa
tor (
f. Eq. 5) for a given set of parameters. In bothpanels of �gure 3, we display with lines this theoreti
al predi
tion. As expe
ted from a mean-�eld type theory, there is a good agreement with the numeri
al results of the fully 
onne
tednetwork.
9/12



Claudio J. Tessone and Raúl Toral:Diversity-indu
ed resonan
e in a model for opinion formationsubmitted

-3 -2 -1 0 1 2 3
m

-1

0

1

V(m)

Figure 4: E�e
tive potential (
f. Eq. 13) de�ning the relaxational dynami
s of the average opinionfor di�erent values of diversity: σ = 0, 0.5, 0.7979, and 1 (respe
tively, from top to bottom asfound at the verti
al line m = 0).5 Con
lusionsWe have analysed theoreti
ally and numeri
ally a model for opinion formation. The modelhas many points in 
ommon with random �eld Ising models used to study phase transitionsin statisti
al me
hani
s. It in
orporates two basi
 ingredients for the evolution of the opinionheld by an individual: so
ial pressure and the e�e
t of advertising (modelled as an os
illatingin�uen
e a
ting over all the individuals). The model also 
onsiders that every individualhas an intrinsi
 preferen
e for one or the other option. We have shown that an optimalsyn
hronisation of the average opinion with respe
t to the external signal 
an be a
hievedif the population shows some degree of diversity in the preferred opinions. We have alsoshown that the results are robust against the exa
t topology of the network used to modelthe neighbourhood of the individuals, and that the results hold for in
reasingly large systemsizes. We have given explanations for this resonan
e both from the point of view of theindividual responses to the external in�uen
e or by looking and the average global variablewithin a mean-�eld approa
h.From the point of view of the so
ial dynami
s, our results imply that an external message
an propagate better in a so
iety if there is some degree of diversity in the individual pref-eren
es. These results 
an also be interpreted in the 
ontext of population dynami
s wherethe external signal stands for a 
hanging environment [32, 33℄. The value of the diversityparameter spe
i�es to whi
h external 
ondition an individual is best �tted to. In this setting,the response is dire
tly related to the average �tting of the population. Within this interpre-tation, the results reported in this paper imply that intermediate values of diversity 
ause abetter �t of the population to the 
hanging environment.A
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