Bailout Embeddings, Targeting of KAM Orbits, and the Control of Hamiltonian Chaos
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We presentnovel techniquewhich we termbailoutembeddingthatcanbeusedto tamgetorbitshaving par
ticular propertiesout of all orbitsin aflow or map.We explicitly constructa bailoutembeddingor Hamiltonian
systemsso asto taget KAM orbits. We shav how the bailout dynamicsis ableto lock onto extremely small

KAM islandsin anergodicsea.

PACSnumbers05.45.Gg

Control of chaosin nonlineardynamicalsystemshasbeen
achieved by applying small perturbationsthat effectively
changethedynamicsof the systemaroundthe region — typi-
cally a periodicorbit — thatonewishesto stabilize[1]. This
methodhasbeensuccessfuin dissipatve systemshut its ex-
tensiongto controlandtargetingin Hamiltoniansystemdq2—
10] have metvariousdifficultiesnot presenin the dissipatve
casetheabsencef attractingsets for instancemalkesit hard
to stabilizearnything. In addition,thesemethodsrequirethat
oneknow in advancewhatonewantsto do; in particular the
orbit to be stabilizedmay have to be known in advanceto a
fair accurag.

In this Letterwe presenta novel techniqueallowing us to
controlHamiltonianchaosjn sucha way asto keepthe orig-
inal dynamicsintact, but which shifts the stability of differ-
entkinds of orbitsin the dynamics.We do so by embedding
our Hamiltonian systemwithin a larger space,meaningwe
augmentthe numberof degreesof freedom,keepingan in-
tact copy of the original systemon one privilegedslice; all
of the control is achieved through use of the perpendicular
directionsto this intact copy. We call this methoda bailout
embeddingor reasonghatwill promptly becomeclear We
apply the techniqueto an extremely hard and hitherto close
to intractableproblemin chaoscontrol of Hamiltoniansys-
tems:selectingsmallKAM (Kolmogoro/—Arnold-Moser)is-
landswithin chaoticseasin systemghatare almostergodic.
We show belov how our techniqueis ableto find andrender
asymptoticallystableminute islandsof orderwithin a map.
While formerlythis couldbedoneby sophisticatedlgorithms
on the basisof complex logic, our methoddistills the com-
plexity of this calculationinto a simple, forward-iteratesly-
namicalsystem.Thusour methodallows usto stabilizeKAM
islandswithout knowing theirlocationin advance.

A striking applicationof Eq. (4) is to a caserathercloseto
the original settingof Eq. (1): anincompressibldluid flow
u translatesn dynamical-systemgermsto a divergence-free
flow, of which Hamiltoniansystemsare the mostimportant
class.A classicalproblemin Hamiltoniandynamicsis locat-
ing KAM tori. Hamiltoniansystemdive betweentwo oppo-
site extremes,of fully integrable systemsand fully ergodic
ones.Fully integrablesystemsarecharacterizedy dynamics
unfoldingon invarianttori. TheKAM theoremassertghatas

a parametetaking the systemaway from integrability is in-
creasedthesetori breakandgive rise to chaoticregionsin a
precisesequencefor ary particularvalue of this parameter
in a neighborhoodf the integrablecase thereare surviving
tori. The problemwith finding them s that, the dynamics
beingvolume-preservingmerely evolving trajectorieseither
forwardsor backwardsdoesnot give usconvergenceontotori
[13], andsincefor largevaluesof the nonlinearity they cover
a very small measureof the phasespace locating them be-
comesan extremelydifficult problem. Moreover, thereis the
further problemthatevenif we starton anisland,we should
be ableto recognizeit assuch. In fact, several sophisticated
analyticalandsemianalyticatechniqueshadto be developed
to assistin the searchand characterizatiorof KAM tori in
highly nonlinearHamiltoniansystemgseefor instancg14]).
We shall now show that the bailout embeddingsolvesthese
problemsby transformingthe KAM trajectoriesinto global
attractorsof the embeddesystemfinding themis now inde-
pendenbf thechoiceof initial conditions.

Our techniqueis baseduponthe dynamicsof a small neu-
trally buoyantsphere— a passve scalar— in anincompress-
ible fluid flow « [11]. Underassumptionallowing usto retain
only the Bernoulli, Stokesdrag,and Taylor addedmasscon-
tributionsto the force exertedby the fluid on the sphere the
equationof motionfor thesphereatthe positionz is
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sothatthedifferencebetweertheparticlevelocity andtheve-
locity of the surroundingfluid is exponentiallydampedwith
negative dampingconstant-(A + Vu). In thecasein which
theflow gradientgeachthe magnitudeof theviscousdragco-
efficient, thereis the possibility that aroundhyperbolicstag-
nationpointsthe Jacobiarmatrix Vu mayacquirea positive
eigervaluein excesf thedragcoeficient. In thesdanstances,
thetrajectoriesof thesepassie scalarsjnsteadof corverging
exponentiallyontoz = wu, detachfrom suchtrajectories.The
resultis thatthe passie scalarsexplore practicallyall of the
flow, but tendto stayaway from regionsof high shear
Equationl is but oneinstanceof a moregeneralstructure.
Let us considera differentialequationof theform & = f(z).
If wetakeits time derivative,we obtaina differentdifferential



FIG. 1: Weillustratehow thebailoutembeddingantargetKAM orbitsusingthe standardnapatk = 2. 100randominitial conditionswere
chosenijteratedfor 10000stepsthenthenext 1000iterationsareshavn. Thesquaresepresentheunit torus. (a) Originalmap,(b) A = 1, (c)

A=06, ()X =05

equation,z = f'(z)z. It is differentbecausebeingsecond
order it existsin alarger spaceandhasmary solutionsthat
arenotsolutionsof thesmallerone. Still, theoriginalequation
is containedwithin the larger system,in the sensehat every
solutionof & = f(x) is asolutionof Z = f/(x)&. We may
saythatz = f(z) is embeddedavithin Z = f'(x)z. Thereare
infinitely mary waysto embed;for example, i = f'(x)f(z)
is alsoanembeddingbut it is clearlyinequivalentto thefirst.
Of course,embeddinga systemchangesotionsof stabil-
ity, becausestability refersto perturbationsandin a larger
systemthereare all of the old perturbationglus a batchof
new ones.So,eventhoughall of the solutionsof the original
systemarepresered,by addingnew directionsaway from the
old solutionswe maytransformformerly stablesolutionsinto
unstableonesin the larger setting. See,for example, stud-
ies of the manifold bubbling transition[12]. Thetrivial way
to embeda systemis througha crossproduct; for instance,

0.8—

0.6—

0.4

P(uncollapsed)

0.2-

iterations

FIG. 2: Astime passes;andominitial conditionseventuallycollapse
ontotheoriginaldynamics.Herewe plot thefractionof initial condi-
tionssuchthat|z,+1 — f(z,)| > 10~° asafunctionof thenumber
of iterationselapsedfor 8000randominitial conditions,atk = 2.

Thethreecurvescorrespondo casegbcd)in Figurel.

z = f(z), r € M is embeddedvithin M x R as

T = f(x)+g(z,y),
y = ay, (2)

whereg(z,y) is arbitraryexceptfor requiringthatg(z,0) =
0, which guaranteeshatfor y = 0 we have the original sys-
tem. If @ < 0 theny always dies out, and so we always
recover the original object; in this case,we cancall the em-
beddingitself stable,in the sensehatany motionaway from
the embeddedbjecttakesus back. Both of the “derivative”
embeddingsn the previous paragraphwere unstable;stable
versionscanbe constructedathersimply, for instance

d . .
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of which the previous exampleswerethe £ = 0 limit. This
embeddingnsureshatthedistanceébetweertheactualtrajec-
tory andthe embeddingdiminishesexponentiallywith time
for ary initial condition. Equation (3) begins to resemble
Eq.(2).

We defineabailoutembeddingsoneof theform

9 ) = k@) G- f@), @
wherek(z) < 0 on a setof orbits that are unwanted,and
k(z) > 0 otherwise. Thusthe naturalbehaior of a bailout
embeddings thatthetrajectoriesn thefull systenmtendto de-
tachor bail out from the embeddedubsysteninto the larger
spacewherethey bouncearound. If, after bouncingaround
for a while, theseorbits reacha stableregion of the embed-
ding, k(x) > 0, they will onceagaincollapseontotheoriginal
dynamicalsystem.In this way we cancreatea largerversion
of the dynamicsin which specificsetsof orbits areremoved
from theasymptoticset,while preservinghedynamicsof an-
othersetof orbits— the wantedor targetedone— asattrac-
torsof the enlageddynamicalsystem.For the specialchoice
of k(z) = —(A 4+ V), asin thefluid dynamicsof a passve
scalardescribedby Eq. (1), thesedynamicswere shavn in



FIG. 3: Thebailoutprocessanfind smallKAM islands.Thestandardnapfor £ = 7 hasachaoticseacoveringalmosttheentiretorus,except
for atiny period2 KAM islandnearposition0, 2/3. As in Figurel, except:thesquareshereareabox —0.05 < z < 0.05, 0.61 < p < 0.71,
1000randominitial conditionsand20000stabilizationiterations.(a) Originalmap,(b) A = 1.4, (c) A = 1.3, (d) A = 1.2.

[11] to detachfrom saddlepointsandotherunstableregions
in consenrative dynamics.

It is not hardto extendflow bailout, Eq. (4), to mapsin
the obviousfashion.Givenamapz,+1 = T'(z,) the bailout
embeddings givenby

Tnt2 — T(@ng1) = K(2n)(@ng1 — T(2n)) %)

providedthat|K (z)| > 1 overtheunwantedset. (In themap
systemalmostary expressionwritten for the ordinarydiffer-
ential equationtranslateso somethingcloseto an exponen-
tial; in particular stability eigervalueshave to be negative in
the ordinary differential equationcaseto represenstability,
while they have to be smallerthanl in absolutevaluein the
mapcase).The particularchoiceof thegradientasthe bailout
functionk(z) = —(A + V) in aflow translatesn the map
settingto K(z) = e *VT. A classicaltestbedof Hamil-
tonian systemss the standardmap, an area-preservingnap
introducedby TaylorandChirikov. The standardnapis given

by

k.
Tnt1 = Tp + — sin(27y,)
2m

Yntl = Yn + Tnt (6)

wherek is the parametecontrollingintegrability.
In orderto embedthe standardmap, we only needto re-

placeT andK (z) in Eq. (5) with theappropriatexpressions.

T stemdirectly from Eq. (6) and,in accordancevith thepre-
viousdefinitions,K (z) becomes:

1 kcos2myy, >

K(z) = ( 1 kcos2my, +1 (7)

Noticethatdueto theareapreservingpropertyof thestandard
map, the two eigervaluesof the derivative matrix mustmul-
tiply to one. If they arecomple, this meansthat both have
an absolutevalue of one, while if they arereal, generically
oneof themwill belargerthanoneandthe othersmaller We
canthenseparatehe phasespacento elliptic andhyperbolic
regionscorrespondingo eachof thesetwo caseslf atrajec-
tory of the original maplies entirely on the elliptic regions,

the overall factorexp(—X\) will dampary small perturbation
away from it in theembeddedystem.But for chaotictrajec-
tories, which inevitably mustvisit somehyperbolicregions,
thereexistsa valueof A suchthatperturbationsway from a
standardnap-trajectoryareamplifiedinsteadof dying outin

theembeddingAs a consequenceétajectoriesareeffectively

expelledfrom the chaoticregionsto finally settlein the safely
elliptic KAM islands.This processanbe obseredclearlyin

Figurel. As thevalueof A is decreasedhe numberof tra-

jectoriesstartingfrom randominitial conditionswhich even-
tually settleinto the KAM tori increasesseeFigure?2.

This processis sensitve enoughto work even at hitherto
intractablyhigh nonlinearitiesFor k = 7, thestandardnapis
almostergodic: it coversalmostthe entiretoruswith a single
chaoticorbit. Only atiny islandof irreductibleorderresists
this invasion. It is locatedaround(0, 0.6774) andcoversan
areaapproximately2 x 10~° of thetorus. Thus,from random
initial conditionsonewould expectto seethisislandonly once
every 50000attempts.Figure3 shovs how easilyour bailout
methodfindsthisislandfrom simpleforwarditerates.

A Hamiltoniansystemdoesnot usuallyjust satisfyvolume
consenration, but alsowill consere the Hamiltonianitself.
Givenanordinarydifferentialequationi = f(z) with acon-
senedquantityE = 0, thenf - VE = 0. However, building
a bailoutembeddingyy the procedureabove doesnot leadto
dynamicsthatsatisfy £ = 0, becauséhe bailoutembedding
shouldbe 2n — 2 dimensional. This is clearly undesirablén
the caseof Hamiltoniansystemssowe shav now how to de-
rive a bailout embeddingthat will obey a conseration law.
Thebailoutequationcanbe written

F=(Vf=N-@G—f)+Vf &

We needto correctthis acceleratiorsothatit staysonthesec-
ondtangentspaceof the E = 0 surface. Let us call the raw
bailoutacceleration:. The secondderivative # hasto satisfy
¥-VE+%-VVE - & =0, sowe canmodify u to

_ u-VE
|VE]?

. VE
IVE|

i=u VE & VVE i



This equation giventhatwe starton z - VE = 0, will then
presere this property

We have presente@d novel methodn thecontrolandtarget-
ing of chaosin nonlineardynamicalsystemsthe bailoutem-
bedding. While potentially usefulin any dynamical-system
setting, this methodis especiallysuitedto Hamiltoniansys-
tems.Unlike otherchaos-controstrateyies,this methoddoes
not obliteratethe original dynamicsof the system but rather
preseresit in aprivilegedslice of phasespaceembeddedh a
higherdimensionaspaceandmerelyshiftsaroundthe stabil-
ity of its orbits. A suitablechoiceof a bailoutfunctionallows
this strat@yy to targeta complex setof orbits. We have shawn,
in particular thetargetingof KAM orbits, a casewell-known
from classicaktudiesto be especiallyhard.
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