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2MathematicalPhysicsLab, Rockefeller University, Box 212, 1230York Avenue, NY 10021
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Wepresentanovel technique,whichwetermbailoutembedding,thatcanbeusedto targetorbitshaving par-
ticularpropertiesoutof all orbitsin aflow or map.Weexplicitly constructabailoutembeddingfor Hamiltonian
systemssoasto targetKAM orbits. We show how thebailout dynamicsis ableto lock onto extremelysmall
KAM islandsin anergodicsea.
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Controlof chaosin nonlineardynamicalsystemshasbeen
achieved by applying small perturbationsthat effectively
changethedynamicsof thesystemaroundtheregion— typi-
cally a periodicorbit — thatonewishesto stabilize[1]. This
methodhasbeensuccessfulin dissipativesystems,but its ex-
tensionsto controlandtargetingin Hamiltoniansystems[2–
10] have metvariousdifficultiesnot presentin thedissipative
case:theabsenceof attractingsets,for instance,makesit hard
to stabilizeanything. In addition,thesemethodsrequirethat
oneknow in advancewhatonewantsto do; in particular, the
orbit to be stabilizedmay have to be known in advanceto a
fair accuracy.

In this Letter we presenta novel techniqueallowing us to
controlHamiltonianchaos,in sucha way asto keeptheorig-
inal dynamicsintact, but which shifts the stability of differ-
entkindsof orbits in thedynamics.We do soby embedding
our Hamiltoniansystemwithin a larger space,meaningwe
augmentthe numberof degreesof freedom,keepingan in-
tact copy of the original systemon oneprivilegedslice; all
of the control is achieved throughuseof the perpendicular
directionsto this intact copy. We call this methoda bailout
embeddingfor reasonsthat will promptly becomeclear. We
apply the techniqueto an extremelyhardandhithertoclose
to intractableproblemin chaoscontrol of Hamiltoniansys-
tems:selectingsmallKAM (Kolmogorov–Arnold–Moser)is-
landswithin chaoticseasin systemsthatarealmostergodic.
We show below how our techniqueis ableto find andrender
asymptoticallystableminute islandsof orderwithin a map.
While formerlythiscouldbedoneby sophisticatedalgorithms
on the basisof complex logic, our methoddistills the com-
plexity of this calculationinto a simple,forward-iteratesdy-
namicalsystem.Thusourmethodallowsusto stabilizeKAM
islandswithout knowing their locationin advance.

A striking applicationof Eq. (4) is to a caserathercloseto
the original settingof Eq. (1): an incompressiblefluid flow� translatesin dynamical-systemstermsto a divergence-free
flow, of which Hamiltoniansystemsare the most important
class.A classicalproblemin Hamiltoniandynamicsis locat-
ing KAM tori. Hamiltoniansystemslive betweentwo oppo-
site extremes,of fully integrablesystemsand fully ergodic
ones.Fully integrablesystemsarecharacterizedby dynamics
unfoldingon invarianttori. TheKAM theoremassertsthatas

a parametertaking the systemaway from integrability is in-
creased,thesetori breakandgive rise to chaoticregionsin a
precisesequence;for any particularvalueof this parameter
in a neighborhoodof the integrablecase,therearesurviving
tori. The problemwith finding them is that, the dynamics
beingvolume-preserving,merelyevolving trajectorieseither
forwardsor backwardsdoesnotgiveusconvergenceontotori
[13], andsincefor largevaluesof thenonlinearity, they cover
a very small measureof the phasespace,locating thembe-
comesanextremelydifficult problem.Moreover, thereis the
furtherproblemthateven if we starton an island,we should
be ableto recognizeit assuch. In fact,several sophisticated
analyticalandsemianalyticaltechniqueshadto bedeveloped
to assistin the searchand characterizationof KAM tori in
highly nonlinearHamiltoniansystems(seefor instance[14]).
We shall now show that the bailout embeddingsolves these
problemsby transformingthe KAM trajectoriesinto global
attractorsof theembeddedsystem;finding themis now inde-
pendentof thechoiceof initial conditions.

Our techniqueis baseduponthedynamicsof a small neu-
trally buoyantsphere— apassivescalar— in anincompress-
ible fluid flow � [11]. Underassumptionsallowingusto retain
only theBernoulli, Stokesdrag,andTaylor addedmasscon-
tributionsto the force exertedby the fluid on the sphere,the
equationof motionfor thesphereat theposition � is����	��
�
� � � ��������� ������� � ��� ��
��� � � ����� (1)

sothatthedifferencebetweentheparticlevelocityandtheve-
locity of the surroundingfluid is exponentiallydampedwith
negativedampingconstant� ����� � � � . In thecasein which
theflow gradientsreachthemagnitudeof theviscousdragco-
efficient, thereis the possibility that aroundhyperbolicstag-
nationpointstheJacobianmatrix � � mayacquirea positive
eigenvaluein excessof thedragcoefficient. In theseinstances,
thetrajectoriesof thesepassive scalars,insteadof converging
exponentiallyonto 
�!� � , detachfrom suchtrajectories.The
result is that the passive scalarsexplore practicallyall of the
flow, but tendto stayaway from regionsof highshear.

Equation1 is but oneinstanceof a moregeneralstructure.
Let usconsidera differentialequationof theform 
" �$# � " � .
If wetakeits timederivative,weobtainadifferentdifferential
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FIG. 1: We illustratehow thebailoutembeddingcantargetKAM orbitsusingthestandardmapat %'&)( . 100randominitial conditionswere
chosen,iteratedfor 10000steps,thenthenext 1000iterationsareshown. Thesquaresrepresenttheunit torus.(a)Originalmap,(b) *'&)+ , (c)*'&!,.- / , (d) *0&!,.- 1
equation, 2" �3#�4 � " ��
" . It is differentbecause,beingsecond
order, it exists in a larger spaceandhasmany solutionsthat
arenotsolutionsof thesmallerone.Still, theoriginalequation
is containedwithin the largersystem,in the sensethatevery
solutionof 
" �5# � " � is a solutionof 2" �5#�4 � " ��
" . We may
saythat 
" �6# � " � is embeddedwithin 2" �6#�4 � " ��
" . Thereare
infinitely many waysto embed;for example, 2" �7#�4 � " ��# � " �
is alsoanembedding,but it is clearlyinequivalentto thefirst.

Of course,embeddinga systemchangesnotionsof stabil-
ity, becausestability refersto perturbations,and in a larger
systemthereareall of the old perturbationsplus a batchof
new ones.So,eventhoughall of thesolutionsof theoriginal
systemarepreserved,by addingnew directionsawayfrom the
old solutionswemaytransformformerlystablesolutionsinto
unstableonesin the larger setting. See,for example,stud-
ies of the manifold bubbling transition[12]. The trivial way
to embeda systemis througha crossproduct; for instance,
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FIG.2: As timepasses,randominitial conditionseventuallycollapse
ontotheoriginaldynamics.Hereweplot thefractionof initial condi-
tionssuchthat 8 9;:=<�>;?A@CBD9;:�EF8.GH+I,KJ >ML asafunctionof thenumber
of iterationselapsed,for 8000randominitial conditions,at %N&�( .
Thethreecurvescorrespondto cases(bcd)in Figure1.


" �O# � " �IP "
QSR is embeddedwithin RUTWV as
" �X# � " � �!Y�� " P�Z;�[P
Z\�^]_Z�P (2)

where Y�� " P�Z;� is arbitraryexceptfor requiringthat Y�� " P�`a�cb` , which guaranteesthat for Z
�d` we have the original sys-
tem. If ]feg` then Z always dies out, and so we always
recover the original object; in this case,we cancall the em-
beddingitself stable,in thesensethatany motionaway from
the embeddedobjecttakesusback. Both of the “derivative”
embeddingsin the previous paragraphwereunstable;stable
versionscanbeconstructedrathersimply, for instance��.�h� 
" �i# � " �����j�lk � 
" �i# � " ����P (3)

of which the previous exampleswerethe kH�m` limit. This
embeddingensuresthatthedistancebetweentheactualtrajec-
tory and the embeddingdiminishesexponentiallywith time
for any initial condition. Equation(3) begins to resemble
Eq.(1).

We defineabailoutembeddingasoneof theform����h� 
" �i# � " ���n�j�lk � " � � 
" �!# � " ����P (4)

where k � " �oep` on a set of orbits that are unwanted,andk � " �rqs` otherwise. Thusthe naturalbehavior of a bailout
embeddingis thatthetrajectoriesin thefull systemtendto de-
tachor bail out from theembeddedsubsysteminto the larger
space,wherethey bouncearound. If, after bouncingaround
for a while, theseorbits reacha stableregion of the embed-
ding, k � " �	q)` , they will onceagaincollapseontotheoriginal
dynamicalsystem.In this way we cancreatea largerversion
of the dynamicsin which specificsetsof orbits areremoved
from theasymptoticset,while preservingthedynamicsof an-
othersetof orbits— thewantedor targetedone— asattrac-
torsof theenlargeddynamicalsystem.For thespecialchoice
of k � " �c�\� ���t� u #�� , asin thefluid dynamicsof a passive
scalardescribedby Eq. (1), thesedynamicswere shown in



3

FIG. 3: Thebailoutprocesscanfind smallKAM islands.Thestandardmapfor %v&Hw hasachaoticseacoveringalmosttheentiretorus,except
for a tiny period2 KAM islandnearposition ,Kx�(zy|{ . As in Figure1, except:thesquaresherearea box ?�,.- ,=1c}
9�}�,.- ,z1 , ,K- /K+~}S��}�,K- w�+ ,
1000randominitial conditionsand20000stabilizationiterations.(a) Originalmap,(b) *'&�+�- � , (c) *'&)+z- { , (d) *'&)+z- ( .
[11] to detachfrom saddlepointsandotherunstableregions
in conservativedynamics.

It is not hard to extend flow bailout, Eq. (4), to mapsin
theobviousfashion.Givena map "��K�_� ��� � "�� � thebailout
embeddingis givenby" �K��� ��� � " �.�_� ���6� � " � � � " �.�_� ��� � " � ��� (5)

providedthat � � � " ���Cq�� over theunwantedset. (In themap
system,almostany expressionwritten for theordinarydiffer-
ential equationtranslatesto somethingcloseto an exponen-
tial; in particular, stability eigenvalueshave to benegative in
the ordinarydifferentialequationcaseto representstability,
while they have to be smallerthan1 in absolutevaluein the
mapcase).Theparticularchoiceof thegradientasthebailout
function k � " �'��� ���t��u #�� in a flow translatesin the map
settingto � � " �
������� u � . A classicaltestbedof Hamil-
toniansystemsis the standardmap,an area-preservingmap
introducedby TaylorandChirikov. Thestandardmapis given
by "��K��� � "�� � k���N����� � ��� Z � �Z �.�_� �^Z � � " �K�_� (6)

where k is theparametercontrollingintegrability.
In order to embedthe standardmap,we only needto re-

place� and � � " � in Eq.(5) with theappropriateexpressions.� stemsdirectly from Eq.(6) and,in accordancewith thepre-
viousdefinitions,� � " � becomes:

� � " ��� � � k	�[� � ��� Z ��jk �[� � ��� Z � � �~¡ (7)

Noticethatdueto theareapreservingpropertyof thestandard
map,the two eigenvaluesof the derivative matrix mustmul-
tiply to one. If they arecomplex, this meansthat both have
an absolutevalueof one,while if they are real, generically
oneof themwill belargerthanoneandtheothersmaller. We
canthenseparatethephasespaceinto elliptic andhyperbolic
regionscorrespondingto eachof thesetwo cases.If a trajec-
tory of the original map lies entirely on the elliptic regions,

theoverall factor ¢[£;¤ � � � � will dampany smallperturbation
away from it in theembeddedsystem.But for chaotictrajec-
tories,which inevitably mustvisit somehyperbolicregions,
thereexistsa valueof � suchthatperturbationsaway from a
standardmap-trajectoryareamplifiedinsteadof dying out in
theembedding.As a consequence,trajectoriesareeffectively
expelledfrom thechaoticregionsto finally settlein thesafely
elliptic KAM islands.Thisprocesscanbeobservedclearlyin
Figure1. As the valueof � is decreased,the numberof tra-
jectoriesstartingfrom randominitial conditionswhich even-
tually settleinto theKAM tori increases;seeFigure2.

This processis sensitive enoughto work even at hitherto
intractablyhighnonlinearities.For k¥��¦ , thestandardmapis
almostergodic: it coversalmosttheentiretoruswith a single
chaoticorbit. Only a tiny islandof irreductibleorderresists
this invasion. It is locatedaround � `§P�`©¨ ª«¦.¦�¬a� andcoversan
areaapproximately

� T �z`;�C­ of thetorus.Thus,from random
initial conditionsonewouldexpectto seethisislandonly once
every 50000attempts.Figure3 shows how easilyour bailout
methodfindsthis islandfrom simpleforwarditerates.

A Hamiltoniansystemdoesnot usuallyjust satisfyvolume
conservation, but also will conserve the Hamiltonian itself.
Givenanordinarydifferentialequation 
" �j# � " � with a con-
servedquantity ®¯bj` , then #S� u ®¯��` . However, building
a bailoutembeddingby theprocedureabove doesnot leadto
dynamicsthatsatisfy 
®sb7` , becausethebailoutembedding
shouldbe

��° � � dimensional.This is clearlyundesirablein
thecaseof Hamiltoniansystems,sowe show now how to de-
rive a bailout embeddingthat will obey a conservation law.
Thebailoutequationcanbewritten2" � ��u #S� � �±� � 
" �!#�� ��u #r��
"
Weneedto correctthisaccelerationsothatit stayson thesec-
ond tangentspaceof the ®3b²` surface. Let us call the raw
bailoutacceleration³ . Thesecondderivative 2" hasto satisfy2" � u ® � 
" � u�u ®j��
" �6` , sowe canmodify ³ to

2" �6³t� ³¥� u ®� u ®r� � u ® � u ®� u ®r� 
" � u�u ®j��
"



4

This equation,given that we starton 
" � u ®´�s` , will then
preservµ ethisproperty.

Wehavepresentedanovelmethodin thecontrolandtarget-
ing of chaosin nonlineardynamicalsystems,thebailoutem-
bedding. While potentiallyuseful in any dynamical-system
setting,this methodis especiallysuitedto Hamiltoniansys-
tems.Unlike otherchaos-controlstrategies,this methoddoes
not obliteratethe original dynamicsof thesystem,but rather
preservesit in aprivilegedsliceof phasespaceembeddedin a
higher-dimensionalspace,andmerelyshiftsaroundthestabil-
ity of its orbits.A suitablechoiceof a bailoutfunctionallows
thisstrategy to targetacomplex setof orbits.Wehaveshown,
in particular, thetargetingof KAM orbits,a casewell-known
from classicalstudiesto beespeciallyhard.
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