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Multiphoton multimode polarization entanglement in parametric down-conversion
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We study the quantum properties of the polarization of the light produced in type-1l spontaneous parametric
down-conversion in the framework of a multimode model valid in any gain regime. We show that the micro-
scopic polarization entanglement of photon pairs survives in the high gain régioiéphoton regimg in the
form of nonclassical correlation @fll the Stokes operators describing polarization degrees of freedom.
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[. INTRODUCTION measured from symmetric portions of the beam cross section
in the far-field zone. In the regions where the two down-

The quantum properties of light polarization have beerconversion cones intersect we find that all the Stokes opera-
widely studied in the regime of single-photon counts. Intors are correlated at the quantum level. Although the light is
comparison, only recently there has been a rise in interestompletely unpolarized and Stokes operators are very noisy,
towards the quantum properties of the polarization of mac@ measurement of a Stokes parameter in one of these regions
roscopic ||ght beam$1_4], main'y due to their potentia' in any polarization basis determines the value of the Stokes
applications to the field of quantum information with con- Parameter in the symmetric region within an uncertainty
tinuous variables and to the possibility of mapping the quanmuch below the standard quantum limit.
tum state from light to atomic medif6]. A well-known A continuous variable polarization entanglement, in the
source of polarization-entangled photons is parametriéorm of quantum correlation between Stokes operators of
down-conversion in a type-Il crystal. Here, a pump field attwo light beams, has been recently demonstra8ddin this
high frequency is partially converted into two fields at lower Work the entanglement is of macroscopic nature, and spatial
frequency, distinguished by their polarizations. Due to spatiafiegrees of freedom do not play any role since the beams are
walk-off in the crystal, the two emission cones are slightlySingle mode. Continuous variable polarization entanglement
displaced one with respect to the other, and the far-field inwhich takes into account spatial degrees of freedom of light
tensity distribution has the shape of two rings, whose center@eéams is described in R¢fL0], where we study the proper-
are displaced along the walk-off direction, as, e.g., shown byies of the light emitted by a type-Il optical parametric oscil-
Fig. 1. The two regions where the far-field rings intersectlator below threshold.
have a very special role. In the regime where single pairs of The analysis of this paper is rather focused on providing a
atoms are detected, the polarization of a photon detected #ridge between the microscopic and the macroscopic do-
one of these regions is completely undetermined. Howevefhain, since our model is able to describe the polarization
once the polarization of one photon has been measured, tfftanglement in parametric down-conversion with a continu-
polarization of the other photon, which propagates at theus passage from the regime of production of single pairs of
symmetric position, is exactly determined. In other words Photons to the regime of high down-conversion efficiency.
when considering photodetection from these regions, the Besides its fundamental interest, we believe that the form
two-photon state can be described as the ideal polarizatiofff entanglement described in this work can be quite promis-
entangled stat6]. Photons produced by this process haveind for new quantum information schemes, due to the in-
become an essential ingredient in many implementations dfréased number of degrees of freedom in gfayoton num-
guantum information schemeésee, e.g., Ref47,8]).

The question that we address in this paper is whether the ordinary - extraordinary
microscopic photon polarization entanglement leaves any X(2) emission cones
trace in the regime of high parametric down-conversion ef- ‘
ficiency, where the number of down-converted photons can
be rather largé9], and in which form.

To this end parametric down-conversion is described in
the framework of a multimode model, valid for any gain
regime, which includes typical effects present in a realistic
crystal, as diffraction and spatiotemporal walk-off. Quantum-
optical polarization properties of the down-converted light
are described within the formalism of Stokes operators.
These operators obey angular momentumlike commutation
rules, and the associated observables are in general noncom-
patible. We define a local version of Stokes operators and FIG. 1. Parametric down-conversion from a type-ll crystal
study the quantum correlation between Stokes operatorshowing the two down-conversion cones at degeneracy.
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ber, polarization, frequency, and spatial degrees of fregdom=w,. In the following, we shall assume degenerate phase

and is well inserted in the recent trend toward entangled stat@atching, so thaib,= w.= wy/2. It is convenient to subtract

of increasing complexitysee, e.g., Ref.11], where a four- from the field operators the fast variation alomgarising

photon polarization-entangled state is charactejized from linear propagation inside the birefringent crystal. We
The paper is organized as follows. Section Il describes thevrite

model for spontaneous parametric down-conversion, in terms . R R L

of propagation equations for field operators. Similar models Ai(z,9,Q)=exdik;,(q,Q)z]a(z,q,Q), 2

are known in literaturgsee, e.g., Refl12] and references

quoted thereip but besides presenting it in a systematic way,where ki,(q,Q) = \/kf(ﬁ,wi+9) —q? is the projection of

we include all the relevant features of propagation through @, wave vector along thedirection, Withki(ﬁ,wi +Q) be-

nonlinear crystal and provide a precise link with the empiri-ing the wave number of thigh wave. In the absence of any
cal parameters of real crystals. Section Ill is devoted to thg, niinear interaction. we would have

description of the quantum polarization properties of the

down-converted light. Stokes operators’ definition and prop- d. .

erties are briefly reviewed in Sec. Ill A. In Sec. Il B we 3A1(29.0)=0, ()]
generalize this definition to a local measurement in the beam
far-field plane and introduce the spatial correlation function
of interest. Analytical and numerical results for the degree o
correlation of the various Stokes parameters detected frma-a For the pump wave, we assume that the intense laser
symmetric portions of the beam cross section are present Iée is undepleted by tr{e down-conversion process, so that
in Secs. Il C and Il D, both in the case when a narrow= '

frequency filter is employetSec. Il D 1) and when the filter  2p(Z:0,2)=2,(2=0,,0). Moreover, we assume that the
is broadbandSec. 11l D 2. Section IV provides an alterna- PUMP iS an intense coherent beam and the operator can be

tive description of the system and of its polarization correlareplaced by its classical mean valug(q,Q). i
tions in the framework of the quantum-state formalism. Sec- For the signal and idler beams, the variationapopera-

g. (2) with a;(z,q,Q)=2a;(z=04,Q) being the forward
olution of Maxwell wave equation in linear dispersive me-

tion V finally concludes. tors alongz is only due to the nonlinear term, proportional to
the x(®) material second-order susceptibility. This is usually
Il. AMULTIMODE MODEL FOR TYPE-Il PARAMETRIC very small, so tha; are slowly varying along. This allows
DOWN-CONVERSION us to neglect the second-order derivative with respeetiho

the wave equation. Hence the resulting propagation equation

takes the forn(see also Ref.13] for more details, and Ref.
The starting point of our analysis is an equation describ{14] for an alternative derivation

ing the propagation of the three wavésignal, idler, and

A. Field propagation

pump inside a nonlineax(® crystal. We consider a crystal d. . - , - o ,

slab of length ., ideally infinite in the transverse directions, d—zai(z,q,Q)z)(J’ dq f d@’ay(q+q".Q+07)

cut for type-1l quasicollinear phase matching. In the frame- A .

work of the slowly varying envelope approximation the xa}‘(z,ﬁ’,Q’)e‘mij(q'q'?ﬂ’ﬂ')z"c,
electric-field operator associated with the three waves is de-

scribed by means of three quasimonochromatic wave pack- i#j=o0,e, (4

ets. We take the axis as the laser pump mean propagation
direction (Fig. 1), and indicate withx=(x,y) the position ~Wherey is a parameter proportional to the second-order sus-

coordinates in a generic transverse plaﬁé.*)(z,i,t), i ceptibilit of the medium, and
=o0,e,p designate the positive frequency part of the field W N 2 2
operator(with dimensions of a photon annihilation operator Aij(9.9%0,07) =lcki(9,0) +ki,(a", Q")

associated with the ordinaryi €0, the “signal”) and ex- —K (ﬁﬂi' Q+0")] (5)
traordinary (=e, the “idler”) polarization components of bz '

the down-converted beam, anid(p the “pump”) the high- s the phase-mismatch functi¢as]. Equation(4) describes
frequency laser beam activating the down-conversion prog|| the possible microscopic processes through which a pump
cess. Next we introduce their Fourier transform in time anchhoton of frequencys,+Q+Q’, propagating in the direc-

in the transverse domain: tion ﬁ+ﬁ’, is annihilated at positiominside the crystal, and
dx dt o gives rise to a signal and an idler photon, with fregliencies
Ai(z,ﬁ,ﬂ)zf—f —— e A X (T ME) (7 1), wpl2+Q, w,/2+Q', and transverse wave vectogsq’,
2 \/Z with an overall conservation of energy and transverse mo-
mentum. The effectiveness of each process is weighted by
i=o0,e,p. (1) the phase-mismatch functi@b), which accounts for conser-
R vation of the longitudinal momentum. In the limit of an in-
Hereq is the transverse component of the wave vector andinitely long crystal, where longitudinal radiation momentum
Q represents the frequency offset from the carriegs- .  has to be conserved, only those processes for whjck O
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are allowed. For a finite crystal, however, the phase- [A@n(a Q) Ai_n(a/ a)]=6 ~5(&—&’)5(Q—Q’)

matching function has finite bandwidths, sgyin the trans- P = ’

verse domain anfl, in the frequency domain. i,j=o0,e (12
Equation(4) couples all the signal and idler spatial and

temporal frequencies within the angular bandwidth of theare preserved from the input to the output, it can be easily

pump 69~ 1w, , with w, being the pump beam waist, and shown that the complex coefficients of transformatiaa)

within the pump temporal spectrud{)~1/7,, wherer, is  need to satisfy the following conditions:

the pump pulse duration. In general, no analytical solution is

available and one has to resort to numerical methods in order |Ui(9,Q)|2=|Vi(q,Q)|>=1 (i=o0,e), (13
to calculate the quantities of interest, as described in Ref.
[13]. Uo(d,2)Ve(—6, = 0)=Vo(q.Q)Ue(—G,— Q). (14

A limit where analytical results can be obtained is that of
a pump waist and a pump duration large enough, so thaBy taking the modulus of the second relation and making use
00<<(qg, 602<(. In this case the pump beam can be ap-of the first two ones, the complex equatigi®) can be writ-

proximated by a plane wave ten as two equivalent real equations:
ap(d+q,Q+ Q)= apd(d+q)sQ+Q").  (6) IVo(A,)[?=|Ve(—a,— )%, (15
Equation(4) reduces to ard Uo(0,Q)Ve(—0,~ Q) ]=ard Vo(q,Q)U(—q,~ Q)]

=24(q,Q). (16)

With this in mind, the coefficients of transformati¢hl) can
be recasted in the form

d 5 -> . >
ch—zao(Z,q,Q):a-al(z,—q,—Q)e*IA(q,Q)an,

d N R -
l.—au(z,—q,—Q)=0cal(z,q,Q)e 2@aD)Zlc (7 . . - . . o
egz el BT 4T ) 0R(2,0.0) " Uo(0,Q2)=U(q,Q)e' @D v (q,0)=V(q,Q)e @D,

whereo=I.xa, is a linear gain parameter, and Ue(G,Q)=U(—q —Q)ei¢-a.-9)
A(Q,Q)=1dko(q,Q) tked =0, = Q) —ky] (8 Vo(G,Q)=V(—G,—Q)e i #(-a-2), (17)

is the phase mismatch of a couple of ordinary and extraordiwith
nary waves propagating with symmetric transverse wave

vectorsq and —g, and with frequencieso,/2+Q, /2 U(g,Q)=coshr(g,Q)e “aDgi #a.0),
Q.
Solution of the propagation equatiéf) is found in terms V(g,Q)=sinhr(g,Q)e "dMe-i0@.), (18)

of the field distributions at the input face of the crystal. Com-

ing back to the field operators defined by Et), we define \yhere r(q,0),¢(q,Q),4(q,Q),6(q,Q), are independent

the field operators at the input and output faces of the crysta}leal functions ofﬁ QO
slab as e

We outline that the form of transformatidil), together
~in, 2 . R with the unitarity requirementgl3) and (14), is enough to
Ai'(0,Q)=ai(z=04,02), (9 derive the general form of the results presented in this paper.
In the following, we shall present results for a specific de-
A%U(q,0)=a,(z=1.,0,Q)exdiki,(q,Q)l.]. (10) vice, namely traveling-wave parametric down-conversion,
and we shall take as an example the case of a BBO
By solving Eq.(7) the transformation from the input to the (betabarium-boratg crystal. However, a similar investiga-
output operators is found in the form of a two-mode squeeztion can be carried out for any device characterized by an
ing transformation: input/ouput transformation of forr(l1). The case of type-ll
parametric down-conversion inside an optical resonator is for
Aout, = )y _ S VAN S O)VATInG 5 example investigated in Rf10].
Ao(0. )= UolA. A (0 2)+ VoA, D) AT(— .~ 1), More insight into the problem is gained by looking at the
A;’“t(q,Q)zUe(q,Q)A'en(q,Q)+Ve(q,Q)A£'”(—q,—Q), explicit solution of the propagation equati¢r). We obtain
11 . _ .
) ) U(q,Q)ze'(kp'c’2)| coshil'(q,Q)]
linking only symmetric modes,() and—q,—( in the sig-

nal and idler beamssee, e.g., Ref.12] for a similar trans- AGG.Q
formation in the type-l caself we require that free space +i (q—j)sinr[F(ﬁ,Q)] , (19
commutation relations 2I'(q,Q)
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R _ o ) with A=4mc/w, being the wavelength in vacuum at the
V(q,0)=e'klcD ——sinHT'(q,0)], (200 carrier frequencyw,/2, andne,n, the ordinary and extraor-
I'(q,Q) dinary refraction indices inside the crystal at the carrier fre-
| quency. This parameter defines the typical bandwidth of
Sy . > oy 2 phase matching in the transvergspace domain. Its inverse
e(a.) 2 [Koel A1) —ked — 0, = V)], 2Y) I .on=1/qo Will be referred to as theoherence length
with

le ¢

Tcoh™ o7 "o (27)

. A%(q,Q vg v
r(q,Q)zx/az—(%), (22) v

with v'g being the group velocities of the two waves, is the
- , . ) i difference between the time taken by the signal and idler
andA(q,€) is the phase-mismatch function defined by Eq.wave packets to cross the crystal. This defines the typical
(8). scale of variation of gain functions in the temporal domain
for type-Il phase matching, and it will be referred to as the
B. Phase-matching curves amplifier coherence timefinally

The gain functiong19) and (20) reach their maximum
value for phase-matched modes, that is, the modes for which :<

A(q,Q)=0. By assuming the validity of the paraxial and

slowly varying envelope approximations, the longitudinal ) )

wave-vector componentk,(d,Q) can be expanded in is a dimensionless parameter that depends on the temporal
1Z 1

} - ) i dispersion properties of the signal and idler pul&gpically
power series of,{). By keeping only the leading terms we e<1).

+
dQ?  do?

d%k, dZk,)| |
0 e) Cc (28)

2
Tcoh

obtain The equatiom(q,Q)=0 defines in the 4x.qy) plane a
1 1 d2k. dk 9 circumference, centered at the position
kiZ(4,Q)~ki+ —Q+ - ——0%+ —q,— =—, i=0,e.
’ | Ulg 2 do? dqy b2k ax=0, qyzqcz%quelc (29
(23

) and with radius given by
The first term at on the right-hand sidens) is k;=n;(w; ,q

=0)w,/c, with n; being the index of refraction at the carrier q(z: 1 5
frequency of an ordinaryextraordinary wave propagating Gr=0do \/ Aot — T Q7cont 5 €(Qreon)”.  (30)
along z direction. The second term (u]'E{)Q=(dki/dQ)Q o

accounts for the fact that ithe three wave packets move Withyis corresponds to the phase-matched modes for the signal
different group velocities). The third term describes the (grdinary wave. Phase-matched modes for the idler wave,
effects of temporal d|spers_|0n. I_n wrmng the fourth term, We emitted at the frequency Q, lie on the symmetric circum-
assumed that the crystal is uniaxial and the crystal opticajerence.

axis Iies_in thez-y plane. This term is present only for the Figure 2 plots an example of these phase-matching
extraordinary waves, andk;/dqy,=—p; where p; is the  gjrcles, in the form of polar plot, witl being the polar angle

walk-off angle of the wave. Finally, the last term describesfom the pump directionZ axis outside the crystal ane

the effects of diffraction for a paraxial wave. the azimuthal angle around Parameters are those of a
With this in mind, the phase-matching function can bep_mm-long BBO crystal, cut for degenerate phase matching
written in the form at 49.6°, for a pump wavelength of 351 nm. They have been

calculated with the help of empirical Sellmeier formulas for
refraction indices in Ref[16]. In the degenerate case, for a
signal and idler wavelength of 702 nm, the relevant param-
(24)  eters are as follows: idletextraordinary wave walk-off
angle p,=4.06°; Ay=16.137; qu=0.0853um™, with a
where transverse coherence lendthy~11.7 um; 7.,,~0.44 ps;
e=1.7x10"3. With the exception of\,, which varies rather
Ap= (Kot ke=kp)l¢ (25 rapidly even for small variations of refraction indices, all the
other parameters vary rather slowly with the pump angle and
. signal-idler wavelengths, so that the above numbers give the
ht9pical order of magnitude of the parameters of a BBO crys-
tal of this length.
T kK Pr—— For comparison, superjmposed to the curves calculated by
do= \/_ e o jZf e o (26) means of Eq.(24), the figure shows the “exact” phase-
le 2Keko M 2neng matching curves, calculated with the method described in

2
- q 1
A(q,Q)=Ag+ pel Ay~ ?—’_QTcoh"" EE(QTcoh)za
0

along the longitudinal direction
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) signdl, idler (approximte) S=alaytalay=alds—al A (33
6 (deg) ¢lded) o x  signdl, idler (NIST)
B 330 30

S;=-i(alay-ajan)=arar—ala,, (34
300 whereays,a_ 45 denote annihilation operators on the oblique
polarization basis, andg,a, are annihilation operators on
the circular right and circular left polarization basis. The first
two operators represent, respectively, the sum and differ-
ences of photon numbers in the vertical/horizontal polariza-

PRt B Ve tion basis. OperatorS, andS; are the differences of photon

240 / numbers in the oblique and circular polarization basis, re-
3 spectively. All these observables can be measured by means

of a polarizing beam splitter and quarter- and half-wave

plates, as, e.g., described in REE9]. However, while op-

eratorS, commutes with all the others, the remaining three

FIG. 2. Polar plot of phase-matching curves in a BBO crystal.do not:
Comparison of the approximated formula4) with the “exact”
hase-matching formula, calculated with the method in & & 1_nié& & &1_n& & & 1_né&

?NIST). 0is thg polar angle from the pump direction of p%;]aga- [S1:%]1=21Ss, [%,%]=21S1, [$5,81]=21S,.

tion, ¢ is the azimuthal anglehgignai=Nigier="702 NM. Qyump (39

=351 nm), and the pump propagates at an angle of 49.6° from th¢he set of Stokes operators has angular-momentum-like

crystal optical axis. Signdbrdinary curves are in the upper half of ¢,y mytation relation, and the associated observables are in

the plot, idler(extraordinary in the lower half. general noncompatible. The quantum state of a light beam

cannot be anymore visualized as a point on the Poincare

sphere, since quantum noise introduces a minimum uncer-

tainty in the values of the Stokes parameter. Polarization

squeezed states, whose uncertainty can be represented by an

ellipsoid (see, e.g., Ref2]), have been recently realiz¢d].

04 270

Ref. [17], by means of a public domain numerical routine
available in Ref[18]. The plots show a rather good agree-
ment, in any case within the error implicit in the use of
empirical Sellmeier formulas.

Ill. POLARIZATION CORRELATION: QUANTUM-FIELD o i )
FORMALISM B. Stokes operator correlation in the far field of parametric

down-conversion

A. Stokes operators: definition and properties - . .
P th propert The main idea of this paper is to study the quantum cor-

Quantum-optical polarization properties of light are con-relation between Stokes operators measured from symmetric
veniently described within the formalism of Stokes opera-portions of the far-field beam cross section. To this end, we

tors, which represent the quantum counterparts of the Stokesnsider a measurement of the Stokes operators over a small

vectors of classical optics. The polarization state of a classizggion D()Z) centered around a positioﬁ in the far-field

cal beam can be described by means of a Stokes vector, angne of the down-converted field, and over a detection time

of its associated Poincasphere. Stokes vectors pointing on (typically T is much larger than the crystal coherence

the equator of the sphere represent linearly polarized light; ifime):

the vector points in the positii@egative direction ofS; the

light is horizontally(vertically) polarized, while theS, direc- P IR

tion identifies light polarized at 45°«45°). TheS; direc- Si(x)= det'fD(i)dX,Ui(X"t')’ (36)

tion corresponds to circularlfright and lefy polarized light.

A fourth parametefS, is the total beam intensity, and gives

the radius of the Poincargphere. For a polarized beaﬁﬁ

+S2+S3=S}, so that the polarization state is represented by T, =AT(X, DA, (X,1) + Al (X, ) Ay(X,1) (37)

a point on the sphere surface. o S e
In the quantum-mechanical description of light polariza-

tion, Stokes parameters are replaced by a set of four Stokes

operators. For a single mode of an electromagnetic field, they

where

o (%) =Al (X, DAX,1) —AL(X,HAL(X,1), (39

are defined in terms of the photon annihilation operators for (%) =Al(X, DAL, D) +ALX,DAL(X,), (39

a vertical and a horizontal linear polarization maaje,ay ,

as oa(X, )= —i[Al(X,)Ad(x,t) — Al (X,H) A(X,1)]. (40)
So=ajau+aay, (8D A, denotes the field operator for the ordinary/extraordinary
o polarized beam in the far-field plane, which can be observed
Sl:alJ[laH_a:r/aV! (32 in the focal plane of a lens, placed as shown in Fig. 3.
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L FAR
FIELD
BBO 1
N2 @45 BBO 2 :
: FIG. 3. Schematic setup for a measurement in
PUMP ! : ; }
' the far-field plane with a compensation crystal.
‘ Z > BBO1, down-conversion crystal of length ;
. N2@45 half-wave plate rotates polarization by
. 90°; BBO2, compensation crystal of lendth, L
«—> P ' lens of focal lengtH.
lC IC
< ; » < f >
By using the free field commutation relatiof2), it can  following that the detection time is much larger than the
be easily shown that crystal coherence time. Under this assumption
[5100),5:(01=2i85(x),  [5(x),5:(x)]1=2i8,(x), L Terg i )
o o <6Si(x)5Sj(x’)>—>Tf _dx f ., dxq
[S3(x),S1(x)]=2iS,(%), (41) P D0)

while operators measured from differéanhd not connectedy %G”(Xl’xl (1=0). .(47)
detection pixels commute. When a lens of focal lengthis placed at a focal distance

In the following, we shall consider Stokes operator corre-oth from the crystal output plane and the observation plane
lation functions of the form (see Fig. 3, the field operators in the far-field plane are con-
nected to those at the crystal output by the usual mapping

(85(0)88,(X))=(5()F (X))~ (FENEE) [20]
(i,j=0,...,3. (42 R (a Y )
A(x,Q)= —A"" q=—-,0], (48
A useful tool for calculation is the correlation functions of

the Stokes operator densiti€37)—(40):
wheref is the focal length of the lens used to image the

Gij(f,i’;7)=<&i(>z.t+ T)(}j(i’,t»_(&i()Z,H 7)) far-field plane and\; is the wavelengthin vacuun) at the
o frequencyw,/2+ ().
X(oj(x",1)). (43 Since the light statistics is Gaussiéhe output operators

are obtained by a linear transformation acting on input
In the continous-wave pump regime the system is stationaryacuum field operatoysall expectation values and correla-
in time and the correlation functiortd3) depend only on the  tjon functions of interest can be calculated by making use of
time delay 7. Spectral densities of these functions can bethe second-order moments of field operators. These can be

introduced as easily calculated in the far-field plane by assuming that the
down-converted field operators at the input crystal face are in
éij()zi)?;ﬂ): f dreiQTGij(i,i’;r). (44) the vacuum state and by using t.h(.a input/output relatiths
together with Eq(48), thus obtaining
Their relation with the correlation functions of the measured T Lo . 5
Stokes operatof4?) is given by (AT (X, Q)A(X",Q"))= 6 j6(x—x") 8(Q—Q")[Vi(x,Q)[%,
(49

A A . . T2 T
<5S(x)58j(x’))=fD i dxlf 5 dxif dQZ_SInCZ(QE)
(x) D(x")

w I A A
A QA (X, Q)=—2(1-6 )| x—+X’
~ - - ] )\ 'J )\
X Gijj(Xg,X1;02). (45) i i
We notice that X 6(Q+Q")U(x,Q)
Y
T T XV, —x—J,—Q) i,j=o0,e).
|im—sinc2((z—)=5(9), (46) i (j=o.e)
T2 2

(50

and that this function acts under the integral as a frequency
filter with bandwidthAQ =27/T. We shall assume in the In this formula
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. B a_Q27T R _ a_a27'r o e T - dQ >, ) - )
U= G40 R =V G=5r.0 ), <so<x>>——fD®dx | SV )+ e 012

Dgr 2
(51) (54)
; : : . - T - [dQ - -

whereU; ,V; are are the gain functions defined by E@s/)— (5,(x)) = _J dx’f — V(X Q) 2— [ Va(x", Q)|2]
(22). Notice the presence of the nonzero “anomalous” DrJp(x 2wt e '
propagator described by E(O0), a term which is character- (55
istic of processes where particles are created in pairs. In or- . o
der to simplify the notation, in the following we shall con- (S2(x))=(S3(x))=0. (56)
sider the casé)l<w,/2, and takeA,=A=A=2\,. In a
real experimental implementation, however, the validity of C. Correlation in Stokes operatorsS; ,S,

such an approximation should be carefully checked when not
using narrow frequency filters; twin photons produced at dlf_and the difference, respectively, between the number of or-

ferent wavelengthge Ao, and traveling with symmetria,  inary and extraordinary phototisay horizontally and ver-

—( transverse wave vectors are actually propagating at difically polarized photonsmeasured from a detection pixel in
ferent angles from the pump and will be intercepted in the fathe far-field plane:

field at two slightly different radial positions.

The first and second Stokes operators represent the sum

The fact that the field spatial correlations are perfectly Sp(X) = Ny(X) + Ng(X), (57)
localized in the far fieldthe Diracs form of the correlation
peak is a consequence of the translational symmetry of the 5,(x)=Ny(X) — Ng(X). (58

model in the transverse plaifglane-wave pump and a crys-
tal slab infinite in the transverse directjorA trivial formal ~ The plane-wave pump model predicts that the number of
fault is that the far-field mean intensity of the down- ordinary and extraordinary photons collected from any two
converted beams diverges as a consequence of the infinisgmmetric portions of the far-field plane are perfectly corre-
energy of a plane-wave pump. This artificial divergence canated observablg 3,21]. This result is a direct consequence
be formally eliminated with the trick used in Ref21,22, of pairwise emission of photons with horizont@rdinary)
where a finite-size pupil was inserted at the output face of thend vertical (extraordinary polarizations, propagating in
crystal. The spatial Diraé-functions in Eqs(49) and(50)  symmetric directions, as required by transverse light momen-
are substituted by a finite version, and a typical resolutiortum conservation. Hence, this model predicts an ideally per-
area, proportional to the diffraction spot of the pupil in thefect correlation, both betweey(x),S,(—X), and between
far-field plane, is mtrqdu_ced_ln the scheme. 2For a pupil Ofél(f),—él(—i) for any choice of the positior in the far
transverse are&p, this is given byDr=(\f)“/Sp. The i ) PR P
typical scale of variation of the gain functior§1) in the field [notice thatSy(x) commutes withS(x")]. .

In a more sophisticated numerical mo@l&8], it is readily

far-field plane is
P seen that the finite width of the pump profile introduces an
uncertainty in the directions of propagation of the down-
_ ﬂ converted photons. As described by the propagation equation
Xo=do5 - (52 _ ) RO .

™ (4), when ano photon is emitted in direction, its twin e

photon is emitted in the directio&ﬁ within an uncertainty
WhenX, is much larger than the resolution ar@a, equiva-  5q=2/w,, which is the bandwidth of the pump spatial Fou-

lently, when the pupil size is much larger than the amplifierrier transform. A photon number correlation well beyond the
coherence lengihthe mean photon number distribution in shot-noise level is recovered when photons are collected

the far-field plane is given by from regions larger than a resolution area
f 2
PR - Ap s Ao ~ R 2 2
<Ni(x)>=J )dx’J’ dt(Al(x", ) Ai(X’,1)) Dr w( o5 —| =) (mwp).
D(x) T

T do In the limit of a small resolution area, long but straight-
~—— d;(’J — V(X" Q)% (53)  forward calculationg23] show that
DrJb 2m
- - 1 I -

When the finite size of the pump is taken into account in a Goo(X,x";Q2) = D—R[5(X—X JF1(X,€2)
numerical mode[13], it is easily seen that the resolution .. .
area is rather given in terms of the spot size of the pump as +o(X+X")Fa(x,Q)], (59
it is imaged in the far-field plane. For a Gaussian pump of
waistw,, Dp~(Nf)%/(7w}). = iz Lol o UL -

In this limit of small resolution area, the mean value of S0 X ()= DR[5(X XDF2(X, ) = 8(x+x)Fa(x, )]
Stokes operators is given by (60
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with position. For what concerns time, typical detection times are
much longer than the coherence time, since in a few milli-
meter type-ll crystalr.,,~1 ps. In space, we can assume
that for a given down-conversion frequency the typical width
X, of the down-conversion rings in the far-field is propor-

- dw - -
Fl(XiQ) = f E{|V0(X,w)uo(x,w+ﬂ)|2

+[Ve(X, 0)Ue(X, 0+ Q)[2}, (61)  tional to the emission bandwidth mmspaceX,~qo\f. The
q plane-wave pump results described above hold in the limit
> w > > - i i
F(X,0)= f U ) UE (X, 0— Q) Ve — X, — @) Wherezthe resozlutzlon area is rznuch smgller tm%n We have
21 that Xg/Dr~doWp=(Wp/lcop)? and sincel on=10 um,

- - - this limit can be easily achieved with a realistic pump size
X Ve (=X, =0+ Q) +Ue(X, 0)Us (X, 0= Q) (see Ref[13] for more detail

XVo(=X,=0)Vp (=X, —w+ D)} 62 D. Correlation in Stokes operatorsS,,S;

The correlation functions have two peaks; the first one, lo-  Quite different is the situation for the other two Stokes
cated atx’ =x, accounts for the noise in the measurement ofoperatorsS,,S;, which involve measurements of the photon
Stokes parameter from a single pixel. The second one iaumber in a polarization basis different from the ordinary
located atx’ = —x and accounts for correlatio@nticorrela- ~and extraordinary ones of the crystal, namely in the oblique
tion) between measurements performed over symmetric pixand circular polarization basis.

els. By taking into account the unitarity relatios3) and Calculations along the same lines of those performed for
(15), it can be immediately noticed that wh&€h=0 (corre-  the first two Stokes operators show that also in this case the

sponding to long detection tim)a§1(§,0)= F2(§,0), and the correlation functions display two peaks, one representing the

two correlation function peaks have the same size. This reglCis€ associated with the measurement over a single pixel,

resents the maximum amount of correlation allowed byiN€ other the correlation between symmetric pixels:
Schwarz inequality, which requires that

(85(%) 8S(— X)) <[(85(x) 85, (X))( 8Si(— X)

Goa(X,X';02)=Gag(x,x';Q) (67)

:Di[a(i—i')Hl(i,Q)Jr S(X+xX")Hy(x,0)]
R

X 85 (—x))]H2 (63)
R (68)
In our case, assuming twgrsmetric detection pixel® (x) _
andD(—X), we have, e.g., with
& O) SE (W /a8 s " - d - -
(651(X) 8S1(X)) = (8S1(=X) 6S1(— X)) H1(X,Q)=f£{|VO(X,w)Ue(X,w+Q)|2
T - -
=D—JD(X~)dX Fi(x"0), (64 +[Ve(X, 0)Up(X, 0+ Q)] (69)
e oA - T - - - dw R - -
(8S1(X)8S1(—x))y=—=—1] _dx'F,(x',0 H,(x,Q)= f U (X, 0)Ue(X, 0+ Q)VE (=X, — )
DrJbx 27
=—(85,(x) 85,(x)). (65) X Vo(—=X,— 00— Q) + U (X, 0)Up(X, 0+ Q)
Finally, the existence of such a perfect correlation implies XV’S(—)Z,—w)Ve(—i,—w—Q)}. (70
that bothS;(x) + S,(—X) andSy(x) — Sy(—X) are noiseless _ _ _
observables. For example, However, unlike the previous case, the two peaks in general
do not have the same size, even for a long measurement
([ 851(X) + 85,(—x)1?) time. LettingQ2 =0 in Egs.(69) and(70) and using definition
o o R (17), which is a consequence of unitarity, we have
=2[(8S1(x) 6S1(X)) +(8S1(x) 6S;(—x))]=0. g
> w > >
(€6) Hl(Xyo):JEHV(XJU)Z/{(_X,_@)F
We remark that the “twin beam” character of the down- . + s
converted light is recovered only for measurement time long + (=X, — 0)U(X,0)|%}, (71)

compared with the coherence time and for detection areas
broader than the resolution arBg . This is natural because

coherence time and resolution area represent the typical un-
certainty in the arrival time and arrival position of the second R
photon after its twin one has been detected at some far-field XWV(—X,— o)}, (72

- dw - - N
Hz(XyO):JEZ REU* (X,0)U(—X,— 0)V* (X, w)
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- - dw R R a)
Hl(x,O)—HZ(x,O)=fE|V*(x,w)u(—x,—w)
25.20 - 28.00
V(=X —oUXo)l?, (73 2o
where U4,V appearing in these equations are the functions 16:80 - 19:60
defined by Eqs(19) and (20), calculated atj=x2/(\f). o 14.00 - 16.80
Moreover, § 11.20 -- 14.00
A - . . R I 8.400 -- 11.20
([S2(x) = Sy(=x) 1) =([Ss(x) = S3( = X)) (74) I 5.600 -- 8.400
o7 I 2800 -- 5.600
= | AR [HY(K 0~ Ha(X 0)]. B 0 - 280
DrJox AN=8
(75 =onm
The noise in the difference between Stokes operators mea- XIX,
sured from symmetric pixels in general does not vanish, due 15-
to the lack of symmetry,Q— —x,—Q in the gain func- b)
tions. In turn, this reflects the effect of spatial walk-off be- 104 1.440 -- 1.600
tween the ordinary/extraordinary beardescribed by the 1.280 -- 1.440
term proportional tay, in the phase-mismatch functi¢@4)] 5. 1.120 -- 1.280
and the group-velocity mismatch between the two waves 0.9600 -- 1.120
[described by the term proportional £ in Eq. (24)]. ° ol s . 0.8000 -- 0.9600
In the following two sections we will compare the noise é 0.6400 -- 0.8000
in the difference between Stokes operators from two sym- [ 0.4800 -- 0.6400
metric detection pixelg74) and (75), with the shot-noise -5 I 0.3200 -- 0.4800
level, that is, the level of noise that would be shown by a I 0.1600 -- 0.3200
coherent beam of the same intensity. This is defined by the -101 o - 0.1600
equation
.15 . . : AA=8nm
& (V& (372 5 0 5
(540 =54 =01 Xix.
=([So(X¥)+ So(=X) 1)+ (:[ S 4X) — S o —x) %),

FIG. 4. (a) Far-field photon number distribution of the down-

(76) converted field(b) Distribution of the noise in the difference be-
where the first term on the rhs is the shot no(se) is the tweenéz measured from symmetric portions of the beam cross
normally ordered expectation value that vanishes for a cohesection, scaled to the shot-noise level. The distributionSpris
ent beam, and relatiofv6) is easily obtained by using the identical. A step-function frequency filtérh =8 nm wide, centered
field commutation relation§l2). It is not difficult to show around the degenerate frequency is used in both piot2.
that the shot noise represents the level of noise that would
affect the difference between the Stokes operators of twerators are in this system intrinsically state dependent, at
light modes obtained by dividing a beam by means of adifference to what happens in the experiment performed in
symmetric beam splitter. In general, the shot noise wouldRef.[3], where bright entangled beams were used.
affect the noise in the difference between Stokes operators of
two modes whose correlations are created by splitting a light 1. Narrow-band frequency filtering results
beam with such a classical device, and defines the standard part(p) of Fig. 4 shows a typical result for the noise in the

quantum limit. - _ difference between Stokes operators measured from small
" Ir:jthe foIIowmtg (;NIe m” slhowlthfat for Iort‘?per ml?%es Ofd(but larger tharDg) symmetric portions of the far field. Pre-

e down-converted light, a level of correlation well beyond . . NN
the standard quantum limit can be reacheddaibithe Stokes cisely, the figure Shows([S;(x) = Sp(=x)]%) =([Ss(x)

operators at the same time. We will refer to this situation as™ Ss(=X)]%), scaled to the shot-noise level[ Sy(x)
“polarization entanglement” because it represents the naturat So(—x)1), as a function of the transverse coordinate
generalization of the concept of polarization entanglement:=(x,y) scaled toX,. Parameters in this plot are those of a
commonly used in the coincidence count regime, to the re2-mm-long BBO crystal, cut at 49.6° for degenerate type-lI
gime of multiple pair production. However, it is important to phase matching at 702 nm. For comparison, fartof the
remark that for spontaneous parametric down-conversiofigure shows the mean photon number distribution in the far
there is no way, to our knowledge, to derive a sufficientfield. The numbers associated with the scaléainrepresent
criterion for inseparability based on the degree of correlatiorihe number of photons detected over a resolution &ga
of the Stokes operators, as that derived in Re4] and gen-  and over a crystal coherence time, which is the mgaston
eralized in Ref[3]. This depends on the fact that the averagenumber per modeBoth plots have been obtained by filtering
values of commutatorG@nd anticommutatoyf Stokes op- the emitted frequencies in a bandwidfth =8 nm wide
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15-

0.9450 -- 1.050 10.90 -- 12.00
101 0.8400 -- 0.9450 9.800 -- 10.90
0.7350 -- 0.8400 8.700 -- 9.800
51 A 0.6300 -- 0.7350 7.600 -- 8.700
. 0.5250 -- 0.6300 6.500 -- 7.600

e OM . o ’ '
X 0.4200 -- 0.5250 § 5.400 -- 6.500

I 4.300 - 5.400
I 3.200 - 4.300
B 2.100 - 3.200

V [ 0.3150 -- 0.4200
-5 I 0.2100 -- 0.3150

[ 0.1050 -- 0.2100

-10- I 0 - 0.1050
I 1.000 -- 2.100
.15 : : : AA=8 nm
-5 0 5 AA=8nm
XIX, -5 0 5
XIX,
FIG. 5. Degree of polarization of the light down-converted by a

BBO crystal. Far-field distribution ofS;(x))/(Sy(x)). Same pa- FIG. 6. Noise in the measurement of Stokgs parameters of the
rameters as in Fig. 4. down-converted light by a BBO crystal. Far-field distribution of

([85,() 11 So(x))={[ 655(X) 12/{So(X)). Same parameters as in
around the degenerate frequency, by means of a steffig- 4.

function filter. Precisely, we let
of Fig. 2), so thaty=0 corresponds to the intersection of the

A()Z 0)— f(Q)A-()Z Q)+ 1_f(9){)‘(; Q), i=oe two down-conversion rings. The dashed lines were obtained
n n e (’7%) with ¢=0.01, corresponding to a mean photon number per

mode~10"4, the solid lines witho=2, corresponding to a
whered;(X,Q) are vacuum field operators uncorrelated fromMean photon number per models [see Fig. 43)]. In this
the signal and idler fieldi\i(i,ﬂ), and the filter function

plot, the two dark lines are, as usual, obtained by filtering the
. ) : . B frequencies with a step functiod{ =5 nm). For compari-
Il(iz[)— AnQ/t;EQ(;g]s,ef(I(Sz)t:hg e?;(ZSVh];lJrre].Ctlom(Q)_ 1 for son, the two light lines show the results obtained by means
In plot (b) we see clearly two large dark zones, in corre-

of a more realistic frequency filter, with a Gaussian profile.
; . S ° Precisely, we take the filter function in EG77) as f(Q)
spondence of the intersections of the emission cones, Whe@ex;{—(ﬂ%ln 2)/(A0?)], where AQ is the full width at

the Stokes operator correlation is almost perfect. Out of theSﬁalf maximum (FWHM) and corresponds to an interval in

regions, basically no spatial correlation at the quantum leve\!vavelengths of 5 nm. In this case, losses introduced by the

exists for Stokes operatp@ and S3 Gaussian shape of the filter slightly deteriorate the correla-
Remarkably, at the intersection of the two degenerat ion

emission cones, the light is completely unpolarized. Figure

shows the distribution ofS;(x))/(S,(x)) in the transverse
far-field plane, showing that it vanishes at the emissionring 0=0.01 step filter

intersection; recalling that the mean value $f and S; is 0=2 Gaussian filter
zero everywhere, this means a vanishing degree of polariza- 14+ 0=0.01 Gaussian filter
tion in these regions. Moreover, in these regions a measure- 22
ment of Stokes parameters over a single detection pixel is
very noisy, as shown in Fig. 6, which plots the distribution of
([85,(X)12)=([ 555(X)1?), scaled to the shot-noise level
($(x)). In this plot the uniform dark background corre-
sponds to the shot-noise level, while the bright spots corre-
spond to a noise level 10—12 times larger than the shot noise.
Similar results are obtained in any gain regime. In the
small gain limit, the noise statistics associated with a mea-
surement over a single pixel becomes essentially Poissonian, Y0 05 00 05 10
but the correlation between Stokes parameters measured yIX,
from symmetric pixels is basically the same as in the high

gain regime. Figure 7 compares the noise in the diﬁerence FIG. 7. Noise in the difference betwe&a (3;) measured from
between Stokes parameters measured from symmetric pixel§mmetric portions of the beam cross section, scaled to the shot-
in the small and high gain regimes, plotted as a function ofise level, as a function of the vertical coordingtelong the

the vertical coordinatg of the signal pixel positionx coor-  maximum gain circle for the degenerate frequency. Dashed lines,
dinate is chosen by following the circle of maximum gain for ¢=0.01; solid linesp=2. Light lines: Gaussian frequency filter of
the degenerate frequenéthe black curve in the upper half FWHM of 5 nm. Dark lines: step-function filter 5 nm wide.

0=2 step filter

Noise/Shot Noise
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The results described above were obtained by exploiting a
trick commonly used in the experiments performed in the =05
coincidence count regimgor example in the experiment of — with compensation crystal AA=1nm
Ref. [6]), in order to partially compensate for the temporal B T with compensation crystal AA=8 nm
and spatial walk-off of the down-converted beams. In the
regime of single pair production, the ordinary and extraordi-
nary photons can be in principle distinguished because of
their different group velocities inside the crystal, and because
of their offsets in propagation directions due to walk-off ef-
fects inside the crystal. The mere existence of this possibility
is detrimental for the entanglement of the state. As it is dis-
cussed in detail in Appendix A, in the general céabitrary . . .
number of down-converted photgnghe group-velocity mis- -10 -05 0.0 0.5 10
match and the spatial walk-off are responsible for the appear- Y%,
ance of a propagation phase factor that lowers the value of ) o _
the correlation function between Stokes operators measured FIG- 8. Effect of the compensation crystal. Noise in the differ-
from symmetric regions. In principle, this problem can be&nce betweers, measured from symmetric pixels, scaled to the

solved by using a very narrow frequency filter, and by per_shot-noise levely is the far-field vertical position along the maxi-

forming the measurement over narrow regions centeredUm gain circle. Gray lines: without compensation crystal, dashed

around the ring intersections. However, this lowers the effi—gra.yl'nem‘:1 nm, solid gray ||ne_s>\=0.5 nm. ?IaCk"nES: with
ptimal compensation crystal, solid black lidex =1 nm, dashed

ciency of the setup. Another possibility is to insert a secon lack line AN =8 nm
crystal, after the pump beam has been removed, and after the '
field polarization has been rotated by 98®e Fig. 3. In this 2. Broadband frequency filtering results
way, the slow and fast waves in the first crystal become the

fast and slow waves, respectively, in the second crystal, and _The res,_ults described in Sec. .”I D 1 were obtained by
the direction of walk-off is reversed. Unlike the low gain Using relatively narrow frequency filte(s—8 nm). Remark-
ably, when a broader frequency filter is employed, the re-

regime, the correlation is optimized when the length of this”.
second crystal is chosen as gions where Stokgs parameters are corrglated stre‘;ch to form
a ring-shaped region around the pump directieee Fig. 9.
This kind of shape can be understood by considering the
geometry of the down-conversion cones emitted at the vari-
tanho . : :
Il=1, , (79 ous frequencies b_y a BBO crystal. F_|gure 1_0 is a polar plot of
20 the phase-matching curveégeometrical loci of the phase-
matched modéswith 6 being the polar angle from the pump
direction of propagationz axis) and ¢ the azimuthal angle
where o is the linear gain parameter, proportional to thearoundz In this plot the same color identifies the same emis-
pump amplitude and to the first-crystal lengéiee Appendix  sjon wavelength; dark/light thick curves correspond to two
A). The fact that the optimal length of the compensationconjugate wavelengths, while the thin black curves are the
crystal decreases with increasing gain can be understood &go emission cones at the degenerate wavelength. The signal
following [25,2§: in the low gain regimelimit —0), the  (ordinary wave emission curves are those in the upper half
photon pair can be produced at any point along the crystadf the plot. When considering the intersection points of a
length with uniform probability, so that the average temporaldark circle with a light circle, which correspond to two con-
delays of the two photons due to the group-velocity mis-jugate wavelengths, we cannot expect any kind of entangle-
match are those corresponding to half of the crystal lengthment, since photons arriving in these positions are clearly
and best compensation is achieved Ifor1./2. In the large  distinguishable by their different frequencies. Let us con-
gain regime, more and more photon pairs are produced taider, instead, one of the intersections of the two light curves
wards the end of the crystéhe number of down-converted (e.g., the one pointed by the arrow in the pléiere ordinary
photons increases exponentially with the crystal length  and extraordinary photons arrive with identical probability,
that walk-off effects are best compensated by a shorter crysand have the same wavelength. As a consequence, the photon
tal, whose length is given by formul@8). polarization is undetermined, and the light is completely un-
When this kind of optimization is not possible, our calcu- polarized. However, each time an ordinaxtraordinary
lations show that similar results can be obtained by a narrowphoton arrives at this position, an extraordingoydinary)
band temporal and spatial filtering, and/or by using crystalhoton, at the conjugate wavelength, will be found at the
that exhibit a smaller amount of walk-off. Figure 8 details symmetric position. This corresponds to the intersection of
the role of the compensation crystal. It plots the noise in thehe two dark curves, indicated in the plot by the second ar-
difference between Stokes parameters measured from symew. Hence, when considering photodetection from the two
metric pixels as a function of the vertical coordingtalong  regions indicated by the arrows in the plot we can expect a
the circle corresponding to the maximum gain at the degenhigh degree of polarization entanglement. The same reason-
erate frequency. ing can be made for any intersection of circles corresponding

w w
o U1 O
L

Noise/Shot Noise
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15+ a) signal,idler 702 nm
1.260 — 1400 6 (deg) @(deg) 0 signal ,idler 692 nm
10 1120 -- 1.260 s] 330 30 signal,idler 712 nm
0.9800 -- 1.120 6-
51 0.8400 - 0.9800 . ¥ &0
0.7000 -- 0.8400
X 01 ( , 05600 -- 0.7000 2]
> [ 0.4200 - 0.5600 07 210 %
-5 I 0.2800 -- 0.4200 2 Fa
0.1400 -- 0.2800 4
-10+ =0 -- 0.1400 ol 120
15 i . . AA=20 nm 8] 210 150
5 0 5 180
XIX,
FIG. 10. Polar plot of phase-matching curves in a 2-mm BBO
15- b) crystal cut at 49.6°6 is the polar angle from the pump direction of
1.960 -- 1.400 propagation; is the azimuthal angle around the pump. Black thin
10+ 1120 -- 1.260 CUIVeS: Agignai= Nigier= 702 nm.  Dark thick curves: \gjgna
0.9800 -- 1.120 = Nigier=692 nm. Light thick curves\gignai= Nigier=712.29 nm.
54 0.8400 -- 0.9800 Signal (ordinary) curves are in the upper half of the plot, idler
. 0.7000 -- 0.8400 (extraordinary in the lower half.
X 04 05600 -- 0.7000
> [ 0.4200 -- 05600 on the one side, to give an alternative and instructive point of
57 I 0.2800 -- 0.4200 view on the problem, which can be compared with already
[ 0.1400 -- 0.2800 existing quantum-state description of the problesee, e.g.,
-101 I 0 - 0.1400 Ref.[11]). On the other side, we think that this section will
AN=60 nm show how the quantum-field formalism developed in the first
5 5 0 5 part of this paper is more powerful and straightforward, in
X/X terms of calculation efforts, than the commonly used

0

quantum-state formalism, at least for this kind of multimode

FIG. 9. Broadband frequency filtering. Distribution of the noise Problems.

in the difference betweeS2 (S3) measured from symmetric por-

Equation (11) defines a linear transformation acting on

tions of the beam cross section, scaled to the shot-noise level. Ifi€ld operators, which maps field operators at the entrance
part (@) a frequency filterAA=20 nm wide centered around the face of the crystalinto those at the output face. An equivalent

degenerate frequency is used;(b) AXN=60 nm.

to the same wavelengtlight with light, dark with dark, and

transformation, acting on the quantum state of the signal/
idler fields at the crystal input and mapping it into the state at
the crystal output, is derived in detail in Appendix B. As

thin black with thin black By connecting all these points described in this appendix, in order to avoid formal difficul-

together, we can for example recognize the geometricdies coming from a continuum of modes, we have introduced
shape of the dark regions in Figa, where a high degree of a quantization box both in the transverse spatial domain and
correlation in all the Stokes parameters exists. By includingn the temporal domain, so that the continuum of spatiotem-

more frequencies, the ring-shaped region of Fig) 8hows

up.

poral modesﬁ Q) is replaced by a discrete set of modes.
When at the input of the parametric crystal there is the

From the mathematical point of view, the form of the vacuum state for both signal and idler fields,
region where Stokes parameters are quantum correlated is

given by the solution of the equation

|Win=Ivag =11 10;—d,—0),/0;a,Q)e, (80
q,Q

A(Q,Q)=A(-q,—Q)=0 (79

we find that the output state takes the form

with x=2mq/(\f). By introducing the explicit form of the
phase-mismatch functioi24), Eq. (79) is the equation of an
ellipse(with a small eccentricitycentered around the origin,
that is, the best correlated modes form a slightly asymmetric
cone around the pump direction.

IV. POLARIZATION CORRELATION: QUANTUM-STATE
FORMALISM

This section is devoted to the discussion of the problem in
terms of an equivalent quantum state formalism. Our aim is,
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where the notatiotn;(i,ﬂ)o,e indicates the Fock state with  account, the symmetryﬁ(Q)H(—ﬁ,—Q) holds. In this
photons in moded,(2) of the ordinary/extraordinary polar- case, in Eq(86) we would haver(— &) =r(&) and y(— &)
ized beam. Here the functions,, V. are the coefficients of = (), and all the Coefﬁcients,N,m(é) would be identical

the operator transformatiofil), and functions and s are  for a givenN, so that all the terms in expansi¢85) would
defined by Eqs(17) and (18) together with Eqs(19) and  have the same weight, thus leading to mdximally en-

(20). _ _ _ tangled state for polarization[11].

State(82) is clearly entanglednonfactorizablg with re- Coming to Stokes parameter correlation we notice the fol-
spect to the ordinary and extraordinary polarized beam comowing property of the state:
ponents. )

Let us focus on two conjugate modgs2 and —g,— [ANEALE)—ALHALE)]] o)
for both the ordinary and extraordinary field components. N
These can be for example observed by using a narrow filter _ 2 - 2 2
around the degenerate frequerf@y=0 and collecting light A Cm(&)Cn-m(— &) (2M=N)[M; £)o[N—m; &)
from two diaphragms placed around two symmetric regions
in the far-field zone. For brevity of notation, let us label these X IN=m; — &)o|m; — £)e (87)
modes with the three-dimensional vect(ﬁs(qx,qy,ﬂ), i
—&=(—dy,—0q,,— Q). When restricted to these modes, the =—[Al(=&A(—E—-AL(-HAL-D]|P)5. (89

state takes the form
By recalling the definition of the Stokes operator densities

|w>§m={z cn<5>|n;é>o|n;—5>e] gien by  Eds. (39-(40,  7i(d)=AlHAE)
n —ALDALE), A =ANOALE+ALEALE), and
. L o3(&)=—i[AN(E)AL(E) —AL(E)A,()], we can hence con-
X [ 2 Cn’(_§)|”’?_§>o|”';§>e] (83 clude that the state is an eigenstatergfé) + o1(— &) with
" zero eigenvalue. On the other side, we have

* . o ON-1
=2, [, @) ALHALDI A= 2 cnlHon-n(~6)

XA(m+1)(N—m)|m+1;&),

N
[$Y8= 2 Ynm(E|M;E)IN—M; E)[N—m; — &), ) ) N
m=0 X|N_m_1;§>e|N_m;_§>o|m;_§>ea

x|m; = &), (85 (89
where the last two lines have been obtained by changing the, . R .o\ R
dummy summation variables,n’ into m=n, N=n+n’. Ag(—OAL— )| P)r= mE_l Cm(&)Cn-m(— &)
The state can be represented as a superposition of states with N
a fixed total number of photon. In eachN-photon state X m(N—m+ 1)|m;§>o|N—m;§)e

described by Eq(85),
XIN=m+1;=&)olm—1;-¢)e

(&) =Cr(E)en-m(— &) (90
_ [tanhr(§)]tanhr (= HJN " N_1
coshr (§)coshr (— &) =|ZO Crea(E)en--1(— &)
¢ @2INU(— ) g2im[ (&)~ (- )] (86)

XA+ 1) (N=D|I+1;8),

represents the probabilitgmplitude of finding m ordinary 2 oA,
. . ot X|N_|_11§>G|N_I!_§>O||:
photons,N—m extraordinary photons in modé, and N

—m ordinary photonsm extraordinary photons in the con- _§>e, (91)
jugate mode- E The description of the state given by Egs.

(83)—(85) is a generalization of that derived in, e.g., Ref. where the last line has been obtained by introducing the sum-
[11]. The main improvement is that our description includesmation indexl =m—1. This implies that the equation

the effects of the spatial and the temporal walk-off, and al- )

lows the quantitative evaluation of all the quantities of inter- [ANE)ALE) - Al(—HAL—EWE=0 (92

est by using the parameters of a real crystal. Remarkably,

when the spatial and the temporal walk-off are not taken intas verified if and only if
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c(&en (—B)=c Een o (—E 93 of converted photons can be rather large. In this case, it takes
m(&)Cn-m( = &)= Cmea(E)On-m-2(— ) ©3 the form of nonclassical spatial correlations all light
for all N=0,+% andm=0N—1. Stokes operators associated with polarization degrees of free-

Similar considerations for the Hermitian conjugate opera-%?g-se\i\é?(_23;?_3305";’]2;2?:2;_2‘; raer%iorr]‘g m;e;e rtr?; é‘f‘:gcrti_rc‘)%s
St G (B At DR ¢ 2 ) i in a ring- i u u irecti
tor Ag(£)Aq(§) —Ae(—£)Al(—¢) lead to the equivalent  non 5 broad frequency filter is employeall the Stokes

condition operators are highly correlated at a quantum level, realizing
- - - - in this way a macroscopic polarization entanglement. Al-
Cm(&)Cn-m(— &) =Cm-1(£)CNn-m+1(— &) (949 though Stokes parameters are extremely noisy and the state
is unpolarized, measurement of a Stokes paramateny
for all N=0,+ andm=1N. polarization basisin one far-field region determines the

Hence, the state is also an eigenstate of botiié) Stokes parameter collected from the symmetric region,
—a(— &) and o5(&) —o3(— &), with zero eigenvalue, if Within an uncertainty much below the standard quantum

and only if conditiong93) and(94) are satisfied. These con- limit. - o

ditions amount to requiring that all the coefficients in the ~We call this situation “polarization entanglement” be-
expansion of theN-photon statg85) are identical, and that Cause, on the one side, the quanfcum. state derived in Sec. IV
the N-photon state is a superposition with equal probability'S entangled with respect to polarization degrees of freedom,

amplitude of all the possible partitions i ordinary andN and, on the other, because i_n our de_scription there i.S no gap
in the passage from the regime of single photon pair detec-

—m extraordinary photonsnf=0N) in mode £, with N 5" \where the polarization entanglement is a widely ac-
—m ordinary andm extraordinary photons in the conjugate cepted concept, to the regime of multiple pair production.
mode — &. This is the mathematical equivalent of the com- However, we want to remark that for spontaneous parametric
monly used statement “ordinary and extraordinary photonslown-conversion there is no way, to our knowledge, to de-
in mode are not distinguishable, but each time we have 've a sufficient criterion for inseparability based on the de-

. . . > gree of correlation of the Stokes operators, as that derived in
ordinary andN—m extraordinary photon in modg, there

N di q i h . g Ref. [24] and generalized in Ref3]. This depends on the
are N—m ordinary andm extraordinary photons in mode t,.t that the average values of commutatarsd anticommu-

— €. For modes having a nonvanishing parametric gaintator§ of Stokes operators are in this system intrinsically

conditions(93) and (94) amount to requiring state dependent, at difference to what happens in the experi-
o o ment performed in Ref.3], where bright entangled beams
tanhr (£)e? & =tanhr (— £)e?¥(~9), (950  were used. Further discussion about this important point is

postponed to future investigations, which are outside the
a condition that is satisfied only in the presence of the symscope of this paper.
metry A(a,Q):A(—a,—Q)_ This in turn implies the ab- We have developed a multimode model for spontaneous
sence of spatial walk-off between the two waves., the Parametric down-conversion, both within the framework of
two modes correspond to the intersection of the downduantum-field formalism and quantum-state formalism. They
conversion congsand the absence of temporal walk-gise ~ aré valid in any gain regime, from the single-photon pair

of a narrow frequency filter and/or compensation by mean@roduction to the high gain regime where the number of
of a second crystal down-converted photons can be rather large. The model al-

Formula(95) can be also written as lows quantitative estimations of all the quantities of interest,
by using empirical parameters of real crystals. We hope that

U(EW* (=B =U(=EWV*(d). 96 this description can be a useful tool for experimentalists
(V=9 (ZOVIH (%6 working in this field.
By comparing with Eq(73), we notice that this is the con-  Quite interesting, and to our knowledge completely novel,

dition that ensures that the correlation between Stokes pa@'e the results concerning the correlation of Stokes param-
rameter measured from symmetric pixels calculated in Secters observed by using a broad frequency filter, described in
Il D reaches its maximum value. Hence, in the frameworkSec. 1l D 2. They basically show how by increasing the
of the quantum-state formalism, we start to recover the sameumber of temporal degrees of freedom in play, the number
results of Sec. Il B, as it obviously must be. One couldof spatial degrees of freedom which are simultaneously en-
proceed further on, and derive quantitative results for thdangled increases, so that the two isolated correlated spots in
correlation, as those shown by Figs. 4—9, but at this point iFig. 4 become the ring-shaped region of Fig. 9, where many
should be rather cledand for sure we are not the first ones Symmetric spots are correlated in pairs.

to notice thig how the quantum-state formalism, although We believe that this form of entanglement, with its in-
instructive, is cumbersome and not transparent in comparicreased complexity in terms of degrees of freedpimoton

son with the quantum-field formalism. number, polarization, temporal, and spatial degrees of free-
dom) can be quite promising for new quantum information
V. CONCLUSIONS schemes.
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_kez(_a1—9)]|é|d=i(2w/xf) (A8)
APPENDIX A
- - e
In this appendix we calculate the phase shift induced by :[A(—q,—Q)—A(q,Q)]—C i (A9)
the propagation of the down-converted fields through a com- ¢l g=x(2m/nf)

pensation crystal and evaluate the length of this second crys- . . o ) )
tal necessary for optimal walk-off compensation. As showrOn the other side, by using the explicit expression of the gain
by the scheme of Fig. 3, we assume that after producindinctions in Eqs(19) and(20), we have

down-conversion in a first crystdBBO1), the pump beam is

eliminated. The polarizations of the down-converted beams argU* (—Xx,— )UX, &) V* (=X, — 0)V(X, )}
are then rotated by 90°, and they pass through a second _ - o
crystal (BBO2) of lengthl, identical to the first one. =24(9,0)—2¢(—q,— Q) |g=x2mnf) (A10)

In the region between the second crystal and the lens _ .
. . . . with
the ordinary/extraordinary field operators can be written as

Ao(G,0.,2)= A%, 0)exd ikoA G, 2)1 ] Zz/x(ﬁ,Q):tan1{A(ﬁ,0)—tanhrfq'ﬂ) (A1D)
2I'(q,Q)
XeXF[i¢UaC(Z—|é)], (Al)
. tanho
Ae(,0.,2) = A%(G, Q) exd iked 6.1 ~Aa) 5 (A12)
xexfi byac(z—11)]. (A2)

The last line has been obtained by taking the lit{t], )
. . L <1; this is meaningful since the most important contribution
The first phase shift accounts for propagation inside the “OMY the correlation fugnction is given by phapse—matched modes.

pensation crystal. Herk,,(q,{2), ke/{q,(2) are the projec-  The phase factofA10) can be partially compensated by the
FIOUS alongz axis of the ordmar.y/.extraordlr)ary wave vectors phase shift induced by propagation in the second crystal
inside the crystal, whose explicit expressions depend on th@\g)_ Best compensation is achieved for

linear properties of the crystal as described by 8). The

second phase shift accounts for paraxial propagation in I, tanho
vacuume, ..(z) = (k—q?/2k)z, k=2m/\. =2 (A13)
In the far-field plane, all the results described in Secs. ¢ 7

[II C and Il D remain unchanged provided that one makes

. o In this condition the value of the correlation between mea-
the following substitutions:

surements from symmetric pixéthe value of the function

- - , - , H,) is maximized by the presence of a compensation crystal.
Z/{o(xa‘Q')_)Ue(qrﬂ)equkoz(Q!Q)lC]|q:)2(2'n'/)\f) ' (A3)

- - L APPENDIX B
Vo(x, Q)= Ve(a,Q)exf iko(q. Q) ]g=x2anry ., (Ad)

Equation (11) defines a linear transformation acting on
v = - - / - field operators, which maps field operators at the entrance
Ue(x, )= Uo(q, ) exlike Q. Dl ]lg-5czmnry» (AS) face of the crystal into those at the output face. The aim of
- - ) - this appendix is to find an equivalent transformation acting
Ve(x,Q) = Vo(q,Q2)exfliked, D)l ]|g=x2mnr),  (AB)  on the quantum state of the signaliidler fields at the crystal

input and mapping it into the state at the crystal output.

where global phase factors have been omitted, since they do |n order to avoid formal difficulties coming from a con-

not affect the results. tinuum of modes, we introduce a quantization box of dide
'Tbhi?j FfagSfOFmaqtionl Ieavej unchla?gedf all the results ?ein the transverse plane, with periodic boundary conditions. In

scribed in Sec. noise and correlation for measurements., . : > .

of Stokes operators 0 and. For the second and third Stokes this way the continuum of wave V»e ctoqs;s replaced by a
parametergSec. Ill D), while the transformation does not set of discrete wave VeCtocﬁ:(lquHy,uy)(ZW/b)' Lely )
affect the amount of noise of the measurement, given by Eqg. 0~ 1= 2, ... . In thesame way, we introduce a quanti-

(69) and(71), it does affect the correlation between measure—Zation bpx in the time domain of I(_engtﬁ, with periodic
ments from symmetric pixelEEgs.(70) and (72)]; boundaries, so that we need to consider only a discrete set of

temporal frequencie€),=p(2#/T), p=0,=1,... . The
R dew R R R free field commutation relation€l?) are thus replaced by
Hz(X-O)HJ 5.2 REU (=X, = 0)U(X, 0)V* (=X, ~ @) their  discrete  version [Ai(q;,Qp).Al(0m, Q)]
. L :5i,j5Ix,mx5Iy,my5n,sa i,j=0e.
X V(X, 0)e P (A7) For brevity of notation, in the following we shall indicate
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the spatiotemporal modér,Qp with the three-dimensional RIAL(&)R,=A(&)coshr (— &) +Al(— &)sinhr(—£).

vector¢, and we shall not write explicitly the modal indices. (B11)
The input/output transformatiofil) can be written in an .
equiva|ent way as Finally, by Ietting also the Operat(RZ act as
AH=RANBR, B1)  RIRIROAG(ERoR;Ry= €MD eOIfA () coshr (§)e' )
with +Al(-dsinhr(§e” "9} (B12)
R=RoR1R,, (B2) =e*OA(HU(D)
and +A = HV(D)}, (B13)

. . R ks where in passing from the first to the second line we used
Ro:exp[|z [4(E)+ () ]A(EA(E) relation (18), which is a consequence of the unitarity of
3 transformation(11). Moreover, we have

+[df(§)—cp(f)]Al(—f)Ae(—é)], (B3) RIRTRIAL()RoRIR,
—ellU- e A (&) coshr (— £)e! O+ Al(— &)

5 _ ATAN AT (= BV = A (EVA(—E ‘
R, exp{% F(E)[A(E)Ae(— &) = Ag(§)Aq( f)]], X sinhr(—&)e ™19} (B14)

(B4) —ig(-O1A (F B\ AT(_ z
=e U IHALHU(=E +A(—HV(=§)}. (BLY
ﬁzzexp{iz 9(5)['&3(5)'&0(5)""&2(—E)Ae(—é)]] Finally, taking into account relatiofil7), which is again a
¢ consequence of the unitarity of transformatidrl), we re-
(B5)  cover the input/output transformatidl).

. . > Sz > , Any quantum-mechanical expectation value of the output
with functions #(£),¢(€),r(£),0(£) defined by Eqs(17) : -
and(18), together with Eqs(19)—(21). operatorgmean values, correlation functions, etiaken on

i . the input state is equivalent to the quantum-mechanical ex-
In or_der to demonsErate anAsa(Bl),. we first notice that pectation value of the input operators taken on the trans-
the action of operatorR, and R, on field operators corre- formed state:

sponds to phase rotations. For any boson operatofor

which[c,c']=1, we have | ) our=Rl¥)in. (B16)
eiscleggisc’e_ gisg. (B6) In the following we shall derive the form of the output state,
when at the input of the parametric crystal there is the
As a consequence, vacuum state for both signal and idler fields:
REAG(E)Ry=A( £e!l U e@), (87)

S [Win=Ivag =11 [0:§)60;=&)e.  (BLD
RgAe(§)R0=Ae(f)e'”’(*f)*"’(*g)]. (B8) é
where the notationin; £),/e indicates the Fock state with

@hotons in mode ) of the ordinary/extraordinary polarized
eam.

First of all we notice that the operat®, has no effect on
the vacuum state, corresponding to a phase rotation of the
vacuum. For what concerns operafy, by using proper
operator ordering techniquédsee, e.g., Ref.27]) p. 79, it
can be recasted in the following for(disentangling theo-

Operator R, is the product of an infinity of two-mode
squeezing operators, each of them acting on the couple

modes €) in the signal beam and~(£) in the idler beam.

For any couple of independent boson operatrs,, and
for r real, the identity

Stet_n s s Sfet_ o a A -
e "lercecicalg et rlcicr—Crcal = ¢, coshr + ¢} sinhr

(B9  rem):
holds.
Hence, lettinge; —Aq(£), C2—Ae(—£), we have Ry= T {eC@OANDAL- Do aDIAL@ALD AL~ DAL-B+1]
RIAL(§Ry=Aq(&)coshr (£)+Al(—Esinhr (), N
(B10) Xe—G(§)Ao(§)Ae(—§)}, (B19)
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G(§)=tanf[r(§)]: (Blg) ROR1|VaC> H Cosm];’(g ] 2 [tanhr(f)]n 2|m//(§)
g(£)=In{costir(£)}. (B20 < |0; Bl — B (B22)

By letting this operator acting on the vacuum state
the output state can be written in the form

Ry|vag = H Z [tanhr (£)]"[n; €)oln; — €)e,

SI‘[I‘( (B21) |‘/f>0ut=1_§[ ; Cn(g)|n;§>0|n;_§>e ) (B23)

where the usual expansion of the exponential operator

expM==;_ ,M"n! has been used, together with the standard ¢ (B)= 1 Ctanhr (£)]e?n ¥ = [Ug(EVe(— )"
action of boson creation operators on Fock states. Finally, by . coshr (&) U (&)1

adding the action of operatd,, (B24)
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