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Chapter 1

Intr oduction

An importantbreakthroughn thedevelopmenbf chaoticdynamicsappearedvith theorig-
inal work of Lorenz[1]. With the aim of weatherforecastinghe proposechis now well-
known modelasalow dimensionalthreecoupledordinarydifferentialequationsppprox-
imationto aninfinite dimensionaimodel(a partial differentialequation)of the dynamical
evolution of theatmosphereThus,theimpactof Chaostheoryor NonlinearDynamicson
Geophysicafluid dynamicsj.e., fluid mechanicssit is appliedto atmospherior oceanic
systemshasbeenimportantevensincethefirst stepsof this new field of Science Briefly,
this Thesiswill be concernedwith somepossiblyusefulapplicationsof different mathe-
matical,computationabndphysicaltoolscomingfromNonlinearDynamicgo specifically
motivatedoceanicproblems Of course thisis a very generalassertiorwhich we will try
to clarify alongthisintroduction.

Therefore severalthingshave to be pointedout. First, the subjectsof our studiesthe
formerly calledmotivatedoceanicproblems thesewill be phenomenaf physical,biolog-
ical or chemicalorigin that canhappenin the oceanandwhere,obviously, the transport
producedby the oceanidluid flow is of primaryimportance.Two differentkinds of these
will be consideredn our work: a) the so-calledpassivetracers, which areary physical,
biological or chemicalsubstancethataredrivenby a flow, producingno feedbackaction
ontheflow dynamicsandwhich lack of their own intrinsic dynamics.An exampleof this
type of magnitudehatis justtransportedy theflow is adyewhich marksthefluid or also,
in the casethatthey do not modify significantlythe densityof the fluid, the temperature
or the salinity of seawater On the contrary b) activetracers are substanceadwectedby
a flow (alsowithout modifying it) with possessheir own dynamics. Examplesare ary
biological speciesfor e.g. planktoncommunities,obeying certainpopulationdynamics
rules,or ozoneor ary chemicalpollutantsundegoing somechemicalreactiondynamics.
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2 Introduction

We have to mentionthatthis nomenclaturgthe onewe areusingin this work) is not stan-
dard,i.e., sometimeghe namesactive or passivereferto substancethataretransported
by aflow with or withoutmodifying it, respectrely. Moreover, bothactive andpassve (in
thelastsensesubstancesanbereactingif they have their own dynamics,or nonreacting
whenthisis notthecase.

An importantremarkis the factthatwe areexplicitly studyingtheinfluenceof oceanic
flows. This comesfrom two differentconsiderationsfirst becauseve explicitly study
in someof the Chaptersreal dataof the oceanicsurfaceandsecondwhenwe dealwith
mathematicamodelsof flows, theseare two-dimensionabndincompressible.Thisis a
good approximationfor geophysicaflows in a certainrangeof scales[2]. Concerning
bidimensionality:horizontalscalesare muchlarger thanthe vertical scalefor the Earth’s
atmosphereandoceansand,also,it canbe shovn thatoneof the effectsof rotationis to
inducetwo-dimensionalityin theflow. This effectis known asthe Taylor-Proudmartheo-
remandessentiallyestablisheshatuniform rotationof a planelayerof fluid aboutanaxis
perpendiculato the plane(z axis)tendsto lock the fluid into two-dimensionaflow inde-
pendentbof z. In addition,incompressibility thatis, the conseration of the fluid density
following theflow, is a very goodassumptiorfor liquids and,therefore for oceandynam-
ics. Moreover, dueto the continuity equationfor the fluid density the incompresibility
conditionreducedo V - v = 0, wherev is thefluid velocityfield.

Therefore2d incompressibldluid flows arewidely usedin modelsof the atmosphere
andthe ocean. In these three-dimensionalitys, quite often, approachedby considering
differentlayersof fluid with differentdensitiesandwherethe flow is assumedo be2d in
everylayer. In fact,rotationandstratificationarethetwo strikingingredientf geophysical

flows[2, 3.

Now, oncewe haveintroducedhesubjectof ourwork, thatis, activeor passivdracers
advectedby two-dimensionalncompessibleflows we will try to ague why Nonlinear
Dynamicsor ChaosTheorycanbeusefulwhentreatinggeophysicaphenomenandwhich
arethe particulartools usedin this work to try to betterunderstandmodel, and predict
these In ouropinion,themainreasorfor theusefulnessf NonlinearDynamicss obvious:
theoceans turbulent,i.e. it is disorderedn spaceandtime, anddisorderedsystemsarethe
subjectof studyof ChaosTheory More preciselywe believe thatthefollowing featuresof
turbulentor spatiotemporathaoticsystemsareat the heartof the succes®f the nonlinear
dynamicsapproach:

e A fundamentaktharacteristiof turbulenceis thatit is hardto predict: a small un-
certaintyat a giveninitial time will amplify soasto renderimpossible afteralong
enoughtime, a precisedeterministicpredictionof its evolution. However, someor-
deris alwayspresentin turbulent phenomenawinter always follows summerin a
predictablepattern for example.lt is worth to saythatthis order within chaosis one
of themainfeaturesof chaoticsystems.

In the ocean,the exponentialseparatiorof fluid particlestrajectoriesis a property
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thathasbeenempirically obsered with the throwing of floating buoys, andwhich
hasdesered much attentionmainly becausebeforethe arrival of satelliteimages
of large areasof the ocean,empirical dataof oceanicmagnitudesvhereobtained
measuringlirectly by immersingthe experimentaksetinto the ocean.

e The existenceof localized spatiotemporaktructuresthe so-calledcoherentstruc-
tures),like vorticesor jets. Specifically the recognitionof therelevantrole of these
hasallowed,whenthedynamicalprocessearedominatedyy thecoherenstructures,
thereductionof the very high numberof degreesof freedomin turbulentflows. The
ideahereis to reducethe full flow dynamicsto the dynamicsof the coherentstruc-
tures,i.e.,to createalow-dimensionamodel(a systenof ordinarydifferentialequa-
tions) of the turbulent flow by just resolvingthesestructures,andin the study of
thesdow-dimensionabpproximationss wherenonlineardynamicamayenterin the
game.

e To endwith thisagumentationyve mentionthe mostsuccessfulool, in our opinion,
in the field of the applicationsof nonlineardynamicsto chaoticsystemsn general:
nonlineardata analysis Mathematicakonceptdik e fractal dimensionsLyapunw
exponentsembeddingetc...,arebeingwidely usedin ary kind of datasetsto char
acterizeand make predictionsaboutfuture statesof the system. However, in the
context of spatiallyextendedchaoticsystemsljike it is the caseof the ocean,non-
linear dataseriesanalysisis still in its beginnings. In addition, the availability of
large real (not from numericalsimulations)spatiotemporatlatasetsin general,and
of tubulentflowsin particular is nowadaysatherpoor; but sincethelaunchof differ-
entsatellitemissionsthis situationis changing openinga new erain theknowledge
of oceandynamics.

Up to now we have indicatedthe subjectsof our work andsomeof thereasongor the
useof nonlineardynamicgoolsin thestudyof these.Theobviousnext stepis to introduce
the particularmathematicalnd physicalconceptausedalongour work andthento point
out someof the results. About these,we cansaythatthey are promising,otherwisethis
Thesiscould not have beencompleted andthey will be detailedin the subsequenthap-
ters. Concerningthe principal tools we have used,key wordsin our work are: Eulerian
and Lagrangiandescriptionsof fluid motion, Lagrangian Chaos,the Proper Orthogonal
Decompositiorand GeneticAlgorithms Othermore particularconceptlaying a funda-
mentalrole in this Thesisare: Lyapunw exponentsmultifractality and quasigostophic
dynamicswhich will not be presentechow andwe remit the readerto the widely existing
literatureaboutthem([2], [8], [4] andreferencesherein). Therefore anddespitethe fact
thatthey arediscussedn someof the differentChapterswe next proceedo theintroduc-
tion of theseprincipaltoolswith the aim of providing thereadera generaloverview of the
context of ourwork.



4 Introduction

1.1 Somebasicconceptsand tools

1.1.1 Eulerian and Lagrangian descriptions

The descriptionof fluid motion canbe addressedbllowing two differentways. Onecan
dealat ary time with velocity, pressureanddensityfields at any spatialpointin the fluid,
or either onedealswith the trajectoryof eachfluid particle. Thefirst approachs usually
calledEulerianandthesecondneLagrangian In principlebothareequivalent,andif we
denoteby v(x, t) the Eulerianvelocity field, whichtells usthevalueof thefluid velocity at
ary space-timgoint (x, t), thenthemotionof afluid particlewith initial localizationx(0)
is givenby
dx
dt
Theexpression(l.]) establisheshe physicalconnectiorbetweerthe EulerianandLa-
grangiandescriptions.It clearly readsthatwhena particularfluid particleis known to be
at a specificspace-timeooint, its Lagrangianvelocity mustbe equalto the Eulerianfield
valueatthatspace-timepoint.

= v(x,1). (1.1)

1.1.2 Lagrangian Chaos

In afirst partof this memorywe will beinterestedn thetransportof substanceby flows

yielding Lagrangianchaos conceptwhich is relatedwith the formerly mentionedunpre-
dictablecharactemof oceanicflows. Let us briefly mentionsomeideasaboutthis concept
of Lagrangianchaos alsocalledLagrangiarturbulenceor chaoticadwection[5], [6]. One
speaksof Lagrangianchaoswhen (1.1) hasa sensitve dependencen initial conditions,
i.e., initially nearbytrajectoriesdiverge exponentiallyfast. It is importantto notethatLa-

grangiarchaoscanappeaevenin flowswhich arenotturbulentin the Euleriandescription.
Restrictingoursehesto the situationof a two-dimensionalncompresibldlow (the oneof

interestalongour work): v(x, t) = v,(z, y,t)Z + vy(z, y,t)y. Then,theincompressibility
condition,V-v = 0v, /0x + 0v, /0y = 0, meanghatwe canexpressv in termsof a stream
functiony(z, y, t),

Vy = —g—qg/j (1.2)
0
vy, = % (1.3)

Now, themotionof afluid particlegivenby (1.3) is written in termsof the streamfunction
as:

dz _8_¢

— = 1.4
dt oy (1.4)
dy oY

— = —. 1.5
dt o0x (1.5)

Moreover, the form of the above equationgesembleshatof a one-dgree-of-freedom
Hamiltoniansystem,if we identify the streamfunction with the Hamiltonian,z with the
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momentunp, andy with thepositiong. If ¢ = ¢(z, y, t) istime-dependentgs. (1.4, 1.5)
are a time-dependentwo-dimensionakystemof ordinary equations.Standardheorems
[7] statethat chaoticsolutionsfor the above systemof equationsare likely to occur for
particularvaluesof the systemparametersin Hamiltoniandynamicsthis is the so-called
HamiltonianChaos thatis, Lagrangiarchaos chaoticadwectionor Hamiltonianchaosare
equivalentconceptor approachesndthetools,theoremsetc.,developedfor the studyof
ary of thesearecompletelysimilarin the others.

Hamiltoniansystemsare just a particular but very important,type of dynamicalsys-
tems.In ary case somefundamentatonceptomingfrom Hamiltoniandynamicdesere
afurtherconsiderationthoughwe remitto the hugeliteratureon this topic for adeepein-
sight[B], [8]. First, a mostrelevant propertyof thesesystemss that sincethey consere
phasespacevolume(thereis nodissipationof enegy), they do notpossesattractorof the
dynamics.Anothervery importantcharacteristigés thatof integrability.

Briefly, aHamiltoniansystemwith N degreesof freedomis integrableif andonly if N
independenintegralsof themotionexist. Moreformally, asystemwith atime-independent
HamiltonianH (¢;, p;) with N degreesof freedom,i.e.,i = 1, ...N, is saidto beintegrable
if thereexist V independentsmoothconstant®f motion 7,

dl;
i 0, (1.6)
thatarein involution,
[1;, I;] = 0, (1.7)
where], ] is the Possiorbraclet, thatis,
af o of 0
g1 = 2L 99 _ 9 9 (1.8)

~ 04;0pi Op; 0ai”

The reasonthat the constantsare requiredto be smoothand independents that the
equationsl; = ¢;, wherethe ¢;’s are constantsmustdefine N different surfacesof di-
mension2N — 1 in the 2N-dimensionalphasespace.The reasorfor the constantgo be
in involution is that onewantsto usethe I's (or combinationsof them)asmomentaand
momentamustpairwisecommute.ln coordinate®f this typethemotionis quite simple.

Sometimesdditionalrequirementsareaddedn definitionsof integrability. For exam-
ple, onecanaddthe requirementshatthe surfacesl; = ¢; fori = 1,2, ..., N becompact
and connected.If this is the casethe motion takes placeon an N-torus and thereexist
action-anglevariables J;, ©;) in termsof which Hamilton’s equationshave the form

dJ;  0H _ d®, OH

-0 Y T e = Q:(J), (1.9)

wherei, 7 = 1,2,..., N. Thesecondf Egs.(1.9) is easyto integrate,yielding
0;(t) = 0;(0) + 2 (JI)t, (1.10)

whereO is definedmodulo 27, andQ;(J) = g—i arethefrequencie®f motionaroundthe
N-torus.
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Therefore anintegrablesystemis characterizedby regulartrajectoriesn phasespace.
Moreover, the trajectoriesof an N degrees-of-freedonsystemin the phasespacearere-
strictedto lie ona N-dimensionatorus,asit is clearfrom Eq. (1.10. Thus,for integrable
systemsye canview thephasespaceasbeingcompletelyoccupiedoy N-tori almostall of
whicharein turnfilled by quasiperiodiorbits. Mostinterestingor usarethenonintegrable
or chaoticHamiltoniansystemsjust because¢hey areclose,in factthey areequivalent,to
incompressibldluid systemsyielding Lagrangianchaos(with the abose mentionsubsti-
tution of real spacecoordinatesf the flow with the phasespacecoordinatesand stream
functionwith Hamiltonian). Thesearecharacterizedby irregularor stochastidrajectories
in phasespaceor, exploiting furtherthe equivalencewith fluid flows, irregulartrajectories
of fluid particlesin realspace Of agreattheoreticarelevancearetheweaklynoninteyrable
systemspr in otherwords, integrablesystemghathave beenslightly perturbed.In these,
theKolmogoros-Arnold-Moser(KAM) theoremestablisheghe coexistenceat all scalesof
regionsof regulartrajectoriesthe so-calledKAM tori, andregionsof stochastidrajecto-
ries. The strongerthe perturbationfrom integrability the smallerthe numberof surviing
KAM tori. Thesearevery importantin the context of fluid motion sincethey canactas
transportarriersfor the flow, decreasinghe mixing propertiesof thefluid.

As an exampleof the KAM theorem,we show in Fig. 1.1 the phasespaceof a non-
integrable system. In particular the trajectoriesshovn in Fig. 1.1 have beenobtained
by iteratinga Hamiltonianmap, thatis, a discrete-timeversionof a Hamiltoniansystem
[4], known asthe standardmap This is a two-dimensionalmap definedin the square
[0, 27] x [0, 27] andgivenby:

Tnr1 = (xn+ Ksiny,,1) mod 27 (1.11)
Yn+1 = (Yn + 2n) mod 27. (1.12)

_______

in Fig. 1.1,thelarger K thelessthenumberof regulartrajectorie{KAM tori, whichin the
presentaseof two dimensionsarecirculartrajectories)n the phasespace.

1.1.3 The Proper Orthogonal Decomposition

Anotherfundamentatool in thedevelopmenbf this thesisis theuseof the ProperOrthog-
onalDecompositior(POD),or Karhunen-Loge (KL), or Empirical OrthogonalFunctions
(EOF),justto give someof thenamestechniqueln afew words,the PODis alineardata
analysistechniquewhich separates given datasetinto orthogonalspatialandtemporal
modes.Thatis, it providesa basisfor amodaldecompositionsimilar to the Fourierbasis,
but with somestriking features.

Supposehatwe have anensembldu*} of complex scalarfields,eachbeingafunction
v = u(r) € L?(Q), Q@ C R (in particular in our calculationsthe ensembleof func-
tionsis given by differentsnapshot®f the time evolution of a spatiotemporafield, that
is, {u*} = u(z,t;). Theideabehindthe PODis straighforvard: we wantto find a func-
tional basis{¢;(x)}32, thatis optimalfor the datasetin the sensehatfinite-dimensional
representationsf theform

N
un(z) = Z a;j¢;(z) (1.13)
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X X

X X

valuesof K;a) K =0.5;b) K =1.0;c) K = 2.5;d) K = 4.0.

describetypical memberf the ensembléetterthanrepresentationsf the samedimen-
sion N in ary otherbasis.

Therefore the mathematicaktatemenbdf optimality is that we shouldfind a ¢(z) €
L?(£2), suitablynormalisedthathasthe maximumaveragedprojectionontow, i.e.:

<|w, ®)P > _ <|(u,¢)*>

(@) el

where< - > is theensembleverage(temporalaveragein our applications)and(u, ®) =
Jq u(z)®*(z)dz is the usualscalarproductin L?(Q) (notethat otherdifferentfunctional
spacewith differentscalarmproductscouldbeusedin this optimizationproblem,andgiven
riseto anothePOD basis).A different,but equivalent,way to readthe optimizationprob-
lem (1.14) is thatwe areinterestedn finding a structure$ which hasthe largestpossible
correlationwith u(x).

In this way, the problemis oneof the calculusof variations:to extremise< |(u, ¢)|* >
subjecto theconstraint(¢, ¢)| = 1. It is easilyshonn [10] thatthe problemfinally reduces

(1.14)

MaTe(x)eL?(Q)
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to find thelargesteigervalueof thefollowing integral equation:
[ Riw,a)o(")da’ = 2o(2), (1.15)

whereR(z, z') =< u(z)u*(z') >.

Moreover, Hilbert-Schmidttheoryassureshatthereis a countablenfinity of eigerval-
uesandeigenfunctionghat providesa diagonaldecompositiorof the averagedautocorre-
lation function:

Riz,o') = 3 Aid; ()65 (), (1.16)
j=1

andthat the eigenfunctionsp; are mutually orthogonal. They arethe empirical orthogo-
nal functions. Thus, the optimal basisis given by the eigenfunctiong¢,} of theintegral
equation(1.1%5 whosekernelis theaveragedautocorrelatiorfunction R(x, z').

Also, almosteverymembeiof theensemblg«*} usedin theaveraging< - > leadingto
R(z,z") canbereproducedby amodaldecompositiotbasedntheeigenfunctiong ¢, }52 ;:

u(zr) = i ajd;i(z), (1.17)
j=1

wherethe {a;}52, arerandomvariablessatisfying:
< akafn >= A\pOkm- (118)

Theeigervalues), areall positive andareorderedin suchaway thatthe corvergence
of therepresentatioffl.17) is optimized. The meansquareof a, is aslargeasposible,the
oneof a, is thesecondargest,andsoon. Weremarkthat,amongall linear decompositions
with respecto anarbitrary basis{®;(z,y)}, for atruncationor order N, i.e., u™ (z, y,t) =
SN ai(t)®i(x,y), witha;(t) = [, u(z,y,t)®;(x,y), theminimumerror, definingtheerror
ase = <fA(u - uN)dedy>, is obtainedwhen{ Phi;(x,y)} is the POD basis{¢;(z, y)}.

Becauseof the abore mentionedcharacteristic®f the POD, the empiricaleigenfunc-
tions ¢; constitutean optimum basisfor a Galerkin approximationto the dynamics,in
orderto obtainalow dimensionaldescriptionfor this. Suposse¢hatthe scalarfield is time
dependent(z, t), andobeys anequationof thetype

du
dt
whereF'(-) represents nonlinearoperatorthatmayinvolve spatialderivativesand/orinte-

grals. The optimumGalerkinprojectionis approachedby consideringhe N-dimensional
modaldecompositionn termsof the POD basis:

F(u), (1.19)

e, ) = X 0,(0)6,(a), (1.20

wherenow the coeficientsa; aretime dependentProjecting(1.20 onto(1.19, andusing
the orthogonalityof the basisfunctions{¢, }, asystemof ordinarydifferentialequationga
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low dimensionamodel)is obtainedfor the coeficientsa;(t):

dak

E = (F (i CLJ(t)(b](iE)) ,¢k($)> y k= 1,2,...,N, (121)

where(, ) is theusualscalamproduct.We remarkthatthe Galerkinapproximatioris suitable
for ary functionalbasis,like for e.g. the Fourier basis,but the obtainedlow dimensional
model(1.21) is optimumwhenthe POD basisis usedin themodaldecompositior{l.20).

Justto finish with this brief introductionto the POD technique,let us remarkthe
following points: a) the formulation we have presenteds the simplestone, someother
POD basisobtainedin Soboler spacesor with a differentmetric have beenstudied,for
e.g.,in [11]. b) Also, the temporalsortingis not usedto obtainingthe POD basis,i.e.,
the samebasisis obtainedfor the ensemblequ,} = {u(z,t1), u(z,1s),...u(z,t,)} and
{us} = {u(z,t2),u(z,t1),...u(z,t,)}. A PODformulationwhereinformationaboutthe
temporalsortingis consideredanbe consultedn [12]. c) ThePODis alineartechnique:
it is justaneigervalueproblem(1.15. Thereforethe PODis, amongall linear decompo-
sitions the mostefficient for reconstructing signalu(z, t) (oncethe vectorialspacewith
its metric hasbeenfixed). Nonlineartechniquessimilar to the POD are unknown to the
author but avery completereview of the PODwith extensionsandcomparisonsvith other
analysisechniqueganbeconsultedn [10, 13.

1.1.4 GeneticAlgorithms

To finish of filling up ourtoolboxof methodswe proceedo introducethe predictiontech-
nique of the GeneticAlgorithms (GA). Theseare a kind of evolutionary computational
methodsij.e. optimizationmethodsn which the optimalsolutionis searchedhroughsteps
inspiredin the naturalevolution: selectionand survival of the fittest Usually the opti-
mizationtargetis a mathematicaprocedureof known form, but with mary undetermined
parametersA populationof candidatgroceduress generatedby expressingdifferentsets
of theseparameterashbinary strings. The perfomancef eachprocedures evaluatedand
thosethatarefitter or do betteraccordingo somespecificcriteriaareallowedto reproduce.
Reproductiormay be sexual, by taking the stringsof two fit parentprocedureandgener
ating the binary string for the descendanby usingcross-@er andperhapamutation,or it
maybeaseual,in which casgustmutationis used.Over mary generationshe population
tendstowardsmoresuccessfuprocedures.

A very nice exampleof the useof the GA's hasappearedecentlyin [14], whereauto-
maticdesignandmanufctureof robotsis carriedout. Thiscangive usanideaof thepower
andversatility of this technique.In particular we will usethe GA's aspredictorsfor time
series.Thus,givenatime series(z, x, ..., z1), GA'slook for amathematicalaw relating
ary variablewith someof thepast:z; = f(z; 1,2 2, ..., z;_1). Thefirst stepis to choose
a subsef thetime seriesthe so-calledtraining set{z .1, ..., zr }, wherethe algorithm
will beworking onto find anexpressiorik e this. Thenthe algorithmproceedasfollows:

e i) Initialization . N differentexpressionsf built up from randomcombinationsof
realnumberssomeof thez;, andthefour basicarithmeticoperatorss;-, —, x, and +,
aregenerated.
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e ii) Fitting and surviving. For eachof theseexpressionsestimate®f x; in thetrain-
ing setarecomputedandcomparedusingthe variance for e.g.) with x; of thereal
data. Then,the half of theseexpressionsvith bestfitting survive andthe restdisap-
pear

e iii) Reproduction. Thesurvivorsin theformerstepform matesandreproducegen-
eratingnew expressiondy interchanginggomechainsof operatorsrealnumbersand
x;. Thisis donein suchaway thatthefitting is improvedin any new generation.

e iv) Mutation . Someof the partsof the new expressionsanberandomlymutated.

e V) Evolution. Thisprocesss repeatedteratively until anoptimumfitting expression
is obtained.

Anotherimportantpart of the algorithmis the encodingof the form of the equation
stringsinto a numericalstructurethat allows an easierandfastercomputationahandling.
Thisencodings accomplishedhroughcoordinatepairsin thefollowing way: apair (k, 1)
representanoperatoiin theequationstring. Thevaluesof k£ rangefrom 1 to 4 to represent
addition,subtractionmultiplication or division, respectrely. Pairs of theform (a, 2) with
a beingarealnumberdistributedin [— S5, So| (S1, S parametersjepresentealarguments
of theequationwhile pairs(j, 3) with j integerverifying1 < j < L indicatethearguments
givenby theelementz (¢ — j) in thetime series.

In addition,it is usedin the algorithmthe postfixnotation,which refersto the notation
in which the operatorsymbolis placedafterits two operands.For example,the postfix
expressionA B+ correspondso the standardnotation A + B. An exampleof encoded
stringin the algorithmis P = {(10.1,2), (3,3),(1,1),(2,3), (3,1)} that correspondgo
(10.1 + z(t — 3))x(t — 2).

Now andbeforeproceedingo detailthe differentChaptersof thiswork, | (pleasenote
thatit is not written 'we’) would lik e to remarkthat, thougha betterknowledgeof ocean
dynamicshasbeenmy principal aim, the spirit guiding my almostfour yearswork has
beento contribute to the generalunderstandingf the so-calledcomple systemsthatis,
spatiotemporatlisorderedsystems| believein theclaim by GoldenfeldandKadanof [15]
that apparentlythereare no generallaws for compleity, andin this sensethe classical
approachof Physicsof looking for simple but generallaws seemsnot to work, at least
nowadayswhenwe managewith complex systemsthatis, with therealworld. Nonethe-
less,onemustreachfor experienceandlessonghatmightbelearnedn oneandappliedto
another| would lik e to think thatwith thisthesisl could modestlycontributeto this hope.

1.2 Outline of the Thesis

Next, let us outline the contentsof this thesis. Therearetwo main differentparts: the
first one comprisesChapters2, 3, 4 and5. This part concernswith the study of spatial
structuref active (in thesensealefinedabove) substancesdwectedby atwo dimensional
chaoticflow. Thesecondoart,formedby Chapters, 7 and8, is dedicatedo obtaininglow

dimensionabescriptionf long (realor numerical)datasetsandmakingpredictions.
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In the following, we give a deepeiintroductionto the differentChapterf this mem-
ory; but first of all, we shouldsaythat every Chapteris selfcontainedand could be read
independently This facthasgivenrise to somerepetitionsand, sometimessurplusof in-
formation,mainlyin theintroductorysectiongo every Chapterwhichwethink (andhope)
thatdo not breakthefluentreadingof the Thesis.

So, in the secondChapter entitled Smooth-filamentaransitionof activetracerfields
stirred by chaoticadvectionwe studythe spatialstructureof anactwve field adwectedby a
chaoticflow. Thefundamentalestrictionis the assumptiorthatthe intrinsic dynamicsof
thefield, thatis, its chemicalor biological dynamicsis characterizedy a negative Lya-
punov exponent. Then,in the limit of small diffusivity, the full dynamicscanbe divided
in its two subsystemghatis, adwectionplusreaction.Eachof thesehasits own Lyapunw
exponent,negative the oneof the reactionpart, andpositive the oneof the flow (a chaotic
flow is assumed).The main resultof this first Chapteris that dependingon the relative
strengthof both exponents the spatialstructurecan be a) smooth if the stability of the
reactionpartovercomeshe stirring dueto the chaoticflow, andb) fractal, in the opposite
case. In addition, an expressionrelating the Holder exponentof the filamentalstructure
with the Lyapunw exponentsof the systemis presented.It is importantto note that all
alongthis Chaptera monofractallasopposedo the multifractal studiesin Chapter3) de-
scriptionis assumedIn otherwords,a spatiallyuniform Lyapunw exponentfor the flow
is consideredAlso, we performnumericalsimulationssupportinghesetheoreticaresults.

In Chapter3, The multifractal structure of chaotically advectedchemicalfields we
try to geta deepetinsightinto the spatialstructurespreviously studiedin Chapter2. We
alsoconsidera 2d chaoticflow stirring a chemicallystable(Lyapunw negative) substance,
but now we particularizeto a decayingchemicaldynamics We performmorecarefullythe
analyticalcalculationf theformerChapterandwe generalizeheresultswhenopenflows
arealsoconsidered.Theseare characterizedby unboundedrajectoriesof fluid particles.
On the contrary closedflows, the onesusedin the numericalsimulationsof the second
Chapter have all the trajectoriesof the fluid particlesbounded. Moreover, we focussin
the multifractal characteof the spatialpatternsof the active substancei,e., in the spatial
dependencef the Holder exponentof the chemicalfield. We studyhow this dependence
affectsthe scalingexponentsof the structurefunctions,andrelatetheseto the distribution
of local Lyapunw exponentsof the chaoticflow.

Next in Chapter4, Chaoticadvectionof reactingsubstancesPlanktondynamicson a
meanderinget, the resultsof the former Chaptersareappliedto a more orientedoceanic
problem. We useasflow a mathematicamodelfor a meanderinget. Thatis, a flow of
fluid in adirectionandshaving meanderé theperpendiculaone. In addition,thereacting
dynamicss thatof a planktonmodel. Specifically we considera modelwith threetrophic
levelsincluding nutrients(of chemicalorigin), phytoplanktorandzooplankton.

Chapter5, Populationdynamicsadvectedoy chaotic flows: a discrete-timemap ap-
proad, is a first tentative to describethe dynamicsof reactingsubstanceadwectedby
chaoticflows in termsof discrete-in-timemaps. This allows a more accuratenumerical
treatmentf the problem. In particular we studyhow a localizeddistribution of preys or
nutrientsmayaffectthespatialstructureof thepredatorsThisis carriedoutby considering
theanalogieof theadwectionplusreactionsystemwith arandommap. In addition,some
attemptgo studythe caseof positve chemicalLyapunw exponetarepresented.
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In the sixth Chaptey Low dimensionaldynamicalsystenfor an oceaniceddyobserved
in satellitedata, we try to studythedynamicsof coherenstructuregpresenin realdata,in
particular in altimetry dataof the oceanicsurface.We analysesatellitedataof the Western
Mediterraneatasinwith the ProperOrthogonalDecompositionyhich allows to identify
amoving eddyin the data. Then,the POD is usedto obtaina low dimensionalapproxi-
mationto the full dynamicsof this eddy This is doneby projectingthe POD modesover
a hydrodynamicamodelof the oceanicregion understudy Finally, nonlineardynamics
toolsareusedto studythis low dimensionamodel.

In Chapter7, entitled Forecastingconfinedspatiotempaoal chaoswith geneticalgo-
rithms, we present new techniquefor predictingspatiotemporaseriesof data. Thetech-
niqueconsistan the successie applicationof the POD andgeneticalgorithms(GA). With
thePODwe reducethefull spatiotemporatlynamicsto a smallnumberof time series Af-
ter this, anddifferently to the former Chapterwherea physicalmodel of the systemwas
assumedye malke predictionsof thesetime serieshy applyinga geneticalgorithmto each
of thesetime series We checkthis methodwith dataobtainedrom anumericalsimulation
of a mathematicaiodeldisplayingspatiotemporathaos the Comple Ginzlurg-Landau
equation

In Chapte8, Forecastinghe seasurfacetempeature space-timevariability of the Alb-
oran Seawith geneticalgorithms we applythetechniquedevelopedin theformerChapter
to real satellitedataof the seasurface. Thesecorrespondo monthly averageddataof the
seasurfacetemperatureof the Alboran Sea,an areaof the Mediterraneartea. The only
modificationwith respecto the methodappliedto numericaldataof Chapter7, is a kind
of cleaningof thedataagainwith a POD of every obtainedime series.

Finally, in ChapterQ we presenta summaryof the Thesis.
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Chapter 2

Smooth-fillamentaltransition of active
tracer fields stirr ed by chaotic advection

The spatial distribution of interacting chemicalfieldsis investigatedn the non-difusive
limit. Theevolution of fluid parcelsis describedoy independentlynamicalsystemsliriven
by chaotic advection. Thedistribution can be filamentalor smoothdependingon the rel-
ative strengthof the dispesion dueto chaotic advectionand the stability of the chemical
dynamicsWe givetheconditionfor the smooth-filamentaransitionandrelatethe Holder
exponentof the filamentalstructure to the Lyapunw exponents.Theoetical findingsare
illustratedby numericalexperiments.
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2.1 Intr oduction

The Lagrangiardescriptionof fluid flows, consideredn the framavork of chaoticdynam-
ical systemshasgivenimportantinsightinto mixing andtranspor{6]. In mary situations
of practicalinterestscalarfields describingsomepropertyof the fluid are not just sim-
ply adwectedby the flow, but areactivein the sensethat they have their own dynamics,
in generalcoupledto the transportand mixing process. (In the following we will refer
to this asthe 'chemical’ dynamicsof the system.) Typical examplesof active fieldsin
mixing flows are concentration®f reactingchemicalqlg, 17] (in industrialprocessesr
the atmosphereandinteractingbiological populationsof microomganismsn a fluid (e.qg.
planktonpopulationsstirredby oceaniccurrents[18]). The spatialstructureof suchfields
often hascomple filamentalcharactefil9]. Previouswork hasinvestigatedhe temporal
evolution of reactionssuchasA + B — C or A + B — 2B in closedflows [17, 20, 27]
asan initial value problem. The absenceof chemicalsourcesn thesecasesecessarily
impliesa homogeneoufinal stateof the system.The samereactionswerealsostudiedin
openchaoticflows [22] wherea stationaryfractal distribution arisesdueto the properties
of the underlying(chaoticscattering-like) advectiondynamics[23]. Here we shov that
in the caseof stablechemicaldynamics(in a sensalefinedbelon) andin the presencef
chemicalsourcegersistenfilamentalfractal patternscanalsoarisein closedflows.

2.2 Eulerian and Lagrangian description of the problem.

Thegoverningequationdor a setof V interacting'chemical’ fieldsC; mixedby aincom-
pressibleflow v(r, t), independenof the chemicaldynamicscanbewritten as

oC;
ot

wherei = 1, .., N. TheoperatorsF; in generalcontainspatialderivativesof thefields C;,
e.g.aLlaplaciantermrepresentingliffusion.

Let us assumethat the adwective transportdominatesand diffusion is weak. If we
neglect non-local processegik e diffusion on the right handside of (2.1) F; becomesa
simplefunction of the local concentrationgnd coordinates.In this casethe Lagrangian
representatioteadsto a considerablesimplification of the equationsJeadingto a low-
dimensionabdynamicalsystem

+ V(I‘, t) : VCZ = E[Cl(r)a g CN(r)7 I‘], (21)

@—v(rt) dC;
a7 dt

wherethe secondset of equationsdescribeghe chemicaldynamicsinside a fluid parcel
that is advectedby the flow accordingto the first equation. The coupling betweenthe
flow andchemicalevolutionis non-trivial if someof thefunctionsF; dependexplicitly on
the coordinater. In applicationsthis dependencef F; canappearasa consequencef
spatiallyvarying sourcesspatiallyvarying (e.g. temperatur@ependentjeactionratesor
reproductiorratesof biological species.It is thereforenaturalto includethis dependence
in themodelto be considered.

:E(ClaCQa“:CN:r)a 1= ]-a'aNa (22)
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Although we usea Lagrangianrepresentationour aim is to follow not the chemical
evolution along individual trajectories,but the spatiotemporatlynamicsof the chemical
fields C;(r, t) thatis equivalentto the evolution of the ensembleof fluid parcelsunderthe
dynamics(2.2). Thusthe original problemdefinedin aninfinite dimensionaphasespace
is reducedo anensemblgroblemin alow-dimensionatlynamicalsystem.

By neglectingdiffusion,we may misscertainclasse®f behaiour suchaspropagating
waves, typical for reaction-difusion systems[24]. However, aswe shall seelater, we
capturea non-trivial behaiour that we believe to be characteristioof the full adwection-
reaction-difusionproblemwhendiffusionis weak.

We assumethat the flow v(r,t) is two-dimensionalincompressibleand periodicin
time with period7'. Theseconditionsin generaleadto chaoticadwectionevenin caseof
simplespatiallysmooth(non-turkulent) velocity fields. Sincethe advectionis independent
of the chemicaldynamicsit canbe characterisedby its own Lyapunw exponentsi” >
AL, Incompressibilityimplies thatthe advectionis describecby a conserative dynamical
systemandthus )\l = —\Z.

For numericalinvestigationsve useda simpletime-periodicflow that consistsof the
alternationof two steadysinusoidakhearflowsin the z andy directionfor thefirstandthe
secondalf of theperiod,respectiely. Theflow is definedontheunit squarewith periodic
boundaryconditionsby thevelocity field

T
vg(z,y,t) = —%@(5 — ¢t mod T) cos(2my)

T
vy(z,y,t) = —%@(t mod T — 5) cos(2mx) (2.3)

where©(x) is the Hearyside stepfunction. U — 0 correspondso anintegrablelimit of
theadwectionproblem.We will considethecasel/ = 1.0 producingaflow thatconsistof
oneconnecteathaoticregion. The parametefl” controlstherelative time-scaleof the flow
andreactions.By changingT we canvary the Lyapunw exponentsof the flow without
alteringthe shapeof thetrajectoriesandthe spatialstructureof theflow.

Sincethe trajectoriesr(t) are chaoticthe chemicaldynamics(2.2) correspondo a
chaoticallydriven dynamicalsystem. This subsystentan be characterisedby the setof
chemicalLyapunw exponents)\{ > A > ... > \§, thatdependon the driving by the
chaoticadwection. Here we will only considerthe simplestsituation, when the largest
chemicalLyapunw exponentis negative and,for afixedtrajectoryr(t), the chemicalevo-
lutions corvemge to the sameglobally attractingchaoticorbit for any initial conditionin
the chemicalsubspace.In the caseof no explicit spacedependencén the functions F;
(i.e. no driving) this would correspondo a globally attractingfixed point of the chemical
subsystem.

A simpleexampleof suchasystem(relevantfor atmospheriphotochemistryjs thede-
cayof achemicalspecieS N = 1) producedy anon-homogeneousource with chemical
dynamics

C =a(r) — bC, (2.4)

for which A\ = —b independentlyf thedriving.
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2.3 Spatial structur e of the chemical fields: smooth and
filamental patterns.

Firstwe investigatehetemporalevolution of thechemicalfields. Althoughthe Lagrangian
variablesC;(t) have a chaotictime-dependencaccordingto the positivity of the largest
Lyapunw exponentfor the full dynamicalsystem(2.2), it canbe shavn thatthe Eulerian
chemicalfield C;(r, t) is asymptoticallyperiodicin time with the period of the flow. In

orderto obtainthevaluesof thefieldsat pointr attime ¢ onecani) integratetheadwection
backwardin time andusetheobtainedrajectoryr(t') (0 < ¢ < t) andtheinitial valuesof

the chemicalfieldsatthe pointr(0) to i) integratethe chemicaldynamicsforwardin time
from 0 to ¢. Thevalueof thefield atthesamepointattime¢+n1" canbeobtainedsimilarly.

Theresultingbackwardtrajectorywill bethe same(dueto the periodicity of the flow) but
longer By integratingthe chemicalevolution forwardin time for n7 we obtaina problem
equialentto the previous onewith a differentsetof initial concentrationsthataccording
to the assumptionsnadeabove (A < 0) corverge to the sameorbit. Consequentlthe
chemicalfieldsareasymptoticallyperiodicin time

dim Ci(r, (m+n)T +7) = lim Ci(r,mT +7), (2.5)

wherer = ¢ mod T, defininganasymptoticchemicalfield C*°(r, 7).
In thefollowing we investigatethe spatialstructureof the chemicalfields. For this we
calculatethedifference

§C; = Cy(r + or,t) — Ci(r, 1), o] < 1, (2.6)

that can be obtainedby integrating (2.2) alongtwo trajectoriesendingat the preselected
pointsr andr + Jr attime ¢. Thetime evolution of the distanceldr(¢')| (for t — ¢’ > 1)
canbeestimatedrom thetime reversedadwectiondynamicsas

Se(#)] ~ [or(t)|eX =) 2.7)

where \f = X" > 0 for almostall final orientationsn(t) = dér(¢)/|dr(¢)|. The only
exceptionis the unstablecontractingdirectionof the time reversedflow correspondingo
M=\ <.

By expanding(2.2) aroundthechaoticorbit C;(r(¢)) we obtaina setof linearequations

. N JF;
0C; = Z +~0C; + V. F; - or (2.8)
= oC;
with initial condition
dC;(0) = CS(r(O) +0r(0)) — C?(r(o)), (2.9)

whereC? (r) aretheinitial chemicalfields.
In thesimplestcaseN = 1 thesolutionof (2.8) canbewritten explicitly as

t !
5C(t) = V,C° - 6r(0)e + / V,F - r(t)er gy (2.10)
0
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where
1 toF
~tJo OC
thatbecomesqualto the chemicalLyapunw exponent\® in thet — oo limit. Thefirst
termin (2.19 represents deviation dueto non-homogeneousitial conditionsandthe
secondonedescribeghe effect of differenthistoriesof the two trajectoriesappearingvia
thespacedependencef F.

Using(2.7) we obtainfrom (2.10) for the projectionof the gradientof C' to adirection

A (C(x(t')), r(t"))dt (2.11)

n

= VC’On(O)e(’\F“L)‘C)t—i—
t ’

+ / VE(x(t')n(#)eO )0 gy (2.12)
0

The corvergenceof theright handside of the above equationfor ¢ — oo dependsn the
signof theexponent\” + \°. If A" < |\“| the corvergenceof the chemicaldynamicsis
strongetthanthedispersiorof thetrajectoriesn the physicalspaceandresultsin asmooth
field C>°(r, 7). Onthecontraryif A > |\“| thememoryof thechemicaldynamicsdecays
tooslowly to forgetthedifferentspatialhistoriegor initial conditions).In this casethelimit
doesnotexistandthefield C*°(r, 7) hasanirregularstructurethatis almostowherediffer-
entiable. Thereexists, however, at eachpoint onespecialdirectionin which the derivative
is finite. Thisdirectionis thecontractingdirectionin thetime-reversedadwectiondynamics
correspondindo the negative Lyapunw exponentof the flow \J'. Thuswe suggest pre-
cisedefinitionof afilamentalstructure peinga non-differentiablefield, thatis still smooth
in onedirectionat eachpoint (with thatdirectionitself varyingsmoothly).

Theirregular chemicalfield canbe characterisedby its Holder exponenta: definedas
dC(or) ~ |or|*, where0 < a < 1 anda = 1 for adifferentiablefunction. In our caseif
A+ XC>0

SC(t) ~ |8 (t)|eX T, (2.13)
Expressingime from (2.7) as
_ 1 |6r(0)]
t=1pln 0] (2.14)

andinsertingit in (2.13 we obtain
SC(t) ~ |5T(0)|THATAT) §p(4) |2, (2.15)

For verylongtimesandin aclosedflow |§r(0)| will saturatetafinite valuein thebackward
adwectiondynamics.ThustheHolderexponents o = |\€|/AF. Certainly diffusionwould
smoothoutthesmallscalefilamentalstructuredpelown acertaindiffusive scale(approaching
zerofor smallerand smallerdiffusivities), settinga cut-off for the scalingrelation (2.19).
Neverthelessabove the diffusive scalefilamentalstructureswill persistfor arbitrarily long
time since,in the presencef chemicalsourcesthe effect of diffusionis balancedoy the
continuougyeneratiorof smallscalestructuresy the chaoticadwection.

As an examplewe considerthe system(2.4), which is the simplestpossiblesystem
that exhibits the smooth-filamentatransition,using a sourceterm of the form a(z,y) =
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Figure2.1: Smooth(a) andfilamental(b) distributionsof the decayingsubstancéeq:2.9
mixed by theflow (eq. 2.3) after 20 periodsusinga; = 0.1 ,b = 1.0 ,U = 1.0 andinitial
conditionC(r,t = 0) = 0.0. Theintegrationhasbeendonefor 200 x 200 pointswith
final positionson a rectangulamgrid. For U = 1.0 the numericallycalculatedLyapunw
exponentof the flow is A\f' ~ 2.35/T. The period of the flow is T = 5.0 (A" < b) in
(a) andT = 1.0 (A\* > b) in (b), respectiely. (c) coexistenceof smoothandfilamental
structuredor U = 0.5 and7 = 1.0.

14 a4 sin (27z) sin (27ry). Numericallycalculatecchemicalffields (obtainedby abackward
integration of the adwection problemand forward integration of the chemicaldynamics
[25]) of both typesare showvn in Fig.1laandb. Figure?2 shows a sectionof the smooth
andfilamentalfields of Fig.1alongtheline y = 0.25. We alsomeasuredhe box counting
fractaldimensiorof thefunctionC/(r) alongacutin thex direction,whichis relatedto the
Holder exponentby D = 2 — « [28]. Numericallycomputedvaluesagreewell with the
theoreticapredictionasshovnin Fig. 3. If theflow doesnot consistof only oneconnected
chaoticregion, but is composedy chaoticregionsseparatedy KAM tori, the Lyapunw
exponentf theflow aredifferentin eachchaoticregion andthe structureof thechemical
field canbe smoothin certainregionsbut filamentaryin others(Fig 1c.).
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Figure2.2: Sectionsof the smooth(a) andfilamental(b) fields showvn in Fig.1alongthe
liney = 0.25.

In themoregenerakaseN > 1 thesamesmooth-filamentalransitioncanbeobtained.
Let usonceagainconsiderata particulartime ¢ thedifference’C;(t) in thechemicalfields
overasmallpreselectedisplacemendr. Thetime dependencef asetof initial deviations
§C;(0) anddr(0), for thedynamicalsystem(2.2) hasthe asymptoticform

(i 5C2(t) + 0r(1)) ~ (i 5C2(0) + 61(0)) e (2.16)

where \ is one of the Lyapuna exponentsof the system. For a typical choice of the
final deviation dr(¢), or will bedivergentin thetime reverseddynamicsandconsequently
contractingn theforwarddirection. Thus,thecontributionof §r decaysn theleft handside
of (2.16) and\ cannotbethe positive Lyapunw exponent\” sothetypical valueof \ will
bethe secondargestLyapunw exponent.Therearethustwo possibilities\ = \I' = —\F"
(if X' > X9) or A = XY (otherwise) We cannow divide bothsidesof (2:16) by dr(¢) using
@9

N

N 2 1/2 2 1/2 \F
(3 ey + )"~ (2 Gy +1) e @10
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Figure2.3: Box countingfractaldimensionf thefunctionsC'(z) shavn in Fig.2. Num-
ber of boxesneededo cover the graphof the function C(x) vs. the box sizel (squares)
andslopescorrespondingo therelationD = 2 — b/\F.

Thus,thechemicalfieldsC;(r) becomenon-differentiablen thet — oo limit if Af" > [X¢|.

2.4 Summary

Justto summarizeandvery briefly, we have studiedthe spatialdistribution of active tracer
fields, suchas planktonpopulationsor reactingchemicals,stirred by chaoticadwection.
Thishasbeendonein thenon-diffusivelimit which hasallowedusto debscribéheadwection-
reaction-difusion systemasa setof independentlynamicalsystems.Dependingon the
relative strengthof the flow andthe chemicaldynamicsthe spatialdistribution of thetrac-
erscanbe smoothor filamental.Also, in the caseof thefilamentalpattern we have related
the Holder exponent(or the fractal dimension)of this with the dynamicalmagnitudesof
thesystemj.e.,the Lyapunw exponentsof theflow dynamicsandthe oneof the chemical
dynamics.It is importantto notethatall alongthis Chaptera spatially uniform chemical
Lyapunw exponenthasbeenconsidered.The caseof spatialdependences treatedin the
next Chapter



Chapter 3

The multifractal structur e of chaotically
advectedchemicalfields

The structure of the concentation field of a decayingsubstanceproducedby chemical
souicesandadvectedy a smoothncompessiblewo-dimensionallowis investigated\W\e
focusour attentionon the non-uniformitiesof the Holder exponenbf theresultingfilamen-
tal chemicalfield. They appearmostevidentlyin thecaseof openflowswheirr egularities
of the field exhibit strong spatialintermittencyasthey are restrictedto a fractal manifold.
Non-uniformitiesof the Holder exponentof the chemicalfield in closedflowsappeasasa
consequencef the non-uniformstretching of thefluid elementsWe studyhowthis affects
the scalingexponentsf the structure functions,displayinganomalousscaling andrelate
the scalingexponentgo the distribution of local Lyapunw exponentsof the advectiondy-
namics.Theoketical predictionsare compaedwith numericalexperiments.
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3.1 Intr oduction

Mixing in fluids plays an importantrole in natureand technologywith implicationsin
areasrangingfrom geophysicgo chemicalengineeringd6]. The phenomenorof chaotic
adwection— intensvely investigatedduring the lastdecade- providesa basicmechanism
for mixing in laminarflows [B]. Briefly stated,chaoticadwectionrefersto the situation
in which fluid elementsn a non-turlulentflow follow chaotictrajectories.Advectionby
simpletime-dependentvo-dimensionaflowsfalls genericallyunderthis category. Stirring
by chaoticmotion,with its characterististretchingandfolding of materialelementsis able
to bring distantpartsof thefluid into intimatecontactandthusgreatlyenhancesixing by
moleculardiffusionactingat smallscales.

Mixing efficiency becomesspeciallyimportantwhenthe substanceadwectedby the
flow arenotinert but have somekind of actiity. By ‘activity’ we meanthat sometime-
evolution is occurringto the concentrationsnside adwectedfluid elementgproducedby
chemicalreactions,for example). For definitenessve will usetermssuchas chemical
fields and chemicalreactions,but biological processespccurringfor examplewhenthe
adwectedsubstances living plankton,can be describedformally in the sameway. The
interactionbetweenthe stirring processand the chemicalactvity canresultin comple
patternsfor the spatialdistribution of the chemicalfields, which in turn greatlyaffect the
chemicalprocessefil, 19]. In additionto theimpacton its own chemicaldynamicsthe
spatialinhomogeneitiesnayhave importanteffect on otherdynamicalprocessesccurring
in the fluid (for examplein the behaior of predatorsseekingfor the adwectedplankton
[29]). An understandingf the structureof thesespatialpatternss thusvaluable.

Previous theoreticalwork concentratean the temporalevolution of the total amount
of chemicalproductsin specificreactionssuchas A + B — 2B [20]. In [22] the same
autocatalytiaeactionandthe collisionalrectionA + B — 2C' werestudiedin openflows.
In the previous Chapterwe considereda classof chemicaldynamicscharacterizedy a
negative Lyapunw exponentin the presencef (hon-homogeneoughemicalsourcesln-
der suchchemicalprocesses,eactantconcentrationpresenta tendeng to relax towards
a local-equilibriumconcentration(the fixed point of the local chemicaldynamics). This
tendeny is disruptedby the advectionprocesswhich forcesfluid elementdo visit places
with differentlocal-equilibriumstates Dependingontherelative strengthof chaoticadwec-
tion andrelaxationthe resultingconcentratiordistribution canbe smooth(differentiable)
or exhibits characteristidilamentalpatternsthat are nowheredifferentiableexceptin the
directionof filamentsalignedwith the unstabldoliation inducedin thefluid by the chaotic
dynamics.The mechanisnfor the appearancef thesesingularfilamentsis similar to the
oneproducingsingularinvariantmeasuresn dynamicalsystemg31], althoughhereit is
affectedby the presencef the chemicaldynamics:stretchingby the flow homogeneizes
the patternalongunstabledirections,whereassmall-scalevariance cascadinglown from
largerscalesaccumulateslongthe stabledirections producingdiverging gradients.

Thestrengthof thesingularitiesof theconcentratiorfield C'(r) canbecharacterizethy
aHolderexponento

|0C(ro; 0r)| = |C(ro + 0r) — C(r0)| ~ |01|%, [dr] = 0. (3.1)

If thefield is smooth(differentiable)try, o = 1, while for anirregularrough(e.g.filamen-
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tal) structured < « < 1. In Chapter2 we focusedon the existenceof a smooth-filamental
transitionas time-scalesof the systemare varied, and also obtainedthe most probable
(bulk) valueof the Holder exponent. Note, however, thatthe Holder exponentdefinedby
(8.3 is alocal characteristiof the field, whosevalue may dependon the positionrg. In
this Chapterwe concentrat®n suchnon-uniformitiesof the filamentalchemicalfield and
studyhow this affectsscalingpropertieof quantitiesnvolving spatialaverageswhich are
themorecornvenientquantitiesto be obsenedin experiments.

In Section3.2 we review anddetail the deductionsof the resultspresentedn Chapter
2, namelythe smooth-filamentafransitionandthe dominantvalueof the Holderexponent
in closedflows. Thenwe considerthe sameproblemfor the caseof mixing by openflows
(Sect.3.3). In this casethe necessityof a multifractal descriptionbecomesnanifest,and
thismotivateshedevelopmenbf aquantitatve characterizatioof thefilamentalstructures
in termsof structurefunctions. Thisis presentedn Sect.3.4. Scalingexponentsappeaito
berelatedto the distribution of local Lyapunw exponents We concludethis Chapterwith
asummaryanddiscussion.

3.2 Local propertiesof the chemicalfield and the smooth-
filamental transition

We considerthe flow asexternally prescribedthusneglectingarny backinfluenceof the
chemicaldynamicsinto the hydrodynamicqthe advectedsubstancegare chemicallyac-
tive but hydrodynamicallypassve). In this context, the generalcontinuumdescriptionof
chemicalreactionan hydrodynamidlows is givenby setsof reaction-adection-difusion
equations.They involve in generalmultiple component&ndnonlinearreactionterms. In
ChapterZ we consideredhe situationin which the chemicalkineticsis stable,i.e. there
is alocal-equilibriumstateat eachspatialposition,determinedoy the sourcesandthe re-
actionterms,sothatconcentrationsf fluid particlesvisiting that positiontendto relaxto
thelocal-equilibriumvalue. Mathematicallythis correspondso the negativity of the Lya-
punos exponentsassociatedo the chemicaldynamicalsubsystem.It was shown in the
precidingchaptetthatarbitrarychemicaldynamicsn this classcanbesubstitutedy linear
relaxationtowardslocal equilibriumat a rategivenby thelargest(leastnegative) chemical
Lyapunw exponent.Within this restriction,the multiplicity of componentss notessential
since,exceptfor specialtypesof coupling,linearizationleadsto simplerelationsbetween
thedifferentfields.

Becausef the above remarks andwith the aim of keepingthe mathematicgssimple
as possible,we will restrictour considerationsn this Chapterto the simplestchemical
evolution: linear decay at a rate b, of a single advectedsubstance.A space-dependent
sourceof thesubstancavill alsobeincluded to maintainanon-trivial concentratiorfield at
longtimes. This chemicaldynamicscanbe considereaitherasanapproximatiorto more
complex chemicalor biological evolutions, with maximumchemicalLyapunw exponent
—b, or asa descriptionof simplespecificprocessesuchasspontaneoudecompositiorof
unstableadicals decayof aradioactve substancegr relaxationof sea-suidcetemperature
towardsatmosphericalues[82]. Thevalidity of our ideasfor nonlinearmulticomponent
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situationshasbeenchecledfor aplanktonmodelandwill bepresententh thenext Chapter
Theconcentratiofiield C(r, t), whenadwectedby aincompressibleelocityfield v(r, t)
is governedby theequation

%—f +v(r,t)- VC = S(r) — bC + kV>C, (3.2)
wherex is the diffusion coeficient, b is the decayrateintroducedabore and S(r) is the
concentratiomnputfrom chemicalsourcegnegative valuesrepresentinginks). Werestrict
ourstudyto thecasan whichtheincompressibleelocityfield is two-dimensionalsmooth,
andnon-turlulent. Chaoticadwectionis obtainedgenericallyif a simpletime-dependence,
for exampleperiodic,is includedin v(r, t). We assumehatdiffusionis weakandtransport
is dominatedby adwection. Thusone expectsthat the distribution on scaleslarger than
a certaindiffusive scaleis not affectedby diffusion. Thereforewe considerthe limiting
non-diffusive casex = 0. In thislimit theabove problemcanbedescribedn aLagrangian
pictureby anensemblef ordinarydifferentialequations

X 1), (3.3)

dC . R
— = S[E®)] - v, (3.4)

wherethe solution of the first equationgivesthe trajectoryof a fluid parcel,(¢), while
the secondbnedescribeshe Lagrangiarchemicaldynamicsin this fluid element:C(t) =
Clr = £(¢),t].

To obtainthe value of the chemicalfield at a selectedooint T at time ¢ one needsto
know the previous history of this fluid elementthatis thetrajectoryt(¢) (0 < ¢ < t) with
the propertyt(#) = ¥. This canbe obtainedby the integrationof (3.3) backwardsin time.
Oncef(t) hasbeenobtainedthe solutionof (3.4) is

O(F,7) = C[#(0), 0] " + / 00 gt (3.5)

Onecanobtaiqthedifferenceattime{ of thevalugsof thechemicafield attwo different
pointst andr + Jr separatedby a small distancedr in termsof the differenceC|[#(t) +
or(t),t] — ClE(t), t] = 6C[#(t), t; or(¢)] for 0 < ¢t < ¢, namely:

8C(¥,t; 0r) = 6C[#(0), 0; 6r(0)]e "
/ SS[E(t): 6r(t)]e D dt (3.6)

WhereéAr(t) (0 < t < t) is thetime-dependendistancebetweenthe two trajectoriesthat
endat andr + Jr attime £, andé.S, in analogywith 6C, is the differenceof the source
termatpointsi(¢) and#(t) 4 or(t).

Thuswe have expressedhe behaior of an Eulerianquantity §C(F, ; or) in termsof
Lagrangianquantities,in particularof ér(t). Furtheranalysisof Eq. (8.6) requiresspec-
ification of the behaior of ér. The signatureof chaoticadwectionis the exponentially
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growing behaior of this quantityat long times. More precisestatementsieedadditional
assumptionsnthecharacteof theflow. The simplestframenork is obtainedf we restrict
our attentionto initial conditionst(0) in aninvarianthyperbolicset[31]. In this caseone
canidentify at eachpoint two directions the onein which theflow is contractinge(r) and
the expandingdirectione(r). They dependcontinuouslyon position (for time-dependent
flows thereis anadditionalexplicit time-dependencehatwe do notwrite down to simplify
the notation). Sincec ande form at eachpoint a vectorbasiswhich is not orthonormal,
it is corvenientto introducealsothe dual basis(c', e') at eachpoint. Chaoticadvection
manifestdgtself in the factthatfor ary initial separationéAr(O) the long-time behaior of
oris |61 (t)] ~ ‘e[f(o)]T : &(O)‘ M (for t > 0), where) is the positive Lyapuna exponent

alongthetrajectoryande[£(0)]" - 6r(0) givesthe componenbf theinitial separatioralong
theexpandingdirection. At longtimes,thedirectionof 6Ar(t) tendsto becomaalignedwith
the expandingdirection of the flow at #(¢), e[#(¢)]. However, if the initial separatioris
alignedwith the contractingdirectionat theinitial point, A shouldbe substitutedy ', the
contractve Lyapunw exponent,ande’ by cf. Forincompressiblélows onehas)’ = —\.
The Lyapunw exponent) of the trajectorydependsn principle both on the initial posi-
tion and on the durationof the trajectory A = \((#(0),¢). For clarity of the formulas,
we suppressn our notationthesedependenciesin the limit of infinitely long times, an
asymptoticvalue A(£(0), c0) = A((£(0)) is attained.In therestof this Sectionwe assume
that this limit is reachedfast enoughso that we can neglect the time-dependencen .
Thespacqinitial condition)dependencef theinfinite-timeLyapunw exponent) (for hy-
perbolicsystems)s suchthatalmostall initial conditionsleadto the samevalue )\, the
mostprobableLyapunw exponent,whereageviationsmay possiblyoccurin setsof zero
measurg3q].

In orderto analyz&(3.6) onehasto considetthe backwardsevolution. In this casetypi-
calsolutionsbehare, for t < 0 andlarge,as|dr(t)| ~ ‘c[f(o)]f : 5Ar(0)| Nt = ‘c[f"(o)]’f : &(O)‘ e M
sothat,alsoin this backwardsdynamicsgcloseinitial conditionsdiverge,andthedifference
will tendto becomealignedwith the mostexpandingdirectionof the backwardsflow (the
contractingof the forwardflow, c[#(¢)]). Again, thereis a particulardirectionfor the ori-
entationof the initial condition (the contractingonein the backwardsflow which is the
expandingonein the forward dynamics)for which —\ shouldbereplacedoy A. In (3.6),
or is obtainecbackwardsstartingfrom dr at¢ = ¢. In this case:

or(t) ~ c(m)' - or 2MUCR(t)], t, <t <t. (3.7)

The exponentialseparatior(@:7) holdsonly while the distancesr(t) is not too large, and

saturatesvhenapproachinghe sizeof the systemor somecharacteristicoherencéength

of the velocity field. The time at which this happenglefinest,, a saturationtime. We

assumethat both the velocity field and the sourceS(r) have only large-scalestructures

suchthattheir correspondingoherencéengthsarecomparablédo the systemsize, thatwe

take asthe unit of length-scalesThus,the saturatiortime is givenby ¢, = £ + A~! In |r|.
For smallér, Eq. (326) canbewritten as

8C(F, T or) ~ 6C[#(0), 0; 61(0)]e "
ts N _
+ / 5STE(1); Se(t)]e Dt
0
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+ / Se(t) - VS[E(t)]e "D dt (3.8)

(if t, > 0). Wewill notneedto specifythe dependencef 65 on ér for timespreviousto
ts, aslongasdS remainsbounded Substitutionof (3.7) in the secondntegralleadsto

SC(F, T; or) ~ 6C[#(0), 0; 61(0)]e
ts N _
+ / 5STE(1); Se(t)]e Dt
0

_ £
+or-c(®) / c[#(1)] - VS[E(t)] XD gt (3.9)
ts

Takingthelimit 6r — 0 (for afinite t) leadsto ¢, < 0. Thusthefirstintegral disappears
andthefirst termcanbelinearized. By writing or = n|dr| sothatn is a unit vector one
findsthedirectionalderivative alongthedirectionof n as

B VO(E ) ~ 1 o(r) el#(0)] - VOR(0), 0}
+ii-c(®) /0 c[E(t)] - VS[E(t)]ePE Dt (3.10)

If A < b this derivative remainsfinite in thet — oo limit andthe asymptoticfield
Cx(T) = C(r,t — 00) is smooth(differentiable).Otherwisethe derivativesof C diverge
as~ e Y leadingto a nowhere-diferentiableirregular asymptoticfield. The exception
againis the expandingdirectionof the forward flow: whenér pointsalongthatdirection
oneshouldsubstitutein Eq. (3.10) A andc by —\ ande, respectiely. This directional
derivative is alwaysfinite. Thus, thereis at eachpoint a direction along which C, is
smooth. It shouldbe notedthat, becausehe explicit time-dependencef the vectorsc
ande referredto before,the limiting distribution C, will not be a steadyfield, but one
following the time dependencef the stableand unstabledirections. For time-periodic
flows v(r,t), C will alsobe time periodic. Its singularcharacteristichiowever do not
changdn time.

In orderto characterizéhe singularasymptoticfield we take the limit £ — oo for fixed
finite or in (3.9)

§C. (F; 61) ~ /w‘ _, 95TE(@); Sr(2)]z "\ da

S| —1/2
+|6r|n - c(F)! /1|6 | cl#(z)] - VS[E(z)]z* b da (3.11)

wherewe usedthe changeof variablese’~* — z. If b > X onefindsfor thedominantterm
in the|dr| — 0 limit thesimplescalingéC, ~ |or|, butwhenb < X:

§Coo (T3 6T) ~ |61 . (3.12)

Accordingto (3:1) thevalueof the Holder exponentis

a:min{g,l}. (3.13)
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Thisgeneratelationexpresseshelocal (space-dependertdlderexponentin termsof the
localinfinite-time Lyapunw exponentandthechemicaldecayrate. For hyperbolicsystems
this Lyapunw exponenthasthevalue\, everywherebut in a setof zeromeasure.

The smooth-filamentairansitioncanbestbe understoody neglectingthefluctuations
in the Lyapunw spectrumHencewe studyfirst (in theremainingof this Section)the con-
sequencesf Eq. (8.13 for A = \;. In Section3.3we will consideropenflows. For such
systemsjt becomesvidentthatthe resultingchemicalfield cannotbe characterizedby a
singleHolderexponent.In Section3.4 a structure-functiodormalismwill bepresenteds
aconvenientway to characteriz¢his dispersionn the valuesof thelocal Holderexponent.

Comingbackto (3.13 with A = Ay, for b > )\, theasymptoticchemicalfield is smooth
(g = min{b/Ng,1} = 1). Butif b < Ao, the asymptoticchemicalfield becomesan
irregular fractal object. Sincethereis always an orientationof ér alongwhich oy = 1,
the objecthasa filamentalstructure thatis, irregularin all directionsbut onewhereit is
smooth.The graphof thefield alonga one-dimensionatut or transectpr the contoursof
constantoncentratiorarealsofractals,asthey aretwo-dimensionakectionsof the whole
C»(r) embeddedn athree-dimensionadpace More precisely the one-dimensionaian-
sect(alongthe directionz) of the field is a self-afine function with its graphembedded
in aninherentlyanisotropicspace(C, ) with axis representinglifferentphysicalquanti-
ties. Contoursof constantoncentrationshowever, areself-similarfractal setsof the two-
dimensionaphysicalspacez, y). Thefractaldimensionof boththe graphof thetransects
andof theisolinesis givenby D = 2 — «.

In Figs.3.1and3.2we presensnapshotsf theasymptotidield C.,, evolving according
to (B.3)-(B.4). For theflow we take a simpletime-periodicvelocity field definedin the unit
squarewith periodicboundaryconditionsby

2 T
vz, y,t) = —#@(5 — t mod T) cos(2my)
2U T
vy(z,y,t) = —?G(t mod T — 5) cos(2mx) (3.14)

where©(z) is the Heavyside stepfunction. In our simulationsU = 1.2, which produces
aflow with a singleconnecteathaoticregionin the advectiondynamics.Thevalueof the
numericallyobtainedLyapunw exponentis Ay ~ 2.67/7.

Backwardtrajectorieswith initial coordinate®narectangulagrid werecalculatedand
usedto obtainthechemicafield ateachpointby using(3.5) forwardin timewith thesource
termS(z,y) = 1 + sin (27z) sin (27y). Thevaluesof the parametersisedin Fig. 3.1 are
T = 1.0 andb = 4.0, for which the Lyapunw exponentis A\ = 2.67 < b. A smooth
patternis seenjn agreementvith ourtheoreticaliguments.in Fig. 3.2theparametersre
T = 1.0 andb = 0.1, sothat\, > b andafilamentalpatternis obtained.

The smooth-fractakransitionalso appeardn the time-dependencef the concentra-
tion measuredt a fixed point in space. This canbe shavn by a similar analysisfor the
difference

0C(r,t;6t) = C(r,t + 6t) — C(r, 1) (3.15)

insteadof the spatialdifferencediscussedbove. If b < A, thesignalC(r, t) becomesion-
differentiablein time and canbe characterizedy the sameHolder exponentb/\,. The
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Figure3.1: Top: a snapshobf the chemicalconcentratiorC,, obtainedin the flow (3.14)
for b = 4.0 and )\, = 2.67, sothata smoothdistribution is obtained.Bottom: a horizontal
cutalongtheline y = 0.25.

factthat scalingpropertiesof the temporalsignalandthatof the spatialstructurearethe
same-analogouslyo the so called‘Taylor hypothesis’in turbulence-canbe exploitedin
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Figure3.2: Top: asnapshobf the chemicalconcentratiorC,, for b = 0.1 and\, = 2.67,
sothatafilamentalstructures obtained.Thelower panelshavs a horizontalcut alongthe
line y = 0.25, clearlydisplayingthe fractalnatureof thefield.

experimentsor in analysisof geophysicatata.
We concludewith somecommentson the rangeof validity of Eq. (3:10). The La-
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grangiandescription(3.3)-(3.4) in which our approachis baseds valid only for scalesat
which diffusionis negligible. Thusthereis aminimumadmissiblevaluely; ¢ s (k) ~ /k of
ér andour calculationshouldbe understoodas giving the gradientsonly up to this scale,
fractality beingwashedut at smallerscaledy the presencef diffusion. Neverthelessve
think that,if diffusionis weak,thefractal-filamentatransitionwill be seenat scaledarger
thanthis diffusive scale. For fixed ér largerthanthe diffusion length, (879 remainsvalid
until atime # ~ t,(ér) thatmeanghatthe divergenceof the gradientswill alsosaturateat
afinite value~ (Ig;z7)%?0~

Anotherlimitation to the validity of our equationsarisesfrom the fact that, for most
chaoticflows of physicalrelevance,not all the pointsvisited by the fluid particlewill be
hyperbolic.Thestableandunstabledirectionsin the previousdiscussiorbecomegangentat
somepointsandequationsuchas(3.9) becomeundefinedhere.More importantly KAM
tori will be presentin the system,so that for valuesof r lying on KAM trajectoriesthe
valueof the Lyapunw exponentappearingn (3.7) will not be positive but zero. Another
effect of the KAM tori will beto partitionspacento ergodicregions. Eachregionwill be
characterizedby a differentvalueof )y, andthereis the possibility of observingdifferent
morphologiesn the differentregions. For the valuesof parametersisedin Figs.3.1 and
3.2, KAM tori occupy a very smallandpracticallyunobserable portion of space sothat
the filamental patternappeardo be well describedby the sameHodlder exponentnearly
everywhere.However, an examplehasbeengivenin the precedingChapterin which fila-
mentalandsmoothregionscoexist separatedy KAM tori.

3.3 Openflows

Let us now consideragainthe problem(8.3)-(3:4) with a velocity field correspondindo
anopenflow whosetime-dependencis restrictedto a finite region (mixing region), with
asymptoticallysteadyinflow andoutflow regions. A prototypeof this flow structureis a
streampassingarounda cylindrical body If the inflow velocity is high enoughvortices
formedin the wake of the cylinder make the flow time-dependenh this region, while the
flow remainssteadyin front of the cylinder or in the far downstreanregion. We assume
againthattheflow is non-turtulent,sothatthe velocity field is spatially-smooth.

Passve adwectionin suchopenflowswasfoundto beaniceexampleof chaoticscattering]23
33]. Advectedparticles(or fluid elements)enterthe unsteadyregion, undego transient
chaoticmotion[84], andfinally escapeaandmove away downstreanon simpleorbits. The
time spentin the mixing region, however, dependstronglyon theinitial coordinateswith
singularitieson afractalsetcorrespondingo particlestrappedoreverin themixing region.
This is dueto the existenceof a non-attractingchaoticsaddle(althoughof zeromeasure)
formedby aninfinite numberof boundechyperbolicorbitsin themixing region. Thestable
manifold of this chaoticsaddlecontainsorbitscomingfrom theinflow region but never es-
capingfrom the mixing zone.Thesepointscorrespondo the singularitiesof theresidence
time. If adropletof dyeis injectedinto themixing region sothatit overlapswith thestable
manifold, mostof it will be advecteddownstreamn a shorttime. But partof the dye will
remaincloseto the chaoticsaddlefor very long times,andcontinuouslyejectedalongits
unstablemanifold. In this way the dyetracesout the unstablemanifold of the chaoticsad-
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dle, resultingin fractal patternscharacteristi¢o openflows[Z3, 33, 85. Permanenthaotic
adwectionis restrictedto a fractal setof zeroLebesguaneasurethe chaoticsaddle Points
closeto the unstablemanifold of the chaoticsaddlehave spenta long time in the mix-
ing region of the flow moving nearchaoticorbitswith a positive Lyapunw exponent.For
pointspreciselyat this unstablemanifold, the backwardstrajectorieqthe onesfrom which
the Lyapuna exponentin (3.13 shouldbe computedyemainin the chaoticsaddle thus
leadingto \q > 0. The othertrajectoriesescapdrom the chaoticsaddlein a shorttime,
thusbeingcharacterizethy a Lyapunw exponentequalto zero.

Thus openflows provide a ratherclear exampleof strongspace-dependenad Lya-
punos exponents.Accordingto Eqg. (3.13, the Holder exponentmay be differentfrom 1
only on the unstablemanifold of the chaoticsaddle thusimplying thatthetransitionfrom
smoothto filamentalstructurenow only takesplacein this fractalsetof zeromeasureThe
backgrouncthemicalfield is alwayssmooth,independentlyf the valueof b.

To checktheseideas,we obtain numericallythe distributions of chemicalfields ad-
vectedby an openflow. Our velocity field is taken from a kinematicmodel of a time-
periodicflow behinda cylinder, describedn [23]. This flow wasfoundto be qualitatvely
similar to the solutionof the Navier-Stokesequationin the rangeof the Reynoldsnumber
correspondingo time-periodicvortex seeding.The concentratiorpatternshows irregular
ities separatedby smoothregions(Fig. 3.3, obtainedwith b = 0.96). Thisis moreclearly
obsered in the longitudinaltransect. The relation betweenthe singularregions andthe
locationof the chaoticsaddlecanbe madepatentby comparingthe gradientof the field
with the spatialdependencef the escapdimesfrom the scatteringregion. In particular
Fig. 8.4shavstheabsolutevalueof thegradientof theconcentratioriield |VCy (r)| thatis
highly intermittent.It alsodisplaysthetime (in thetime-reverseddynamics)hatfluid par
ticlesinitially in aline perpendiculato the meanflow take to escapeheregion of chaotic
motion. Most of the particlesleave theregion in a shorttime, but longertimesappeairfor
initial locationscloseto the stablemanifold (in thetime-reverseddynamics)of the chaotic
saddle. Clearly, thesediverging times are associatedo the singularitiesin the gradient
distribution. By increasingthe valueof b the flow characteristicgtrajectoriesmanifolds,
escapégimes,...) remainunchangedhut thesingularitiesn theadwectedfield decreasand
finally a smoothdistributionis obtained.

A chemicalfield with the samestructurecan also be obtainedin openflows whose
time-dependenc@ndthusthe chaoticityof adwection)is not restrictedto a finite domain,
by restrictingthe spatialdependencef the chemicalsourcedo a finite region. This case
will beinvestigatedn the context of planktondynamicsin thenex Chapter

Sincetheirregularitiesnow appeaionly on a setof measurezero,onecouldaskif they
canhave ary significanteffect on measurablguantities.In orderto clarify this, insteadof
the previous characterizatiomf the point-wisestrengthof the singularitiesby the Holder
exponent,let usinvestigatethe scalingof the spatialaverageof the differencesiC,, with
distanceyr = |ér|. For simplicity, let usassumehat,on thesaddlethereis no distribution
in thelocalinfinite-time Lyapunw exponentsj.e., thattheadwectionon the chaoticsaddle
is characterizedy asingleLyapunw exponent),. In thiscasehepartialfractaldimension
(i.e. the dimensionof intersectionf the setwith a line) of the manifoldsof the chaotic
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Figure3.3: Top: a snapshobf the chemicalpatternC,, formedin the wake of a cylinder
(the black semicircleat theleft is half of its section). Meanflow is from left to right. We
have usedthe streamfunctiorgivenin referencd15]. b = 0.96, andall the streamfunction
parametevaluesarethesameasin [15] excepttheboundary-layethicknesof thecylinder
which heretakesthe valuea = 20.0, andthe vorticity strengthwhichis w = 35.06 in our
calculations Bottom: a horizontalcut takenalongtheline y = 1.0.

saddleis [23, 36]

D=1-2 (3.16)

Ao

Here k is the escapaate, thatis the rate of the exponentialdecay(~ e**) of the num-
ber of fluid elementsspendingtime longerthant in the wake of the cylinder. On a one-
dimensionaltransectof unit lengththe total numberof segmentsof length ér is (6r)*
while the numberof sggmentscontainingpartsof the unstablemanifold (with partialfrac-
tal dimensionD) is N (6r) ~ dr~". Thus,accordingto (3.13) the spatialaverageof 6C,
alongthisline, (0Cw(r; dr)), canbewritten as

(0Cua(r;67)) = (37)(3r)P(6r)"/ +
+(ar)[(6r) " — (67) 2] (o) (3.17)
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Figure3.4: Top: The absolutevalueof the gradientof the chemicalfield in Fig. 3.3 along
theline x = 7.3. The lower figure shavs the escapetime for particlesalong this line
(x = 7.3). Thisis calculatedby computingthe time that every single particle takesto
arrive to theline x = —2.0 (far from the chaoticwake region) in the backwards-in-time
dynamics.

wherethefirst termpertaingo thesingular while thesecondneto thesmoothcomponent.
In thelimit §r — 0 thedominatingbehaior is

(6Coo (15 67)) ~ 07 | (3.18)

with

g:min{1,1+b/A0—D}:min{1,b+“} (3.19)
Ao

shawing thatif D < /\io (or, b+ k > )\g) the averagewill be dominatedby the smooth
componenthput if the fractal dimensionof the singularsetis large enoughthey contribute
to the scalingof (0C (r; 6r)). The averagehasbeenperformedalonga one-dimensional
line or transecf the two-dimensionapattern. For commonvelocity fields andtransects
thiswill beequialentto thecompleteaverageoverthewholefluid, exceptin theparticular
casein whichthetransecis choserto be completelyalignedwith thefilaments.
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3.4 Structur efunctions

The strongly intermittentstructureof singularitiesin openflows is an extremeexample.
Thereare additionalinhomogeneitiesffecting both to the openandto the closedflows:

although,in thelong-timelimit the Lyapunw exponentis the samefor almostall trajecto-
riesin anergodicregion, deviationscanpersiston fractal setsof measurezero,andaswe

sav above suchsetscancontrikbute significantlyto the global scaling. The origin of these
inhomogeneitiesanbe tracedbackby analyzingthe finite-time distribution of Lyapunw

exponentsThiswill bedonein thefollowing. For arobustquantitatve characterizatioof

the filamentalstructure accessibléo measurementsye considemow the scalingproper

tiesof the structurefunctionsassociatedavith the chemicalfield.

Thegth orderstructurefunctionis definedas

Sq(67) = (|6Ce0(r; 67)[%) (3.20)

where( ) representsveragingover differentlocationsr, andq is aparametefwe will only

considerstructurefunctionsof positive order(g > 0)). In theabsencef any characteristic
length over a certainrangeof scalesthe structurefunctionsare expectedto exhibit, as

or — 0, apowerlaw dependence

Sy (1) ~ dr'e (3.21)

characterizetby the setof scalingexponents;,.

We alsonotethatsomeof the scalingexponentsaredirectly relatedto othercharacter
istic exponents,suchasthe one characterizinghe decayof the Fourier powerspectrum
['(k) ~ k=7, or the box-countingfractal dimensionD of the graphof the function
Cw(z,y) asafunctionof = by simplerelations[38]:

y=C+1 and Dg=2- (. (3.22)

If the Holder exponentof the field hasthe samevalue everywhere given by (3:13 with
A = )\, thescalingexponentof theresultingmono-afinefield aresimply

G =qop = q% (3.23)
0
(we have assumed < )\j). In generalthe singularspatialinhomogeneitie®f the Lya-
punos exponentcould be understoody realizing that the finite-time stretchingrates,or
local Lyapuna exponentd4], have a certaindistribution aroundthe mostprobablevalue.
This distribution approachethetime-asymptotidorm [4, 34

P(\, 1) ~ t1/2e G (3.24)

whereG () is a function characteristido the advectiondynamicswith the propertythat
G(Xo) = G'(X) = 0andG(A) > 0, where) is the mostprobablevalueof the Lyapunw
exponent. At infinitely-long times all the measurebecomesconcentratedt this single
value )\, as statedbefore. The form (8.29 is valid only for hyperbolicsystems. Non-
hyperbolicity(i.e. the presencef KAM tori) canstronglyaffect the distribution at small
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valuesof A but around), andfor larger valuesit remainsa goodapproximation.As we
shallseelateronly this region contritutesto the structurefunctionsof positive order
As time increaseghe distribution becomesmore and more pealed around)\,. The
(Lebesguepreaof the setof initial conditionswith local Lyapuna exponentsin a small
interval (A, A + d)\) thatexcludes), decreaseat long timeswith a dominantexponential
behaior:
SAL(t) ~ e FVIg) (3.25)

shawing that only setsof measurezerocanhave Lyapunw exponentdifferentfrom Aq in
thet — oo limit. Suchsets,however, canstill have nonzerofractal dimensions.At finite
times,thearea(3.25 encloseshefinal anomalouset,with atrans\ersethicknesghat,due
to stretchingby the chaoticadwection,decreaseke i) (t) ~ e~*. The numberof boxes
neededo coverthesetof aread A, (t) usingboxesof sizel, () is

5 A (t
Ni(t) ~ g%t()) T N N e (3.26)

thatgivesthe dimensionfor the setto which this areacornvergesin theinfinite-timelimit:

D)) =2— @ (3.27)
Thus,anarbitraryline acrosghe systemwill befoundcomposedy subset®f dimension
D(\) = D()\) — 1 eachonecharacterizetby differentvalues\ of the Lyapuna exponents
andin consequencef theHolderexponentsy(A) = min{b/A, 1}.

Now, the scalingexponentsn (8.21) canbereadily obtained.The numberof sggments
of sizedér belongingto a subsetharacterizedy Lyapunw exponent) scalesas N () ~
§r~PX)  while thetotal numberof suchnon-overlappingsegmentsscalesas~ dr~!. Thus,
the structurefunctioncanbewritten as

Sy(or) ~ | Y §r PO 5 G ((N), 6r) %A ~
q e} )

min

b A’I’)’L(J/.Z

~ / 572 PN gpagy + / 572 D) g7 g\ (3.28)
)\min b

In thelimit o — 0 theintegralsaredominatedby a saddlepoint and,aftersomemanipu-

lations,the scalingexponentsin (3.21) areobtainedas

¢, = min {q, qu . D(A)} = min {q, qb;fw} (3.29)

The right handside can be seenas a family of lines in the (¢, {,) planelabeledby the
parameter\ so thatthe valueof ¢, is given by the lower envelopeof theselines. Note
thatthe shapeof G/(\) for A smallenoughbecomesrrelevantfor determining¢, because
of the minimum condition. Thus multifractality, characterizedy nonlinearityin the ¢-
depencencef (,, is affectedonly by the largeststretchingratesin the flow. Equation
(B.19 is a particularcaseof (8.29 for ¢ = 1 andin the approximationof consideringa
singlevalueof A onthechaoticsaddle.
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Accordingto (3.29 thegth orderstructurefunctionis dominateddy a subsetharacter
izedby a Lyapuna exponent),. Applying the extremumconditionto (3.29 we obtainan
equatiorfor A,

d g+ G(N)
aG(/\)\A:Aq SN

thatcanbe substitutednto (3.29) to obtainthe gth orderscalingexponent.

The existenceof a distribution of local Lyapunw exponentsalso affectsthe smooth-
filamentaltransition. As the Holder exponentis space-dependertte transitiondoesnot
take placeat a uniquely definedvalue of . Singularitiesexist evenin a overall smooth
regimefor pointscorrespondingo backwardstrajectoriesvith Lyapunw exponentdarger
thanb. Thesepointsoccupy fractal setsof dimensionD(\) givenby (8.2% with b < A <
Amaz- Thus,the fractal dimensionof the singularsetis max,~, D(A\) = D(b), indicating
thatthe setbecomespace-filling(see(8.27%)) asb approaches. = \,. Thereforethe bulk
transition,a macroscopieffect that affects the overall appearancef the chemicalfield,
takesplacein a closedflow at the samecritical valueb., = )\ asin a flow without ary
spreadingn the Lyapuna spectrum.

We notethat (3.29 could alsobe obtainedmoredirectly from the averagingof (3.12)
over differentvaluesof \ usingthe probability distribution (8.24) of the local Lyapunw
exponent.In thatcasewe would not have the geometricainterpretationn termsof fractal
dimensionsD()).

We have analyzedchumericallythe chemicaldecayunderadvectionby the closedflow
(8.14) to checkthetheoreticapredictionsabore. Numericallycomputechistogramof the
local Lyapunw exponentsaareshown in Fig. 3:5andthe correspondingr () functionsare
representedh Fig. 8.6. The G(\) functionsobtainedfrom histogramscorrespondingo
differenttimescoalescexceptin the small-\ region, thusconfirmingthat (3.24) correctly
describegheobseneddistribution.

Numericallycalculatedscalingexponenti.e. obtainedby directapplicationof Eq. (3.20)),
andthe family of lines correspondindo (3.29 basedon the histogramof the local Lya-
punor exponentf Fig.3.5areshovn in Fig 3.4, wherethe predictionof themono-fractal
approximation(¢, = gb/X,) is alsoshavn. The mono-fractalapproximationappeargo
be accuratefor small g. The graph-fractaldimensionor the widely usedFourier power
spectrumexponentarerelatedto ¢; and(, by Egs.(3.22) sothattheir estimatebasedon
the mono-fractaldescriptionthat considergust the bulk valueof the Holder exponentcan
deviatefrom theactualvalues.

In arecentwork by Nametal. [87] the power spectrunof adecayingscalarfield (with
space-dependedecayrate) hasbeeninvestigatedand relatedto the distribution of local
Lyapunw exponentof theadwectingflow. Theresultfor the spectrakexponentobtainedn
[87] usinganeikonal-typewave packetmodel[38], andtakinginto accounfinite diffusion,
is consistentvith our formula(8.29 (thatfor ¢ = 2, andwith (3.22) givesthevalueof the
spectraklope)obtainedn the non-diffusive limit.

ThefunctionG () is characteristi¢o theadwectingflow. Let usnow considera special
casewherewe approximate=(\) by aparabola

(3.30)

(A= Xo)?

GO ="

(3.31)
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P\ 1)

Figure3.5: Thedistribution of local Lyapunw exponentsat threedifferenttimes,obtained
for the closedflow (3.14) with T = 1.0 andU = 1.2. Thelong-time meanLyapunw
exponentis \, = 2.67.

This canbe thoughtasthe first termin a Taylor expansionaround),, which is a good
approximationto obtainthe smallq scalingexponents.In this case(8.30 canbe solved
explicitly

Ay =1/ (Ao)? + 2¢bA . (3.32)
This givesthe scalingexponents
) 200 N
Cq = (X) + A A (3.33)

Theabove relationhasbeenobtainedrecentlyby Chertlov in [89], wherethe problem
of adwectionof decayingsubstancewasconsideredn a probabilisticset-up usingstochas-
tic chemicalkourcesandarandomvelocityfield thatis spatiallysmoothbut delta-correlated
in time. Thedistribution of stretchingrateswasassumedo be Gaussiarasin (8.31). This
assumptiorrouldberealisticfor deterministiadynamicalystemsn mary casesandcould
give goodestimatesor thescalingexponentdor smallg. For higherordermomentshow-
ever, higherordertermsin the expansionof G(\) canbecomeimportant. Moreover, the
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Figure3.6: ThefunctionG()), obtainedfrom the distributionsin Fig. 8.5 andEq. (3.23).
Collapseof datafor thethreetimesinto the samecurve confirmsthevalidity of (8.24). The
dottedline is a parabolicfit (0.4(\ — 2.67)?) thatprovidesa goodapproximatiomearthe
minimum.

possiblevaluesof A couldbelimited by afinite maximumvalue,,.., €.9.in time-periodic
flows, wherethefinite time-Lyapunw exponentsannothave arbitrarily large values.This
impliesthatthe scalingexponentsor ¢ > ¢*, where),« = A4, shoulddisplayasimple
lineardependence

_ qb + G()‘maac)

)\maac

Cq (3.34)

thatdiffersfrom theq behavior of (3.33 for largeg.

3.5 Summary and discussion

Multifractality of adwectedfields generatedy chaoticadwectionhasbeenobsered pre-
viously in the caseof passve adwectionwith no chemicalactvity (b = 0) [40]. It was
shown thatthe measuralefinedby the gradientsof the advectedscalarfield hasmultifrac-
tal propertiesandits spectraof dimensionsD, hasbeenrelatedto the distribution of local
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Figure3.7: Thescalingexponents(, for thesituationof Figs.3.5and3.6andwith b = 1.0.

Thick line: themono-fractalapproximation, = ¢b/A,. Thin lines: the curves¢, = ¢ and
¢ = [gb + G(N)]/A, for differentvaluesof \; the numericalvaluesof G()) areobtained
from Fig. 3.6. Accordingto Eq. (8.29), theactualvaluesof the scalingexponentsaregiven
by thelowerenvelopeof thissetof curves. Thisis confirmedby thenumericallydetermined
valuesof ¢, (crosses)Dashedine: theapproximation3.33).

Lyapunw exponentg4d]. This multifractality, however, doesnot affect the slopeof the
power spectrum{4l, 42] (the socalledBatchelorspectrumT'(k) ~ k~') or scalingexpo-
nentsof the structurefunctions(¢, = 0 for all ¢, asit canbe seenfrom (3.29 by setting
b = 0). Theeffectof multifractality onthepowerspectrunmhasacharactetransienin time,
moving towardssmallerandsmallerscalesandfinally disappearingvhenreachinghedif-
fusive endof the spectrum.In the stationarystateonly the diffusive cut-off of the power
spectrumis affected[43] thatcanstill be importantfor the interpretationof someexperi-
mentalresults.By comparingtheseresultsfor the consered casewith the onespresented
herefor thedecayingscalamwe canconcludethat,althoughthe origin of the multifractality
is thesamein bothsituations-thenon-uniformityof thelocal Lyapun exponents-in the
presencef chemicalactuity this hasstrongerconsequencgson-Batchelopower spectra
andanomalouscaling).

We have presenteda simple mechanismnthat can generatemultifractal (or more pre-
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cisely, multi-affine) distributions of adwectedchemicalfields. The main ingredientsare
chaoticadwectionandlineardecayof theadwectedquantityin thepresencef non-homogeneous
sources. Essentiallythe samemechanismsvere consideredn [39], but with stochastic
time-dependenciesothin the flow asin the chemicalsourcesconsideringadwectionby
the spatially smoothlimit of a Kraichnan-like modelgenerallyintendedto representur-
bulentflows. Our resultsstresghatanomalouscalingmay appeaiin simpleregular (e.g.
time-periodic)laminarflows wherestochasticityappeargust asa consequencef the low-
dimensionaldeterministicchaosgeneratedy the Lagrangiaradwectiondynamics.In ad-
dition we have providednumericalevidencefor thetheoreticapredictions.lt is interesting
to mentionthatthe extensionof Chertlov’s work to nonlinearchemistry[44] findsresults
very similar to thelineardecay simply substitutingthe decayrateby anaveragerate. This
is alsothe resultwe find within our deterministicmodelsin Chapter2, beingthe ratethe
chemicalLyapunw exponent.

Chaoticadwectionis characteristido mosttime-dependerfilows. The linear decayof
the adwectedsubstances in factjust the simplestprototypeof a family of chemicalreac-
tion schemeswherethelocaldynamicscorvergestowardsafixedpointof thechemicarate
equations.Thelocal dynamicscanalsobe generatedy non-chemicaprocessese.g. by
biologicalpopulationdynamicsin the caseof planktonadwection[48], or by therelaxation
of the sea-sutdcetemperatureowardsthe local atmospherizalue[82]. Inhomogeneities
of thechemicalsourcesr of otherparametersf thelocaldynamicsarisenaturallyin these
contets sothatwe expectour resultsto be of relevancein biologicalandgeophysicaket-
tings. In fact, fractality and multifractality have beenalreadyobsenedin thesecontexts,
for examplein thedistribution of stratospherichemicalqe.g.ozone)[45, 48], andin sea-
surfacetemperatur@nd phytoplanktorpopulationg47]. The structureof thesefieldshas
beensometimesassociateavith turbulenceof the adwectingflow. We think thatthe simple
mechanismableto generateeomplex multifractal distributions,investigatedn this Chap-
ter canbe at the origin of someof the structuresobsered in geophysicaflows. Further
work in this directioncould help on the interpretatiorof geophysicatlatain orderto gain
guantitatve informationaboutthe processesvolved. Laboratoryexperimentsseemalso
to befeasible.



Chapter 4

Chaotic advection of reacting
substances:Plankton dynamicson a
meanderingjet

We studythe spatial patternsformedby interacting populationsor reactingchemicalsun-
der the influenceof chaotic flows. In particular, we have consideed a three-component
model of planktondynamicsadvectedoy a meanderinget. We report geneal results,
stressingthe existenceof a smooth-filamentairansitionin the concentation patternsde-
pendingontherelativestrengthof the stirring by the chaoticflow andtherelaxationprop-
erties of planktonicdynamicalsystem. Patternsobtainedin openand closedflows are
compaed.

43
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4.1 Intr oduction

Thetransportof biologically or chemicallyactive substanceby afluid flow is a problem
of greatgeophysicalelevance.Importantexamplesarisein the studyof atmospheriad-
vectionof reactve pollutantsor chemicals suchasozone,N,O [B5], or in the dynamics
of planktonpopulationdgn oceancurrentdb2]. Theinhomogeneousatureof theresulting
spatialdistributionswas recognizedsometime ago ([68] and referencesherein). More

recently satelliteremotesensinganddetailednumericalsimulationsidentify filaments,ir-

regular patchessharpgradients,and other complec structuresnvolving a wide rangeof

spatialscaledn the concentratiorpatterns.In the caseof atmospherichemistrythe pres-
enceof strongconcentratiorgradientshasbeenshavn to have profoundimpacton global

chemicaltime-scale$19]. On-sitemeasurement@nddataanalysisof thechemicalor bio-

logical fields have confirmedtheir fractal or multifractalcharacte{5g, 47, 45, 44].

In the caseof planktoncommunities,patchineshasbeenvariously attributedto the
interplay of diffusion and biological growth, oceanicturbulence, diffusive instabilities,
and nutrient or biological inhomogeneitie§54]. Advection by unsteadyfluid flow and
predatoprey interactiong(formally equivalentto chemicalreaction)areemeping astwo
key ingredientsableto reproduceghe mainqualitative featuresof planktonpatchines$18].

The ‘chaotic adwection’ paradigmhasbeenshown to be a usefulapproachto under
standgeophysicatransportprocessesit large scales[b2]. Briefly, chaoticadvection (or
Lagrangianchaos)[8, §] refersto the Lagrangiancomplex motion of fluid parcels. La-
grangianchaoticflows aremuchsimplerthanturbulentones beingthusmoreaccessiblé¢o
analyticalcharacterizatiomndunderstandingT hey retainhowever mary of thequalitatve
featuregelevantto transportandmixing processes complex geophysicaflows.

Thoughthe propertiesof inert passve tracerfields underchaoticadwectionhave been
widely studied[4Q] muchlessis known aboutbiologically or chemicallyevolving reactant
distributions. Nonethelesssomeresultshave beenrecentlyobtained,asfor examplein
reactionsof thetype A + B — C in closedchaoticflows [2(] andin openchaoticflows
[22]. In chapter®, 3 we have consideredhe generalcaseof stablechemicaldynamics
in closedchaoticflows in the limit of small diffusionandin the presenceof an external
spatially non-homogeneousourceof one of the chemicalcomponents.The main result
wasthattherelationshippbetweertherateatwhichthechemicaldynamicsapproachekcal
equilibriumwith thechemicalsourceandthe characteristicime scaleof thestirring by the
chaoticflow determineghe fractal or non-fractalcharacterof the long-time distribution.
Thefasterthestirringis, themoreirregularis the pattern.

Thepurposeof this chapteiis to applyandverify thegeneraresultsaborein aconcrete
model of planktondynamicsin flows of geophysicalelevance. In additionwe compare
structuresappearingn closedandopenflows, stressinghe intermittentcharacteof irreg-
ularitiesin the openflow case. We expectthis resultto apply alsoto othersituationsin
atmospherior oceanicchemistry

The chapteris organizedasfollows: next Sectionsummarizeshe generaltheoretical
resultsobtainedn the formerchaptersThe particularplanktondynamicsandthe two dif-
ferentflows thatarethe subjectof our studyarepresentedn Sect4.3. They arevariations
of a kinematicmodelfor a two-dimensionaimeanderinget, leadingto a closedandto
openflow model. Sectiord.4 describesiumericalresultsfor the closedflow casewhereas
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Sect.4.5considerghe openflow. Finally, Sect4.6 containsour conclusions.

4.2 Generalresults

The temporalevolution of reactingfields is determinedby adwection-reaction-dffision
equations.Advectionbecausehey areunderthe influenceof a flow, reactionbecauseave
considerspeciesnteractingwith themselesand/orwith the carryingmedium. Diffusion
becauseurbulentor molecularrandommotion smootheut the smallestscales.For the
caseof anincompressiblevelocity field v(r, t), the standardorm of theseequationss

T 4 ven) VO 1) =
fi(Cla""CNar)+VV20i(r7t)> (41)

whereC;(r,t), i = 1,...N, areinteractingchemicalor biological fields advectedby the
flow v(r,t), fi(C,...,Cn,r) arethe functionsaccountingor the interactionof thefields
(e.g.chemicalreactionor predatotprey interactions) Diffusioneffectsareonly important
at small scalesandwe will neglectthemin the following. In this limit of zerodiffusion
v — 0 theabove descriptioncanberecasin Lagrangiarform:

% — V(i 1) (4.2)
dc;
dt

wherethe secondsetof equationslescribeshe chemicalor populationdynamicsinsidea
fluid parcelthatis beingadwectedby theflow accordingo thefirst equation.In theabsence
of diffusion, a couplingbetweenthe flow andthe chemical/biologicakvolution canonly
appearasa consequencef the spatialdependencef the f;(C1, ..., Cy, r) functions.This
spatialdependencdescribemon-homogeneousource®r sinksfor thechemicalreactants
or spatiallynon-homogeneougactionor reproductiornrates. Suchinhomogeneitiesnay
arisenaturally from a variety of processesuchaslocalizedupwelling, inhomogeneous
solarirradiation,or river run-off, to namea few.

Fromnow on, theincompressibldlow v(r, ¢t) will beassumedo be two-dimensional
andtime dependent.This situationgenerallyleadsto chaoticadwection. For simplicity,
our generalargumentswill be statedfor the casein which v(r, ¢) satisfiesthe technical
requiremenof hyperbolicity, but in the exampleslessrestrictve flows will be used. The
mostsalientfeatureof adwectionby a chaoticflow is sensibilityto initial conditions,that
is, fluid particlesinitially closetypically divergein time at a rate given by the maximum
Lyapunw exponentof theflow Ax > 0:

6r(t)| ~ |6r(0)]|e Mt . (4.4)

:fz (013027"1CNar:f‘(t))5 i:]-a'aNa (43)

Equation(4.4) is valid for nearlyall theinitial orientationsof theinitial particleseparation
dr(0). However, the incompressibilityconditionimpliesthatthereis a particularorienta-
tion of the initial separationgr.(0) for which the two trajectoriesapproacheachother:
61(t)| ~ |6rc(0) €M, with M = —Ap.
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The generalclassof chemicalreactionsstudiedin the precedingchaptersvasthe one
leadingto stablelocal equilibriumin the absencef flow or, in termsof the chemicaldy-
namicalsubsystent4.3), thedynamicsapproaching uniquefixed point for eachconstant
positionr. This meansthat thereare not chemicalinstabilitiesnor chemicalchaos,and
thatthe concentrationsendto approacha valuedeterminecht eachpoint by the sourcesn
fi- In thepresencef adwectionby theflow r = #(¢), therelaxationprocesss altered but
canbecharacterizetby thevalueof the maximumLyapunw exponent\ of the chemical
subsystent4.3), which we assumeo remainnegative.

In orderto characterizeéhe spatialstructureof the C; fieldswe calculatethe difference
502 = CZ(I‘ + 51‘, t) - CZ'(I', t) . (45)

Insertingthisexpressionfor |6r| smallenoughjnto theequatiorfor thechemicaldynamics
ashasbeenshawn in the former chaptersye canobtainthe evolution of the gradientsof
thechemicalfield atlongtimes:

N
VCi(r,t) =~ Z V(CY - V) Vietrticl
+ / ds YN, (Vh(E(s) - VIViehrtielts) (4.6)

wherethe vectorsV! = n (#(¢)) v; arecombinationf the vectorsn(r) pointingat each
point alongthe mostcontractlngdlrectlonof the flow andof thevector{v;,i = 1,..., N}
associatedo the contractingdirectionin the chemicalsubspace.#(s) is the trajectory
endingatr attime¢. It is importantto realizethat Eq. (4.6) givesthe long time behavior
of VC; correctlyin all but in onedirection. The directionalderivative of C; in the most
expandingdirectionshouldbe obtainedwith (4.6) but replacing\ by A%, = — A, andthe
vectorsn by the onesassociatedb the expandingdirection.

The corvergenceof the gradientsfor ¢ — oo dependson the sign of the exponent
Ar + Ac. Therearetwo possibilities:

e If \r + A¢ < 0 thenthe corvergenceof the chemicaldynamicstowardslocal equi-
librium is strongeithanthe effect of the chaoticflow onthefluid particles.Gradients
arefinite sothata smoothasymptotiadistributionis attainedoy the chemicalffields.

e If A\ + A\¢ > 0 theninthet — oo limit the chemicalpatternbecomesiowhee
differentiable An irregularstructurewith fractalpropertiess developed.Remember
howeverthatateachpointthereis adirectionfor which A+ \- shouldbesubstituted
by —Ar + A¢, alwaysnegative, in (4.6). In this directionderivativesarefinite and
thefield is smooth.

Thustheresultingstructures filamentali.e.,irregularin all directionsexceptin one
alongwhichit is smooth.This onecorrespond$o thedirectionof thefilamentslying
alongthe unstabléefoliation of the chaoticadvection.
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4.3 The plankton and the jet models

In the numericalinvestigationdelov we will considerasimplemodelof planktondynam-
icsimmersedn ameanderinget flow.

This planktonmodel,usedby [18] andrelatedto the oneusedby [53], considersex-
plicitly threetrophiclevels: the nutrientcontentof awaterparcel,describedn termsof its
carryingcapacityC' (definedasthe maximumphytoplanktoncontentit cansupportin the
absencef grazing)thephytoplanktorbiomassP, andthezooplankton”Z. ThelLagrangian
‘chemical’ subsystent4.3) reads:

% = a(Cy(r)-0C) 4.7)
dP P
dzZ \
- = Pz-87". (4.9)

All termshave beennondimensionalizedo keepa minimal numberof parametersEqua-
tion (4.7 describesthe relaxationof the carrying capacity at a rate o, towardsan in-

homogeneoushapeCy(r). This will be the only explicitly inhomogeneouserm in the
model,anddescribesa spatiallydependentutrientinput, arisingfrom sometopography-
determinedupwelling distribution or latitude dependentllumination, for example. The
firsttermsin Eq. (4.8) describghytoplanktorogistic growth, whereaghelastonemodels
predationby zooplankton. This effect givesalsorise to the first termin (4.9). Theterm

containingd, the zooplanktonmortality, describezooplanktondeathproducedby higher
trophic levels. The only stablefixed point of model (4.7%)-(4.9) is givenby C* = Cy(r),

P = 005/((5 + Co), andZ* = P*/5

Themodelflow will begivenby thefollowing streamfunctiorj49]:

¢(z,y) =
y — B(t) cos [k(z — ct)]

1 — tanh B
(1 + k2B(t)* sin? [k(z — ct)])

(4.10)

It describesa jet flowing eastvards,with meandersn the North-Southdirection. These

meandersarealsoadwectedby thejet at a phasevelocity c. B(t) andk arethe (properly

adimensionalizedamplitudeandwavenumbeiof the undulationin the streamfunction.
Themotionof thetracerparticles(thedynamicalsystem(4.2) ) is givenby

dv. _ 99
d Oy
dy  0¢
i@ = o (4.11)

If theamplitudeB of themeanderss time-independeng simplechangan theframeof
referenceendergheflow time-independerdndEq. (4.13) definesanon-chaotidntegrable
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dynamicalsystem.Chaoticadwectionappearsn this modelif B is madeto vary in time,
for exampleperiodically:
B(t) = By + ecos(wt +0) . (4.12)

Following [5Q], we usethe parametewvaluesBy = 1.2,¢ = 0.12,k = 2n/L,, L, =
75,w = 0.4, = 0.3 andfd = 7. Thesevaluesguarantedhe existenceof ‘large scale
chaos’,i.e, thepossibilitythata testparticlecrosseshejet passingrom North to Southor
viceversa.This is wealer thanthe requiremenbdf hyperbolicity but is enoughto illustrate
thegeneralaspect®f ourtheory

The naturalinterpretationof the jet-flow justintroducedis asan openflow: it adwects
mostof thefluid particlesfrom z = —oo towardsz = oo. We will localizethesourceterm
neartheorigin of coordinategandfor ary valueof they coordinate):

1+ Asin(2nz/L,) sin(27y/L,)

ift—-L, <zxz<L,

0 elsewhere

In thisway, thereis inhomogeneousutrientinputjust neartheorigin, andcapacityand
planktonconcentrationn thefluid particleswill decayasthey areadwecteddownstream.

A quitedifferentclassof naturalflows areclosedonesg.g.recirculatingflowsin closed
basins.Ourjet modelflow canbemadeclosedsimply by imposingperiodicboundarycon-
ditionsattheendsof theinterval —L, < x < L,. Particlesleaving theregion throughthe
right boundaryarereinjectedirom theleft. In this way nutrientsareinjectedandextracted
continuouslyfrom fluid elementsasthey traversethe differentregionsof the source

Co(z,y) = 1+ Asin(2rz/L,) sin(27y/L,). (4.14)

This wasthe situationconsideredn chapter® and3. We will seethatdifferentstructures
developin theopenandin the closedsituation.

4.4 Closedflows

Numericallywe proceedy integratingbackwardsin time Eq. (4.2) with initial coordinates
onarectangulagrid (300 x 150) andthenthe chemicalfield for eachpointis obtainedby
integrating(4.3) forwardin time alongthefluid trajectoriessogenerated.

Figure4.1 shavs a snapshobf the long-time phytoplanktordistribution in the closed
flow casefor parametevaluesa = 0.25,6 = 2.0,L, = 4. andA = 0.2. In this case
Ar + Ac < 0, thereforethe distribution is smooth. A transectalongtheline y = 0.8 is
alsoshovn. Takinga = 0.025, sothatnow A\r + A\¢ > 0 we obtainthe distribution in
Fig. 4.2 A comple filamentalstructureis clearly seenjn agreementvith our theoretical
arguments.Thefractalnatureof the patternis alsoseenn thehorizontalcut presentelso
in Fig. 4.2 A Holderexponentof |\ |/Ar waspredictedfor thesekind of transectsThis
impliesplankton-ariancepower spectrundecayingask —#, with 3 = 1+ 2|\¢|/Ar. Thus
g is in therange]1, 3] which agreeswith field obsenationsof planktondistributions[47].
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Figure4.1: Phytoplanktorsmoothpatternin the closedflow, with an horizontaltransect
takenalongy = 0.8

4.5 Openflows

Contrarilyto closedflows, openflows arecharacterizedy unboundedrajectoriesof fluid

particles.Typical fluid particlesenterand,aftersometime, leave theregion of the nutrient
source(Cy(r) > 0). Thus,mostfluid elementsave only spentthe mostrecentpartof their
trajectoriesinsidethe actie region, with the restof their evolution spentin regionswith

no spatialdependencef the nutrientinput. For this partof thetrajectorythe gradientV f;

in Eq. (4.6) vanishesjmplying thattherewould not be divergenceof the gradientsin the
long-timelimit.

It is well known from the studyof chaoticadwectionin openflows [57], thatwhile most
of the particlesspendonly afinite amountof time in selectecboundedegionsof the flow,
typically theseregionscontainalsoboundedrbitsin which someof the particlescanstay
forever. Althoughthe chaoticsetformedby the boundedorbitsis afractal setof measure
zero,particlesvisiting thevicinity of thestablemanifoldof thissetcanstill spendarbitrarily
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Figure4.2: Phytoplanktorfilamentalpatternin the closedflow, with atransectalongy =
0.8
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long time in the selectedboundedregion. This leadsto the formation of characteristic
fractal patternsin the advectiondynamicsevenin the caseof passve particles,asit was
shown in numericalstudieg23] andlaboratoryexperimentsof openflows [35].

For the particlesthat have spentinfinitely long time in the sourceregion, their chem-
ical/biological evolution is equialentto the onein a closedflow with the possibility of
diverging gradients. The only differenceis that now the valuesof \r and Ao arethose
correspondingo the chaoticsetof boundedorbits that never leave the biologically active
region. The smooth-filamentatransitionobsened in the previous Sectionfor the closed
flow will occurhereonly onthis fractal set,whichwill alwaysbe surroundedy a smooth
distribution. This resultsin a stronglyintermittentcharacteof the flamentalfield. Figure
4.3 shows a phytoplanktorpatternfor parameteraluesa = 0.025,5 = 2.0 andA = 0.2,
and a transectcrossingit, in the open-flav case. The inhomogeneityin the filamental
structureis obvious, with singularitiesin a setrecognizedasthe unstablemanifold of the
chaoticsetformedby boundedorbitsin the sourceregion. Smoothstructuresarealsoob-
tainedwhen\r + A\¢ < 0. The properdescriptionof the resultingstructuresshoulduse
the conceptof multifractality, thatis, inhomogeneoudistribution of fractal properties.In
fact, evenin the closedflow case,at finite timesthe flow Lyapunw exponentAr would
have space-dependefihite-time correctionsthatwill needto be takeninto accountin a
propergeneralizatiorof (4.6). A quantitatve descriptionof thesemultifractal filamental
structuredhasalreadybeenpresentedn the precedingchapters.

4.6 Conclusions

Thespatialpatterndormedby interactingpopulationaunderthe influenceof chaoticflows
have beenstudied.In particular we have consideredh coupledmodelof ‘nutrient’, phyto-
planktonandzooplanktorconcentrationadwectedby two (openandclosed)et-like flows.
Generalresultshave beenreportedfor arbitrarychaoticflows, stressinghe existenceof a
smooth-filamentalransitiondependingntherelatve strengthof the maximumLyapunw
exponentof the flow andthe onecorrespondindo the planktonicdynamicalsystem.Pat-
ternsobtainedfor openand closedchaoticflows aredifferentbecausef the transientor
permanentharacteof the biologicalactuity.

Themodelsconsideredhereareextremesimplificationsof realbiologicalandgeophys-
ical situations. We expecthowever that the main qualitatve featuresfound here,namely
the possibility of finding smoothor filamentalpatternsdependingon stirring and relax-
ationrates andtheincreasednhomogeneitieg openflows, to bepresenin morerealistic
chemicalor biologicaltransportsituations.
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Figure4.3: Phytoplanktorilamentalpatternin theopenflow, with atransectlongy = 0.8.



Chapter 5

Population dynamicsadvectedby
chaotic flows:
a discrete-time map approach.

A discrete-timemodelof reactingevolving fields, transportedby a bidimensionakhaotic
fluid flow, is studied. Our approacd is basedon the useof a Lagrangian schemewhee

fluid particlesare advectedby a 2d symplecticmap possiblyyielding Lagrangianchaos.
Ead fluid particle carries concentationsof active substancesvhich evolveaccoing to

its ownreactiondynamics.Thisevolutionis alsomodeledn termsof maps.Motivatedby

the question,of relevancein marine ecolayy, of how a localizeddistribution of nutrients
or preys affectsthe spatial structure of predatois transportedby a fluid flow, we studya

specificmodelin which the populationdynamicsis givenby a logistic map with space-
dependentoeficient, and advectionis givenby the standad map. Fractal and random
patternsin the Eulerian spatial concentation of predators are obtainedunder different
conditions.Exploiting the analagiesof this coupled-magadvectionplusreaction)system
with a randommap,somefeatuiesof thesepatternsare discussed.

53
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5.1 Intr oduction

Patchinessor the unevendistribution of substancesf organismsijs ubiquitouslyobsened
in theocean[18, 59, 58, 6. In comple situationssuchasthe marineecosystems;har
acterizedoy theinterplayof populationdynamicsandanambientfluid motionwhich may
differentlyaffectindividual populationsthe questionof how alocalizedavailability of nu-
trients (or preys, or, in chemicalterms,activators)may affect the distribution of primary
producergor predatorspr inhibitors, respectrely; in the following we referto preys and
predators)s a crucialandchallengingproblem.

Accordingto [69], thepossiblecause®riginatingpatchinese marineecosystemsay
begroupedn differentcateyories:fluid motion,biologicalgrowth coupledwith dispersve
processedessubiquitousmechanismgik e swarming, vertical migration, and others. In
additionto patchinesdpcalizedavailability of foodmayoccurin correspondencef local-
izedsub-ecosystemspuchasPosidoniaDceanicéeds(for areview see[61]): they display
aquitecomplex structurein which the mostimportantfeaturesarisefrom directconsump-
tion of theplantandepiphyte-herhioreinteractionsalthoughaportionof thetrophicchain
is basedn suspendedhatter[61].

A comprehensie descriptionof such processedeadsto the study of the so called
adwection-reaction-dftisionequationsThesearepartial differentialequationf thetype:

% + (V(X, t) . V)CZ = Ri(Cl, ceey CN,X, t) + DzACZ (51)
WhereC;(x,t) (i = 1,...,N) is the concentratiorof the i-th reactie (in biological or
chemicalterms)speciesor substanceandthe functions R; describethe reaction,or the
population,ntrinsic dynamics.Thepossiblesxplicit spatialandtemporaldependenceay
model the influenceof temporaland spatialinhomogeneitiesn food, temperaturegtc.
Theterm (v(x,t) - V)C; representadwectionby a given solenoidal(i.e. incompressible
V - v = 0) velocity field v(x, t). Finally, theterm D;AC; describediffusion of the i-th
specie®r substancevith diffusivity D;. In writing (5.1) we areassuminghattheevolution
of the adwectedconcentrationsloesnot affect that of the underlyingflow v(x, t). Thisis
definitelyreasonablat the scaleswe areinterestedn, eventhoughit is worth mentioning
thatatmuchsmallerscaleghe presencef organismanayaffecttherheologicalproperties
of seavater([62, 63].

In somesituationsit would be necessaryo considera differentvelocity field for each
of the N concentration€’;. This may happenfor instancejf differentorganismdive at
differentmeandepths]eadingto differencesn theexperiencedlow. In suchcaseonehas
to replaceEq. (5.3 by

0C;(x,t)
ot
In this Chapterandin therestof this Thesis however, we will only consideithecasegiven
by Eqg. (5.3 in which the samevelocity field advectsall the substances.
Introducingthe Lagrangiartime derivative 4 = 2 + v . v, Eq. (5.1) canbewrittenin
theform

+ (Vi(X, t) . V)CZ = Ri(Cl, . CN,X, t) + DZAC.L (52)

dCZ (X, t)
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If diffusionis neglected,it is simpleto write the C;(x, t) in termsof the solutionsof the
Lagrangiarevolution equation

B vix(o) 1), (5.4)
andthereactve evolution equation
dC;(t

G R(Cren Onx(0).). (55)

This setof coupledordinarydifferentialequationgdescribethe advection-reactiorprocess
in aLagrangiarframe:fluid particlesmoveaccordingo (5.4), andreactionamongheC;'s
occurinsideeachfluid particle,asexpressedy (5.5), whereC;(t) arethe concentrations
ata particularfluid particle (theoneat z(t) attimet, i.e. C;(t) = C;(x(t),t)). Denoting
by S* and L* the formal solutionsof (5.4) and (5.9) respectiely (i.e., x(t) = S'x(0) and
C(t) = L'C(0), with C = (C, Oy, ..., C)) we canwrite the solutionof Eq. (5.3) in the
form (with D; = 0)

C(x,t) = L'C(S7'x,0). (5.6)

ThecaseD; # 0 needsa moreelaboratedreatment.In additionto the time dependence,
Lt will have alsoanexplicit spacedependenc# the R;'s haveit.

Obviously, thedetailedunderstandingf theabove classof partialdifferentialequations
constituteaformidabletask. However, atthis stageof developmentwe arejustinterestedn
thesearcHor genericoehaiors expectedvhenfew typical characteristicef theflow andof
the populationdynamicsareconsideredThus,if, for example ,we concentraten flows of
geophysicahature horizontalmotionturnsout to be muchmoreintensethanverticalone
assoonasoneconsiderscaledargerthanafew kilometers.Thisjustifiesrestrictingin the
following to incompressibléwodimensionaflows. A turbulentbidimensionaflow would
be away to modeltheirregularadvectionprocesgo which suspendednatteris subjected
in realoceans.Thereare however simplerclasseof flows which sharesomebasicchar
acteristicswith turbulence,but aremuchmoreaccessibléo analysis:Lagrangianchaotic
flows [, §]. Thesearesmoothvelocity fields, with somesimpletime dependence the
Euleriandescriptionput which leadto chaotictrajectorief fluid elementsyith theasso-
ciatedstretchingandfolding, in the Lagrangiandescription.In this restrictedframework,
it is well known that even periodictime-dependenca two-dimensionaincompressible
flows leadsgenericallyto chaoticmotion of fluid particles.

Ratherthanintegratingthe full equationsdescribingthe continuousn time dynamics,
andsinceour interestlies mainly in aqualitatve characterizationf the populationsystem,
we will resortin this Chapterto a discretein time mapping-approachn termsof discrete-
time dynamicalsystemsThis approachs numericallyvery efficient,andhasprovento be
extremely productie to studythe impactof chaoticadwectionon mixing [8, §, 64]. The
mainideais to mimic the advectionandreactionprocesse termsof mapsthat capture
the mainfeaturesof eachaspect.Thus,sincewe will belooking at processetaking place
in 2d incompressibldlows, the adwective part of our modelis naturally describedby a
twodimensionasymplecticmap. It is well known thatLagrangianmotionin suchsystems
is typically chaoticandwith aratherrich behaior. In addition,thetransportediuid parcel
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containsconcentrationsf active chemicalsubstanceer biologicalspecimensubjectedo
aspecificdynamicsthatwill bealsomodeledn termsof a map. Also, it is worth noticing
thateventhoughthis is not donein this work, diffusion canbe easilyreincorporatednto
themodelby averaging aftereachiterationof the maps,the concentratiorof the different
speciescontainedn the fluid elementsover a region of sizel ~ /D;7, whereD; is the
correspondingliffusivity andr is a characteristi¢ime scaleof the system.

The generalideasand formalism sketchedabove will be mademore concretein the
following, and appliedto tackle our main problem: the influenceof inhomayeneitiesof
the distribution of preys on that of predatos. We will make useof someknown results
for randommaps,and compareour discrete-timeapproachwith resultsobtainedin the
continuous-timalescriptionof the problempresentedn the Chapters2 and3 of this The-
sis. In Sectionll we will discussthe approacho populationdynamicsin termsof maps;
in Sectionlll our particularmodelis presentedcand comparedwith resultsfor a random
logistic map; the analogyhelpsin the interpretationof the resulting spatial structureof
predatorswhichis describedn SectionlV, anddiscussedn SectionV.

5.2 A discrete-timeapproach

Let us now presentthe generalidea of our approachfor the analysisof the population
dynamicsin termsof maps.

It is easyto understandhatfor time-periodicvelocity fields,i.e. v(x,t) = v(x,t + T)
whereT is theperiod,Eq (5.4) canbedescribedy adiscrete-timelynamicalsystem.The
positionx (¢t + T) is univocally determinedby x(¢). In addition(becausef the periodic
velocity field) the mapx(t) — x(¢ + T') cannotdependon ¢. Sincea periodictime de-
pendencas enoughto induceLagrangianchaos,andbecausef the abose mathematical
simplifications,we particularizeour studyto time-periodicvelocity fields, for which we
canwrite

x(t+1) = F(x(t)), (5.7)

Now, time is measuredn units of the periodT'. If v is incompressiblethe map (5.7) is
volume(areain 2d) preservingj.e., det(g—f]?)‘ = 1. In 2d themap(5.7) is symplectic,i.e.
thediscrete-timeversionof a Hamiltoniansystem.Usually; it is not simpleatall to obtain
F(x(t)) for agivenv(x,t). However, onecandirectly write modelsfor F which contain
the qualitatve featuresof theflow oneis trying to model.

In addition,thetransportedluid parcelcontainsspeciesubjectedo their own popula-
tion dynamics.Denotingthe solutionof (5.5) after oneperiodof theflow (L") by G, the
evolution rule for theinteractingconcentration€ = (C, Cs, ...C,,) is expressedn terms
of amap:

C(t+1) = G(C(t)) (5.8)

As before,G will carryadditionalexplicit time andspacedependencies (5.5) is not
autonomousn spaceor time. Thediscrete-timeversionof Eq. (5.6) is:

C(F(x),t + 1) = G(C(x, t)). (5.9)

In thefollowing we particularizethis generalapproacho a particularmodel.
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5.3 A particular model and its relationship with a ran-
dom logistic map

The main interestof our studyis to considerthe problemof how the spatialstructureof
the prey spatialdistribution may affect the oneof the predatorsin this sectionwe studya
particularmodelandpresenits analogieswith therandommap. Thiswill enableusto use
the alreadyknown propertiesof this randommapto geta furtherinsightinto theinfluence
of the distribution of preys on the predatorpatterns. We will considera single-species
populationdynamics,i.e. the predatorevolvesfor fixed prey distribution, and underthe
influenceof theflow, but thedistribution of the prey is anon-dynamicovariable,in thesense
thatit is not transporteddy the flow andis maintainedat fixed valuesundisturbedoy the
predatoraction. This is the simplestsettingin which the effectsof a localizedsourceof
nutrientson anadwectedpredatomwill show up.

Themodelis thefollowing: the positionsof thefluid parcelsareadwectedby a standard
mapl8], i.e. a2d symplecticmapdefinedin the squareof side2w by

z(t+1) = (z(t)+ Ksiny(t+ 1)) mod 27 (5.10)
y(t+1) = (y(t)+ z(t)) mod 27. (5.11)

It is notintegrablefor K # 0. As K increaseshaoticregionsoccuyy largerareasand
theoriginal KAM tori (regularnon-chaoticorbits) aresuccessiely destryed(seeFig. 1.1
in the first Chapter). For K large enoughthe KAM tori occupy a very small region and
practicallythewhole phasespaces a uniquechaoticregion.

Themodelis completedy statingtheevolutionrulesfor the predatoprey interactions.
We denotewith n(x) the stationaryspatiallyinhomogenouslistribution of preys, andwith
C(x,t) theconcentratiorof predatorsn pointx attime ¢. Wetake it to evolvein eachfluid
parcelaccordingto the well known logistic map: C(t + 1) = G(C) = rC(t)(1 — C(t)),
but with a growth rate parameter determineddy the presencef preys,i.e.,r = un. The
completeevolution equation(5.9) is

C(F(x),t+1) = un(x)C(x,t)(1 — C(x,t)). (5.12)

The standardnaphasbeenwritten in thecompactorm (5.4 with x = (z, ).
We now introducethe particularform of thelocalizedprey distribution n(x):

o= {7 G

with 0 < p < 1. We aresuggestinga stripedspatialdistribution of the preys (with strip
width 27p), which basicallyrepresent¢dueto the 27-periodicity of the flow) thesimplest,
space-periodi€ashionto mimic a patchydistribution. A fractionp of systemareahasthe
valuer = rq, andfraction1 — p, ther = rq. Theheuristicideathatwill guideour analysis
is that, if mixing provided by the adwectionmapis strongenough fluid parcelswill visit
regionswith the differentvaluesof r in a stochastiavay, sothatthe Lagrangiarevolution
of the concentrationsvill be well describedoy a randomlogistic map,i.e. a mapof the
form

Cit+1)=a,C(t)(1-C(2)), (5.14)
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wheretherandomvariablea; cantake only two values

0 — { ro with probability 1 — p,
;=

r1 with probability p, (5.15)

anday 1 isindependendf any previous ;.

The randommap (5.14 hasbeenstudiedin [65] for ry = 1/2 andr, = 4. This
correspondgo the situationin which for a value of » = ry the populationdynamicsis
attractedoy a fixed point, whereaschaoticpopulationdynamicsoccursfor » = r;. The
alternang in time of thesewo tendenciegjivesriseto nontrivial behaior. Numerical(and
someanalytical)computation$65] give thefollowing resultsfor (5.14) with r, = 1/2 and
r1 = 4, for differentvaluesof p:

i) If p<p; =1/3theLyapuna exponent\ = limy_,0o + ' Infa; (1 — 2C(¢))] is
negative, i.e. thereis exponentialcorvergenceof two initially closesequence€’(t)
generatedvith the samesequence, but slightly differentinitial conditionsC(0). In
this casethe sequenceareattractedoy C' = 0.

i) If p1 < p < py ~ 0.5 the Lyapunw exponentis negative again,but now the se-
guenceslo not corverge to ary fixed point. They wanderin anirregularandseem-
ingly chaoticmanner(of the on-off intermitteng type). The meaningof the negative
valueof ) is that closeinitial valuesof C' evolve, underthe samesequence;, to-
wardsthe samerregulartrajectory Thisis a caseof chaoticsynchronizationelated
to the phenomenoiwf synchronizatiorby noise[68, 67].

i) If p > po the Lyapunw exponentis positive, i.e. thereis exponentialdivergenceof
two initially closesequence€’(t), behaing bothchaotically

As a first checkconfirmingthat our adwection-populatiordynamicsmodelis closeto
the randommap whenmixing is strong,we fix r, = 1/2 andr; = 4, asin [65]. This
describessystenin which predatorareadwectedoverregionsin whichnotenoughoodis
available(r, = 1/2 leadsto populationextinction) andover the strip-like regionsin which
preys arealundant(leadingto chaoticpopulationdynamicsof the predators).We iterate
(6:12 to obtainC (i) = C(x(4), 1), andthencalculatethe reactionLyapuna exponent\?
for our system:

N-1 N-1

1 1
A= fim 5 3 |6 (C)| = Jim 5 3 Infun (x(0) (1= 2], (5.16)
Theinitial conditionC (x, 0) wasa smoothfunctionproportionatto sin(z) sin(y). A® mea-
surestherateof cornvergenceor divergenceof two initially similar concentratiorvaluesC
atthe samefluid particle. In Fig. 5.2 we shov A® asa functionof p for differentvaluesof
K. WhenK is increasedbove a high enoughvalue(e.g. K ~ 9, for which the standard
mapshows a uniqueergodic chaoticregion [8]), \*® approachethe Lyapunw exponent\
of therandommap[65]. Ontheotherside,when K is small,this correspondencis lost.

Therefore,exploiting this equivalencewe can study different regimesof our system
dependingnthevalueof theparametep. In particular the spatialpatternsof theadwected
field arestronglydependenof the valueof A\%. Next sectionis dedicatedo the study of
thesestructures.



Chapte 59

1.0

05 -

-05 +

-1.0 . I . I . I . I .
0.0 0.2 0.4 0.6 0.8 1.0

p

Figure5.1: ReactionLyapunw exponent,\%, calculatedor differentvaluesof K. Solid
line corresponds$o K = 1.5, dottedline to K = 9 anddashedineto K = 19.

5.4 Predator spatial structur es

The threeregimesdescribedabove for the randommap are also found for the behaior
of the Lyapunw exponent\® asa function of p in our adwectionmodel, with just some
minor quantitatve differencese.g. in thevaluesof p; andp, (in particular in mostof our
calculationswve take K = 9, which givesp; ~ 0.34 andp, ~ 0.48). Thesethreeregimes
giveriseto thefollowing differentpredatorspatialstructures:

i) Forp < py, theconcentratiorof predatorsvanishesn all thespace Thenutrientarea
is too smallto supporta stablepopulation.

i) If p1 < p < po, atypical spatialpatternappearsA relatively high, but very intermit-
tent,concentratiorof predatorsaappearsn theareaoccupiedoy preys. Moreover, the
concentratiompatterndisplaysfractalfeatures.

i) If p > po, thespatialconcentratiorof predatorshovs arandompattern.No typical
structureseemgo emepe.

Whereaghe resultfor casel) is self-evident, casedi) andiii) needa moreelaborated
study We proceedn thefollowing subsections.
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Figure 5.2: Predator2d patternobtainedfor p = 0.37. The distribution of nutrientsis
continuous.Thelighter the colourthe higherthe concentration.

5.4.1 Casep; <p<py

The regime which we have labeledabove with ii) is characterizedby a negative reaction
Lyapuna exponent\Z. In this casewe obsene numerically(seeFig. 5.2) theexistenceof
atypical structureof the reactve field, which follows the strip-like structureof the preys.
Moreover, a fractal patternseemdo be displayedby the distribution. Let us proceedo a
guantitatve characterizatioof thesefeatures.

In Chapters2 and 3 of this Thesiswe have studiedthe generalcontinuous-timecase
of a chemically or biologically decayingfield (thus with a negative reactionLyapunw
exponent)adwectedby a chaotic 2d flow. Since periodic velocity fields are used, it is
straightforvardto applytheresultsin theseChaptergo the presentasewith discretetime.
Neverthelessa fundamentahssumptionn thesestudiesis thata sourcetermin the equa-
tions, analogougo our prey distribution, is a smoothfunction of space.The quantitatve
resultsof Chapters2 and3 would fail (seee.g. Eq. (2.10)in Chapter2) whendiscontinu-
ities are presentn the source asin thelocalizedprey distribution of this presentChapter
(5.13. Therefore,n our calculationsandwith the view on characterizinghe spatialpat-
terns,we will usea continuousapproximatiorto the previous stepfunctiondescribingthe
distribution of nutrients,which would allow usto compareour results(in the regime of
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Figure5.3: Onedimensionatut of the continuoudlistribution of nutrients.

A < 0) with thosein Chapter® and3. Theapproximatioris performedby truncatingthe
Fourier transformof the stepfunction of width p (Eq. (6.13) andsmoothingproperlythe
coeficients[68]. Thefinal expressionwe useis:

= = 1— —— ) (-1)f— = kz), (5.17
n(z,y) o <7r+ 5 ) +k_§k#0< Nl (-1) ol cos(kz), (5.17)
forany 0 < z,y < 2w andN = 10. Fig. (5.3) shavsa 1d cutof this smoothedlistribution
of nutrients.

A guantitatve characterizatioof the obsenedstructurecanbe performedn termsof
structurefunctions.In particular the structurefunctionof orderone, S, is definedby:

S1(6%) = (|C(x + 6x) — C(x)]) (5.18)

where< ... > indicatesanaveragetaken over the differentspatialpointsx alongaline in
thesystem.n Chapte3 thescalingof S; is calculatedwith theresultS; (6x) ~ [6x|* when
ox — 0, with a ~ '% when)\® < 0 and\!" > |\E|, being\!" the Lyapunw exponentof
the Lagrangiarmotion (5.4). Theabove expressiorfor « is justanapproximatiorto which
multifractalcorrectionshouldbein principleaddedput we arenotgoingto considetthem
here.

TheLyapunw exponentof thestandardnap,for K highenoughjs given[B] by: A" ~
In(K/2). In our calculationdor K = 9 we arein the above mentionedconditions thatis,
A > | \E| for all thevaluesof p.

Fig. 5.4 shows |\%| asa function of p for K = 9 (the smoothapproximationto
the spatialdistribution of preys is used). In addition,we have numericallycalculatedthe
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Figure5.4: |\%| for a continuousdistribution of nutrients,calculatedin two different
waysagainstp. Valueslabeledwith squaressomefrom a direct calculationusingexpres-
sion (5.1 in thetext. Circlesarecalculatedrom |A\%| ~ a)\*, beinga the numerically
calculatedscalingexponentof thefirst orderstructurefunction.

scalingexponenta of S; in lines acrossthe centralstrip of nutrients,and multiplied it
by In(9/2) ~ \F for differentvaluesof p. The agreemenbetweenboth quantitiesis
guite goodfor p nearp;, confirmingthe expressiona = 'iﬁ althoughit getsworseas
p — po. Thereasorfor thisarethealreadymentionednultifractalcorrectiongo thescaling
exponentof the structurefunction, but a deeperdiscussioraboutthis needsa subsequent
work. The agreemenallows usto understandhe patterndisplayedin Fig. (5.2) in terms
of the filamentalfractal patternsdiscussedn the Chapters2 and 3 for continuous-time
dynamics.The obsened fractal structuresarerevealingthe stableandunstablemanifolds
(local contractingand expandingdirections)attachedo eachpoint of the phasespaceof
the standardmap. It shouldbe notedhowever thatthereis herea muchlarger amountof
irregularitiesat smallscaleghanin the patternsanalyzedn Chapter and3. Thereason
is the muchmoreirregular dynamicsassociatedo the logistic mapconsiderechere. The
Lagrangiarevolutionof C(t) = C(x(t), t) is relatedto the oneof thelogisticrandommap,
whichis of the on-off intermitteng type. Modelsconsideredn Chapter® and3 displayed
simplelocal relaxationbehaior. The small-scalestructureseenin Fig.’5.2 will introduce
strongemultifractalcorrectiongn higherorderstructurefunctions.We finally remarkthat
when a discontinuoudistribution of preys suchas (5.13) is consideredthe relationship

Ry . . .
a ~ B2l is notsatisfiedatall,
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patternobtainedfor p = 0.87. The distribution of nutrientsis

0 1
Figure5.5: Predator2d

continuous.

5.4.2 Casep > py

Now we proceedo studythecasep > p,. In thisregime,thereactionLyapunw exponent
M is positive, i.e. thechemicalor biological partof our systemis alsochaotic.

The patternscalculatedin this regime have randomappearancehyeing dominatedby
strongsmall-scaldrregularity with very smallamountof structure(seeFig.5.5). In fact,
thescalingexponentf thefirst-orderstructureunctionarecloseto zero,ascorresponding
to arandomdiscontinuoudield.

This randomstructureis easyto understananceonehasrealizedthat \® > 0 in this
rangeof p: neighboringsites,evenif they haveinitially nearlysimilarconcentratiowvalues,
andevenwhenthey remainclosefor long time sothatthey experienceclosevaluesof the
sequence(t), will unavoidablydevelopgrowing differencesn concentratiorvalues thus
leadingto the obseneddiscontinuitiesat smallscales.

5.5 Discussion

Summingup, spatial structureswith fractal features(of filamentaltype) appearfor the
predatoffield in arangeof valuesof the sizeof the nutrientpatchp. An increasingamount
of small-scaleandomnessppearavhenp is increaseduntil structureis finally lost. The
analogywith the randommap modelhasallowed usto understandhis behaior asbeing
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originatedby the changein the value of the reactionLyapunw exponent\® whenp is

varied. In particular structureis lost when A\ becomespositive. For p small enough,
globalextinction occurs sincemostof the systemhasa parametewaluefor whichC = 0

is the only attractor

Our resultshave beenobtainedfor a particularsetof coupledmaps,andfor a specific
nutrientdistribution. We do not expectmajor qualitatve changesn the above findingsif
the standardnapis replacedy a differentadvectingflow, aslong asthe Lyapunw expo-
nent\f takesthe samevalue. This beliefis supportedby the more detailedargumentsof
Chapter and3 for thetime-continuousase.lt shouldbe saidhoweverthatthe quantita-
tive strengthof multifractal correctiongo simpleexpressiorsuchasa ~ ‘% will depend
ontheparticularflow chosen.

Our choiceof thelogistic mapasthe populationdynamicsto studyis certainlyimpor-
tantfor theresultsobtained.Our resultsshoulddescribethe behaior underotherpopula-
tion modelsaslong astheir parametersake valuesfavoring chaoticoscillationsin alocal-
izedportionof spaceandfavoring relaxationto afixedpointin therest. Theelectionof the
logistic maphasallowedthe useof resultsknown for randomlogistic maps,thushelping
to interpretthe differentpatternsin termsof the valueof A\ andits relationshipwith A%
Thoseguantitiesvould betherighttool for theinterpretatiorof adwection-reactiompatterns
in otherpopulationor chemicalmodels.

Diffusionhasbeendiscardedn the presentwork. We expectthatits only effect would
be to smoothout any small-scalefractal or randomstructurebelow a size of the order of

v/ D/AF. In fact,our numericalcalculationshave an effective diffusionwhich comesfrom
our minimal spatialresolution. As mentionedabove, a more controlledway to introduce
diffusionis to performexplicitly, aftereachmapoperationanaverageof theconcentrations
of fluid particlescloserthanthediffusionlength.

We finally mentionthatthe mapapproachurnsoutto beanextremelyefficientmethod
from the numericalpoint of view, as comparedto direct solution of partial differential
equationssuchas(b.1) or othercontinuousapproaches.



Chapter 6

Low-dimensionaldynamical system
model for obsewed coherent structur es
In oceansatellite data

Thedynamicsf coheentstructurespresentn real-world ervironmentadatais analyzed.
Themethoddevelopedin this Chaptercombineghe powerof the Proper Orthogonal De-

composition(POD) techniqueto identify thesecoheent structuresin experimentaldata
sets,and its optimality in providing Galerkin basisfor projectingand reducingcomple

dynamicalmodels. The POD basisusedis the one obtainedfrom the experimentaldata.

We applythe procedue to analyzecoheentstructuresin an oceanicsetting theonesaris-

ing from instabilities of the Algerian current, in the westernMediterraneanSea. Data

are from satellite altimetry providing SeaSurfaceHeight, and the dynamicalmodelis a

two-layerquasigeostophicsystem A four-dimensionablynamicalsystems obtainedthat

correctlydescribethe observedoheentstructues(moving eddies) Finally, a bifurcation

analysisis performedon thereducedmnodel.

65
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6.1 Intr oduction

In the lastdecadeshe studyof turbulent or extendedchaoticsystemshasenjoyedimpor-
tantadvances.Two of themare,first, therecognitionof the existenceandhigh relevanceof
coherenstructureqdefinedasstrongly persistenspatiotemporastructuresn the dynam-
ical evolution of the system)in weakly and even strongly chaoticsystemsand, second,
the borronving of mathematicamethodscoming from the studiesof nonlineardynamical
systemgsee[1(] andreferencesherein).

In both subjectsthe introductionof the statisticaltechniqueknown asthe ProperOr-
thogonaDecompositiorfPOD,alsoknown underavarietyof othernamessuchasKarhunen-
Loeve decompositionmethodof Empirical OrthogonalEigenfunctionsgtc.) hasplayed
animportantrdle. It wasintroducedin the context of turbulenceby Lumley [69] andhas
revealedtself asanefficienttechniqudor finding, describingandmodelingcoherenstruc-
turesin turbulentfluids or extendedchaoticsystems.The purposeof POD is to separate
a givendatasetinto orthogonalspatialandtemporalmodeswhich mostefficiently absorb
thevariability of thedataset.

The power of POD hasbeenimplementedollowing two differentpaths[10]: Onthe
onehandthePODis usedasastandardechniqueo extractcoherenstructuregrom empir
ical datasets[7{, 71]. Contrastingo Fourier Decompositionthe eigenfunctionsbtained
from the POD may display spatiallocalization,andthus provide a more efficient way to
representoherenstructures.The useof empiricalinformationcanbe pushedurtherand
methodologie$rom dynamicalsystemsheoryandotherfields have beenusedin the POD
framawvork, to provide usefulalgorithmsfor control [i72] andprediction(seethe lasttwo
Chaptersof this Thesis). On the other hand, the POD eigenfunctionsprovide a set of
basisfunctionswhich is optimum (at leastin a well definedlinear sense)for obtaining
low-dimensionabrdinarydifferentialequation(ODE) approximationstartingfrom mod-
els basedon partial differential equations(PDES). The approximationis performedby
obtaininglong runsof the PDEs,performingthe POD ontothis syntheticdataset,andus-
ing the Galerkinmethodto projectthe PDEmodelinto thesoobtained?ODeigenfunctions
[100, 73, 74].

Thesetwo potentialities,i.e. the ability to extractempiricalinformationfrom experi-
mentaldata,andthe efficiencgy in building low-dimensionalprojectionsfrom models,are
not frequentlyusedtogetherin theliterature.A remarkablexceptionis the useof empiri-
cal eigenfunction®btainedfrom the POD of experimentaldatafrom aturbulentboundary
layer to build a low-dimensionalapproximationto the Navier-Stokes equationdi75, 74].
We believe that, in somecircumstancesthe projectionof theoreticalmodelsinto experi-
mentallyobtainedempiricalfunctionscouldimprove boththemodelandthedata. Thiswill
occurin situationssuchasin themodelingof naturalphenomen&ocearor atmospheridy-
namics,for example)whereevenvery complex modelsmay be not accurateenough,and
dataare unvoidably noisy anddifficult to calibrate. Projectingthe modelonto the exper
imental eigenfunctionswill forceit to stayinto the ‘right’ subspaceproviding a kind of
dataassimilation[# 7] thatmay compensatéhelossof detailsinherentto low-dimensional
projections.On the otherhand,the truncationinvolvedin the POD methodimpliesa kind
of filtering providing noisereductionto the dataset.

Our aim in this Chapteris to explore the synegy betweenexperimentalobsenation
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and low-dimensionalreductionvia POD, in the complec settingof environmentalfluid
dynamics. In particular a modelfor coherentstructuresarising from instabilitiesof the
Algeriancurrentin the MediterranearSeawill be setup andanalyzed.

In theoceardynamicscontext, thekind of spatiotemporadlatasetswe needfor our pur-
posescanonly be obtainedfrom satelliteobsenations. The recentavailability of satellite
dataof the seasurfaceis allowing a deepemunderstandingf the ocean.Satellitescontin-
uouslymeasureseatemperaturesealevel, chlorophyllconcentrationetc.,which increase
our knowledgeof oceancurrents,meansealevel changestides, or planktondynamics,
to namea few. In particular in the last decadethe ERS and the TOPEX/POSEIDON
(T/P) satellitemissionshave providedthe scientificcommunitywith high-accurag altime-
try data,which determineghe seasurfacelevel, this is, the heightof the seasurfaceover
areferencdevel on Earth. Among otherrelevantscientificapplicationsthesetype of data
are speciallyusefulfor a betterunderstandingf the dynamicsof mesoscalgphenomena
in the ocean. Mesoscaleefersto typical spatialscalesof 30 to 300 kilometersandtime
scalesof lessthanoneyear andit is associateavith movementsof oceaniccurrentsand
short-timeflow variations,andalsowith the formationand propagatiorof oceaneddies.
Theseeddiesaregeneratedby interactionswith the oceanictopographyand/ormeanflow
instabilitiesandtheirimportancas enormousfor examplethey play afundamentafolein
the heattransportrom low to high latitudes.

Somedetailsof the resultswe presenthereare determinedby the peculiaritiesof the
datasetwe aregoingto use.In particularwe mainly focusin the motionof a vortex which
is presentin the data, but is only describedby subdominantigenfunctionan the POD
results. This lead us to a modelfor this coherentstructure,but we do not try to model
the full dynamicsof whole dataset. We expect however that our generalmethodology
will be usefulin otherproblemsin which real-world noisy obsenationsand complex but
imperfectPDE modelsareavailable. Generalization®f the POD methodwhich take into
accountin a more consistentvay dynamicconstraintshave beendeveloped[78, 79, 12)
andeven appliedto geophysicatontexts [81, 78, 8. We will usehowever, andjust for
simplicity, the standardormulationof the PODtechnique.

The Chapteris organizedasfollows: in the next section,we describethe dataset. In
sectionlll, thesedataareanalyzedvith the ProperOrthogonaDecompositio(POD).The
study of the mostrelevant of the eigenfunctionsallows the identificationof a coherent
structure thatis, a moving vortex or eddy Then,in the following section,the associated
temporalmodesof the POD eigenfunctionsglefiningtheeddyareprojectedoverahydrody-
namicmodelwhich, finally, providesa deterministicdynamicalsystemdependingon the
parameter®f the model. In sectionV, the reconstructiorof the moving vortex from the
dynamicalsystemmodelis performed.Next, in sectionVI the bifurcationanalysisof the
dynamicalsystemis shavn. SectionVIlI concludeghiswork.

6.2 Satellitealtimetry data

We analyzealtimetry datafrom the T/P andERS-1satellitemissiong[B2]. Altimetry data
of the oceanprovide the SeaSurfaceHeight (SSH) over a referencesubstrate.The data
obtainedin both missionshave beenmeiged(to obtaina betterspatiotemporatesolution)
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Figure6.1: a) A mapof the Mediterranearsea.In the smallbox we showv the areaunder
study b) Shavs oneof thealtimetryimagesobtainedirom the satellite.

on a commontime period, from October1992to Decemberl993 and, finally, 44 maps
takenevery 10 dayson a0.2° regulargrid areobtainedfor the WesternMediterranearbea
[B3]. We restrictour analysigo theareaknown asthe AlgerianCurrent,localizedbetween
0 — 15°F and 35 — 40°N, wherea strongmesoscalectvity is obsened [85]. A mean
flow moving eastvardsandparallelto the coastof Algeriais the mainfeaturein this area.
It undegoesinstabilitiesthat shedvorticesinto the westernMediterranearbasin,greatly
influencingthe physicalandbiological processem this areaof the Sea[84]. In Figurel a)
we shav amapof theMediterranearsea andin thesmallbox theareaunderstudy Figure
1 b) shawvs oneof the44 mapsthatwe aregoingto analyse.

The SSHfieldsallow theidentificationof coherenstructuregstructuresapproximately
maintainedn the flow over long time periods)in geophysicaflows. In particular areas
of higheraltimetricvaluesmay correspondo anticyclonic (clock-wise)vorticesandlower
onesmayindicatetheexistenceof cyclonic (anticlock-wiseortices.Actually, thedatawe
have usedarereferredto ameanlevel, i.e.,we analyzeSeal evel Anomalies(SLA) where
the referenceheightis the temporalmeanof the data. This may give rise to someminor
problemsbecauséo obtainingthe SSHdata(the onewe aregoingto needin our modeling
approach)s not assimpleasaddingthe meansealevel. This is becausef the different
resolutionin thedataandwill be explainedin detailin sectionlV.

6.3 POD analysisof the satellite data

As it hasalreadybeenmentionedthe POD techniques generallyusedto analyzeexper
imentalor numericaldatawith the view in extractingtheir dominantfeatureswhich will
typically be patternsin spaceandtime. On output,it providesa setof orthogonalfunc-
tions which are the eigenfunctionf the covariancematrix of the data. Generally this
setis orderedn decreasingizeof thecorrespondingigervalue,thelargerthe eigervalue
meaningthe larger percentagef the datavarianceis containedn the dynamicsof corre-
spondingeigenfunctionThus,if u(x, y, t) is our datafield ((z,y) € A C R? is thespatial
point andt is time) to which the temporalaveragehasbeensubtractedthe POD basis
{¢i(z,y),i=1,...,00} is obtainedaftersolving

/A < U($, Y, t)u(:c', yla t) > gbi(‘rla yl)d‘rldyl = )\ngz(l" y)’ (61)
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being< - >= % OT dt, i.e., the time average,and )\; the correspondingeigervalues,
which areorderedin decreasingize A\; > A, > ... > 0. Therefore we have the modal

decomposition

o0

U(JZ,y,t) = Zaz(t)¢z($’y)’ (62)

=1

wherethe g;(t) arethe so-calledtemporalmodes.In addition,the following orthogonality
conditionsarefulfilled

/8w, y)dady = b, 6.3)

(ak(t)al(t)) = %/OT ak(t)al(t)dt = )\k:dkl, (64)

whered,; is the Kronecler delta.

The optimality of the POD basisfunctionsmeansthat[L0], amongall linear decom-
positionswith respectto an arbitrary basis{®;(z, y)}, for a truncationor order N, i.e.,
uN(z,y,t) = SN, a;(t)®i(z,y), with a;(t) = [, u(x,y,t)®;(x,y), the minimum error,
definingthe errorase = <fA(u - uN)dedy>, is obtainedwhen {®;} is the POD basis

{(/j)z(xa y)}

We now apply the POD analysisto the altimetry satellite data. The resultsof this
areoutlinedin thefollowing. Fig. 6.2 shows (in linearlog scale)the fraction of variance
i/ (SN M), givenby eacheigervalue. It is clearlyseenthatmostof thevarianceis cap-
turedby thefirstandseconceigervalues.In Fig.6.3we showv thetemporaimodeassociated
to thefirst two eigervalues,andthe power spectrunof thefour dominantonesis plottedin
Fig.®6.4 The annualseasonaperiodicityis clearly obseredin the two dominantmodes.
Thisandmoredetailedobsenationsin termsof acomplex versionof thePODonthesame
dataset[BH] allow usto interpretthe dynamicsgiven by thesedominanteigenfuntionsas
the seasonatesponsef the ocean(heatingin summerand cooling in winter) alongthe
annualcycle.

Thereforeto geta deepeiinsightinto the data(andin particularin the mesoscal@he-
nomena)we have to study othereigenfunctionghanthe first two. In Fig. 6.5 we shav
againthe fraction of varianceof the eigervalues(linearlog plot) but in this casewe have
removedthefirst two eigervalues.We obsere thateigervalues3™ and4'* areequialent
underthe error bar (for calculatingerror barsin POD eigervaluessee[88]). In this case,
alinear superpositiorof themcanrepresena moving coherenstructureli7Q]. In Fig. 6.6
we shav thetemporalmodesassociateavith eigervalues3™ and4. This Figure,andthe
correspondingpower spectrain Fig. 6.4 suggesia weak semiannuaperiodicity for both
modes.

Visualizationof the time evolution of the datafiltered to keepjust the eigenfuntions
3rd and 4™, i.e., uzs(z,y,t) = as3(t)ps(x,y) + as(t)da(z,y), Suggesta vortex moving
northward and eastvardsfrom the Algerian coast,in agreementvith the resultsof [85].
The approximateperiodicity of the associatedemporalmodesindicatesthatnew vortices
areshedfrom the coastroughlyevery six months.Describingthe dynamicsof thiscoherent
structurefoundin theflow will be our goalin theremainingof the Chapter



70 Low-dimensionatlynamicalsystem

10

10

10

Fraction of variance

10

10 S S S T T S TS TS S S T HO TS S N T S S B SR
0 5 10 15 20 25 30 35 40 45 50

Index of eigenvalue

Figure6.2: Linearlog plot of the fraction of varianceof the eigervaluesin termsof their
index.

6.4 Model and low-dimensionaldynamical system

The classicalway of usingPOD to obtaina low-dimensionaldynamicalsystemapproxi-
mation,whichtakesinto accounthemostrelevantfeaturesof the physicalsystemgconsists
in truncatingthe expansion(6.2) to a particularorder[1Q, 100,73, 74, i/5, /4. This order
is generallychosento containmostof the percentagef the varianceof the data. Then,
the equationgyoverningthe dynamicsof the system(PDEsfrom which the datamay have
beengeneratediumerically)areprojectedover this particularGalerkinbasisanda system
of ODEsfor thetemporalmodesa;(t) canbe obtained.Our approactis somevhatdiffer-
ent,first of all, ourdataarefrom satelliteobsenationsandwe needa specificmathematical
modelto describeapproximatelyour data,andsecondpurinterestfocusesn thedynamics
associateavith the eigenfuntions3™¢ and4* which seemto containthe evolution of the
moving mesoscal&ortex, andnotthe moredominanteigenfunctiond ** and2m.
Proceedingvith the modelingstep,andsupportedy marineexperimentalcampaigns
[BF, B7], we assumehatthe strongmesoscalactiity in the Algeriancurrentis mainly due
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Figure6.3: Temporalmodesassociatedhe first two eigervalues. Circlesarethe datafor
thefirst andsquaredor the second.

to baroclinicinstability phenomenaThis namerefersto the instabilitiesgrovn from the
available potentialenegy associatedvith horizontalgradientsof density[2]. Therefore,
we chooseatwo-layerquasigeostrophimodelasourbasicflow descriptiorsincethisis the
minimal modelaccountingor thesetype of instabilities.Layeredquasigeostrophimodels
arewidely usedin oceanographicahodelingandtheir main assumptions thatthe ocean
behaesashaving differentlayerswheredensityis constantand,in all the differentlay-
ers,geostrophidalancds maintainedi.e. Coriolis andpressurdorcesnearlyequilibrate
via a quasibidimensiondlow). Actually, the spatialscalesof the chosenregion, andits
strongtopographicfeatures lead however to importantdeviations from quasigeostrophy
Thus, the postulatednodelshouldbe consideredat mostasa crudeapproximationto the
realdynamics.lt is oneof the objectivesof this Chapterto showv thatthe empiricalinfor-
mationcontainedn the satellitedatais incorporatednto the modelduring the projection
procedure so that the final low-dimensionaimodelgives a reasonable&lescriptionof the
dynamics.

In theframenork of multilayerquasigeostrophimodels everyfluid layer: of densityp;
andthicknessh; is describedy a streanfunction;, whichis proportionalto the pressure
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Figure6.4: Power spectrumof thefirst four temporalmodes.Circles,first mode;squares,
secondnode;triangles third mode;anddiamondsfourth mode.

field within the layer, andsuchthatthe horizontalvelocitiesv; = (u;, v;) within the layer
verify u; = 31“ andv; = 81“ . In our equationsthe coordinatedirectionsz andy will be
orlentedalongtzﬁe northV\ard andthe eastvarddirections respectiely.

More specificallywe usea two-layerquasigostophicmodelon a betaplaneandover
topagraphy An eddy-viscositanda bottomfriction termsarealsoincluded.Theequations
definingthe dynamicsof the streamfunction of bothlayersare

D _
D; [v%l +f+ L R;ﬂ = Vi, (6.5)
Ry S R A S OO

wherethe subscripti = 1 (2) refersto the upper(bottom) layer, % = % + J(¢i, ),

Yi(z,y,t) is the layer streamfunction, 7(z,y) is the bottom topography R; = N}fl,

Ry, = N;f? N = g%’ N} = -‘fg) wheredp = p, — p1. g thegravitational acceleration,
H;is themeanthlcknessnf thelayeri, and f is the Coriolis parameter whichin the beta-
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Figure 6.5: Linearlog plot shaving the fraction of variancecontainedin the different
eigervaluesstartingfrom thethird one.

planeapproximationrdepend®n the latitudeas f = f, + By. v is the eddy-viscosityand
C, is the coeficient describingfriction with the bottomof the sea. The Jacobiaroperator
J(A, B) is definedas:

0A0B 0AO0B

More detailsaboutquasigeostrophidynamicscanfoundfor examplein Refs. [2] and
[BY]. A moreexplicit way to write our equationg6.5) and(6.6) is

OV i 1 9(t — ¢1)+ OV O OV*¢1 Oty
ot R? ot or Oy oy Oz

1 (01 Oy Oty Oty O
R%(@x 8y+8y 8I>+ 581‘
OV, " 1 9(¢h — ¢) OV?hy Otpa Opa OV

o R o T or oy oz oy

=y, (6.8)
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Figure6.6: Temporalmodesfor the third andfourth eigenfunctionsSquaresthird mode;
circles,fourth mode.

_R%

L (00 000w, fR (00 0t0r | 0k
or Oy dy Ox gHy \ O0x Oy Oy Ox ox

vV — Cy V2, (6.9)

In this modelthe streamfunction of the upperlayeris i (z, y,t) = %h(m, y,t) where
h(z,y,t) is the heightof the seasurfaceover the point (x, y) attime ¢. This lastquantity
is the onelinkedto the satelliteobsenationson which we have performedthe POD. It is
importantto notethatin equation$6.8) and(6.9) we have notconsiderednannualforcing
termwhich accountdor thethe seasonalariability of the AlgerianCurrent.Thisis avery
importantfactfor the next stepin our approachthe projectiononto a particularGalerkin
basisdeterminedrom the obsenations.We assumehefollowing ansatz:

iz, y,t) = <ilz,y,t) > +¢'(2,y,1)
_ %(< h(z,y,t) > +a3(8)ds(2,9) + as(O)a(z,)),  (6.10)

wherethe temporalcoeficients as(t) anda,(t) will be calculatedin the following sec-
tions and, finally, comparedwith the POD temporalcoeficients a3 (t) and a,(t). With
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(6.10 we assumehatthe streamfunction; (whichis proportionalto the height)of the
upperlayeris decomposedh its temporalmean< o (z,y,t) >= % < h(z,y,t) >, ac-
countingfor the annualmeanflow, anda perturbation)'(z,y,t) = £ (as(t)¢s(z,y) +
a4(t)é4(z, y)), which modelsthe mesoscal@rocessefB8]. The perturbatiorbasisfor the
height{¢s(z,v), ¢4(z,y)} is whatwe have obtainedfrom the POD analysisof the data,
andtheway to calculatetheannualmeanwill bedetailedatthe endof this Section.

As we have norealmeasurdor thebottomlayer(thesatellitesensorgetdatajustfrom
the seasurface),we needto make someadditionalhypothesisn our model. We propose

thefollowing ansatZor the expansionof the bottomlayer’s streamfunction

1[}2(37, Y, t) = _Uy + Vz + %(l):;(t)(b?,(.f, y) + b4(t)¢4($, y))? (611)
whereU andV are parameter®f our model and simulatethe eastvard and northward
velocity, respectiely, of the bottomlayerflow. The physicalmeaningof (6.17) is thatthe
perturbationdrom the meanflow for the bottom layer are generatedy the samebasis
functionsasthe upperone thoughwith, obviously, differenttemporalcoeficients. The
mostimportantfeaturein theformeransatas themeanflow, parameterizeaith U andV'.
Thevaluesof theseparametersot only determineheintensityof the meanflow but also,
andmostimportantly its directionand sense.Discussionsaboutthe role of the different
valuesof U andV will begivenin thenext section.

Projectingexpansiong6.10) and (6.11) over equationg®6.8) and (6.9 and usingthe
orthogonalityrelationsof the POD basisg; (z, v), we obtainthe evolution equationdor the
coherenstructures temporalamplitudesi; andb; (i = 3, 4),

da; .2 -2 X . -~
P D103 + P2,y + P3;03 + Pa,iGg + P54A304
+ Pe‘,ibg + pme + psg.ibs + P9 ibs + P10,ib3bs + P11,
db; 9 9 . p o
i 1% + Q2,07 + G303 + qu3d2 + q5,;0304

+ %,z‘bg + QT,ibi + qs,ibs + q9,ibs + G10,ib3b4 + 11,4 (6.12)

The coeficientsp,; andg; (kK = 1,..,11 and: = 3, 4) arerealnumbershatdepend
on the parametersf the modelandon integralscontaining< ¢ >, ¢s(z,y), ¢4(z,y), the
andtheir derivatives. Their explicit expressionsrequite complex andhave beenobtained
by computeralgebraicmanipulation. We do not write down hereall theseinvolved ex-
pressions.Justto give an exampleof them,in AppendixA we displaythe mathematical
expressiorfor ¢ 2.

We finally proceedto explain how to obtainthe meanflow < ¢ (x,y,t) >, without
which the coeficientsin (6.12 remainundetermined. Somemanipulationsof the data
are neededbecauseof the bad spatialresolutionof the available meanfield. We recall
thatwe aredealingwith SealLevel Anomaly (SLA) dataobtainedfrom the two altimetric
missionsERS-1and T/P. Theseare corvenientlytreatedto obtainregular mapsin space
andtime every 10 daysandon a 0.2° regular grid. TheseSLA arerelative to the annual
meansealevel and,therefore we needthis annualmeanto obtainthe total heightof the
seasurfaceandthusbe ableto make relationbetweernthe empiricaleigenfunctionss, ¢4
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andthedynamicvariabley, of the quasigeostrophimodel(seeEq.6.10). Unfortunately
the annualmeansealevel dataare not manipulatedto improve their resolution,and we
have just the T/P data,of a very coarseresolution(around2.8°) to calculatethis annual
mean. Therefore ,we needto interpolatetheseto a 0.2° regular grid andthento addthe
resultingannualmeanto the SLA data,in orderto obtaina consistenSSHfield. But, all

thesemanipulationsare, at the end, manifestingwhenwe solve Eq. (6.12) in sucha way
thatas(¢) anda,(t) have nonzercaveragejn contraswith the PODtemporalmodes s (t)

anday(t), calculatedrom data,i.e.,

]_ T
T/ a;(t)dt £ 0, i=3,4. (6.13)
0

In orderto healthis, we proceedwith an assimilation-lile approach:we modify the
annualmeansealevel, which hasbeenobtainedinterpolatingthe T/P data,by addingthis
nonzeroaveragej.e.,

_ TP Jol (T, .
hm(xa y) - hm (CC, y) + ;T 0 a3(t)(¢3(xa Y, t) + a4(t)¢4($aya t))dt’ (614)
beingh,,(z, y) the new annualmeanheightandhX/¥ (z, ) is theinterpolatedT/P annual
meanheight. Finally, andwith high numericalaccurag, the new temporalmodesobtained
from Eq. (6.12 have now temporalzeroaverage.

Summingup, the datawe are usingalongthis Chapterare obtainedby addingto the
SLA datathe above calculatedh,,(z, y) field. It is importantto notethat becausen the
PODanalysisve substracthemeanfield of thedata thequalitatve featureof theanalysis
are similar if we analysethe SLA dataor the SLA plus the h,,, field. Nonethelessthe
quantitatve differencesarenot negligible atall atthelevel of thedynamicalsystem(®.12).

The four-dimensionaddynamicalsystem(6.12), now fully defined,is the desiredlow-
dimensionahpproximatioraimedto describehe coherenstructuresn our dataset.In the
next Sectionwe show thatthe dynamicsof the obsened coherenteddyis recoseredfrom

®:12.

6.5 Numerically generatedcoherent structur e dynamics

We now proceedto integratethe equations(6.123). First, typical valuesfor the param-
etersof the quasigeostrophienodel (6.8) and (6.9 are needed. At mid-latitudes,ade-
quatevaluesfor the parametergyiving the Coriolis force are 3 = 1.0 107 m/s and
fo =107%s71 [2, 8. In addition,for theAlgerianCurrentareahevaluesp; = 1025 kg/m?
andp, = 1029 kg/m? are adequatdor the densitiesof the upperandbottomlayer and
H, = 300 m, H, = 3500 m for theirmeanheights.Thebottomtopographyr(x, y) arereal
dataobtainedfrom the databasisat the URL ’http://modhoce.ulg.ac.be/Bathymethtml’.
For thefriction parametewith the bottomtopographywe take a valueof C, = 1.5 1076.
A typical valuefor the eddyviscosityat the scaleswe areworkingis v = 200 m?/s. The
remainingparametersrethe geostrophioselocitiesof the bottomlayer. Thisis a difficult
tasksincenobodyreally knows what happensn the deepwatersof the Algerian Current.
Anyway, recentresultsobtainedby the PRIMO-1 experimentin the channelof Sardinia
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[BH] seemto indicatethattypical velocitiesfor the deeplayer areratherweak (of the or-
derof 1 em/s), thoughit is not clearif the deeplayer flow (dIf) is westward or eastvard.
Thereforewe assumallf following the upperlayer, thisis northeastwrd, with typical val-
uesof: U = 5 em/s andV =5 em/s. In thenext Section,othervaluesof U andV will be
discussed.

Fig.6.7shavsa;(t) anday(t) obtainedby integrating(6.12) with afourthorderRunge-
Kuttamethod. The periodicity of bothis evident, beingthe periodof around5 moths,in
good agreementvith the obsered one. If someannualforcing would be addedto our
model, this periodwould probablylock to the semiannuaharmonic,still improving the
agreement. The shapeof the oscillationin the calculatedevolution is much more reg-
ular than the experimentalone, as expectedfrom a clean simulationversusnoisy data.
In Fig. 6.8 we shav a temporalsequencef the coherentstructuredynamicsgiven by
as(t)os(z,y) + a4(t)ps(x, y) from the calculatedemporalmodes.An eddyappearsiext
to the coastandmovesnortheastwrd, the processeingrepeatedive monthslater. Thisis
fully consistentvith the obseneddataandconfirmsthe successn our taskof obtaininga
low-dimensionateducednodel. Sensibilityof theresultsto variationsin thevalueschosen
for the parameterss discussedn termsof a bifurcationanalysisn the next Section.

6.6 Bifur cation analysis

Thevalueof the eddyviscosityr is somehav arbitrarysinceit would dependonthescale
of obsenration. Thus, a discussionof the variationsin model behaior asv variesis in

order We analyzenumericallyour systemof four ODE’s (6.12) with the help of the soft-

ware packageDstool [90] which integratesthe systemwith a fourth order Runge-Kitta.
We changethe eddy-viscosityparametern, which is proportionalto the inverseof the
Reynolds number and obsene the bifurcationbehaior. The restof the parametersake
the samevaluesasin the formersection.It shouldbe notedthatin principlethe empirical
eigenfunctionsvould vary in a systemwith varyingv, but sincewe just have experimental
datafor the actualvalueof the eddyviscosityin the oceanatthe obseredscaleswe keep
the parametern (6.12 asdeterminedrom the POD of theobseneddata.Thebifurcation
diagramis outlinedasfollows:

e Forv > 212 m?/s therearesix fixed points. Two of themarestableandtherestare
unstable.

e Whenv = 212 m?/s a Hopf bifurcationoccurs.Oneof the stablefixed points (the
onelocalizedat the origin) getsunstableby decreasing’ anda limit cycle appears
surroundingt. Thelimit cycle persistdor all thevaluesof theviscositysmallerthan
212 m?/s. The systemundegoesno new bifurcationsby decreasinghe viscosity
parameter

The main dynamicalfeaturein our modelis thusthe existenceof a Hopf bifurcation
which givesbirth to alimit cycle for along rangeof v values,includingthe physicalones
atthe scaleswe areworking. All theselimit cycle solutionsgive rise, afterreconstruction
of the coherentstructurewith the help of the empiricaleigenfunctionsto traveling wave
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Figure6.7: Temporalevolution of thethird andfourth temporaimodesobtainedoy numer
ical integrationEq.6.12

patterswith a period of aroundsix months. In particular the moving eddyidentifiedin
section®.5 is just one of thesesolutions. Moreover, the restof the fixed pointsin the
secondregime, i.e. whenv < 212, seemto have no physicalsignificanceastheir basins
of attractioncorrespondo very high valuesof theinitial conditionfor a;(¢) (i = 3,4), i.e.,
high valuesof the seasurfaceheight. Whenthe eddy-viscosityis too large, the system
evolvestowardsa stablefixed point, with no moving coherentstructuresas expectedon
physicalgrounds.

To give astrongersupportto theformeranalysiswe have testedour ODE systenmwith
othervaluesof the dIf velocity. We have obsened numericallythe following behaiour of
thesystem:

e Highvaluesof U orV, ~ 10 cm/s, producediverging solutions with nofixedpoints
for arny valueof v. Verylow values(~ 1072 em/s) giverisealsoto unboundedolu-
tionsfor ary initial conditionin somerangeof high viscosityvalues(low Reynolds
number)whichis notreasonablen physicalgrounds.

e Changingsignin U, thatis, assuminga westwardflow in the bottomlayer, doesnot
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Figure 6.8: Numericalreconstructiorof vortex sheddingand motion nearthe Algerian
coast.After h) thesamesequencés repeatedThebluearea(higheraltimetricvalues)next
to the coastcorrespondgo an antigyclonic vortex (the moving coherentstructureunder
study).In thefigure, it alwaysappearsvith its correspondingyclonic vortex (redarea).

changeconsiderablythe bifurcationdiagram,but the amplitudeof thelimit cycle is
too big whenreasonablevaluesof the viscosity (around200 m?/s) areused. On
the contrary changingsignin V or in U andV simultaneouslygivesriseto a ODE

systemwhereall the solutionsareunbounded.

We think theseare enoughreasonssupportingthe chosendirectionand magnitudeof
thevelocity of thedlf, thatis, anortheastarddirectionandtypical valuesfor thehorizontal

velocitesarounds em/s.
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6.7 Summary

In this Chaptemwe have usedheProperOrthogonaDecompositiorio obtainalow-dimensional
dynamicaldescriptionof coherentstructuresobsened in satellitedataof a region of the
MediterranearSea. First, analysisof the altimetric satellitedatavia the POD allows the
identificationof a moving vortex in the oceansurface. Second projectionof a two-layer
guasigeostrophimodelontotheempiricalbasis togethemwith somephysicalassumptions
ontheunobseredpartof theseaallow theconstructiorof afourth-orderdynamicakystem
thatgivesa reasonablelescriptionof the dynamicsof the coherenttructuren particular

its periodandamplitude.lt is remarkableghata crudePDE model,andnoisy data,canbe
meigedto obtainanefficientreducedmnodel.



Chapter 7

Forecastingconfined spatiotemporal
chaoswith geneticalgorithms

A techniqueto forecastspatiotempaal time seriesis presentedIt usesa Proper Orthogo-
nal or Karhunen-L@veDecompositiorio encodédarge spatiotempaal data setsin a few
time-seriesand GeneticAlgorithmsto efficiently extract dynamicalrules from the data.
The methodworks very well for confinedsystemddisplaying spatiotempoal chaos, as
exemplifiedhere by forecastingthe evolution of the one-dimensionatomplex Ginzhurg-
Landauequationin a finite domain.

81
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7.1 Intr oduction

Nonlineartime-seriesanalysigorovidestoolsto identify dynamicalkystemgrom measured
data[91]. The approachhasbeengreatlydevelopedin the lastyearsasa powerful alter
native to linear stochastiomethodsin the modelingof irregular time-seriesand provides,
underthe assumptiorof deterministicbehaior, useful recipesfor systemcontrol, noise
reduction,and forecasting. Applicationsof thesetechniquedo situationsof spatiotem-
poral chaos,however, is still in its beginnings[92, 83]. Therearetwo main reasongor
this: a) thelarge attractordimensionsf spatiotemporallhaoticsystemsincreasingwith
systemsize,posesseriousdifficultiesto the standardnethodsof delayembeddingandat-
tractorreconstructionb) theright choiceof variabless farfrom obvious: whereaghetime
evolution of anobsenableat a particularspacepoint could be enoughin someparticular
situations decayingspacecorrelations and propagatiorphenomenavould turn this to be
apoorly performingchoicein mostcases.

A very efficient methodfor time-seriegredictionusing GeneticAlgorithms (GA) has
beenrecentlyproposedn [94] for nonextendedsystems.Comparatiely small datasets
are enoughto usethis technique which makesit competitve in facingdifficulty a) i.e.,
predictionin the presencef attractorsof large dimension.In somecasesgvennon-trivial
functionalforms of dynamicalsystemsgeneratinghe datacanbe unveiled [95]. In this
Chapterwe extendthe GA approacho the forecastingof confinedspatiotemporathaos
By this we meanthe situationin which chaoticdynamicsn anextendedsystemis strongly
affectedby the presenceof boundaries.Our interestin this situation,somehav interme-
diate betweenlow-dimensionalchaosand homogeneousxtensie chaos,arisesfrom its
relevanceto real experimentalsituations[98, 97], andfrom recentwork [9§] leadingto
theoreticalunderstandingthe boundariedbreaktranslationalsymmetryandthe resulting
phaserigidity restrictsthe shapeof the chaoticfluctuationsallowed. This manifestsfor
examplein the appearancef nontrivial averagepatterng®8, 98] andin inhomogeneities
in other statisticalcharacteristic§9?, 99]. Underthesecircumstanceshe Empirical Or-
thogonalFunctions(EOF’s) [10, 10{] obtainedfrom a ProperOrtogonalDecomposition
(POD, alsoknown asKarhunen-L@ve decompositionprovide an excellentbasisfor de-
scribingthe systemdynamics.They aredifferentfrom simple Fourier modesandcontain
information(optimalin a precisesensepn the brokentranslationasymmetry The ampli-
tudesof the mostimportantEOF's will bethevariableschosenin responséo difficulty b).
By increasingsystemsize,the dynamicswould leave the regime of confinedspatiotempo-
ral chaosandat somepoint extractingandusinginformationon local structuresasin the
methodsof [92, 93 would becomeadvantageousver the POD representationThe GA's
however couldstill beusedaspredictorsfor the new representation.

7.2 Method

We now describemorein detail our methodfor spatiotemporaforecastingjn which the
PODis usedto encodethe large spatiotemporatiatasetin a few time-seriesandthe GA
approachs usedto obtainthe correspondindorecasts.Givenatime seriesof spatialpat-
ternsU (x, n), wheren = 1, ..., N labelsthetemporalsequenceandx the M spatialpoints
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in ad-dimensionamesh the POD decomposethe fluctuationsaroundthetemporalmean
u(x,n) = U(x,n) — (U(x,n)), into modesranked by their temporalvariance. As a
result, a setof spatial EOF’'s and associatedemporalamplitudefunctionsare obtained.
The EOF's ¢;(x) (: = 1,..., M) arethe (orthogonal)eigenfunctionsof the covariance
matrix of the dataC'(x,x’) = (u(x,n)u(x’,n)), andare the spatial structuresstatisti-
cally morerepresentatie of the fluctuationsin the dataset. Temporalamplitudefunctions
a;(n), describingthe dynamicsof the system,are obtainedfrom the modal decomposi-
tion u(x,n) = ¥, a;(n)¢;(x). If only K < M of the EOF'’s (the onescontainingthe
highesttemporalvarianceas measuredy the correspondingigervalues)areusedin the
reconstructiorprocessthe setof reconstructegatterns

K
u¥(x,n) = 3 ai(n) i () (7.1)
=1
is still thebestapproximatioronecanobtainby linearly combiningK arbitraryspatialpat-
ternsmultiplied by K arbitraryamplitudefunctions{1{). Evenmore,it hasbeenshavn for
modesK << M providesa goodapproximatiorto the completedataset.

Forecastingf theamplitudefunctionsis performedwith a GeneticAlgorithm. In gen-
eral, GA's arecomputationamethodgo solve optimizationproblemsn which the optimal
solutionis searchedteratively with stepsinspiredin the Darwinian processe®f natural
selectionandsurvival of the fittest [101]. Herethe optimizationproblemto be solvedis
finding the empiricalmodelbestdescribingthe data,thatis, finding the optimumfunction
F; thatminimizesthe differenceE? = YN _, (a;(n) — @;(n))* betweerthevaluesa;(n) of
eachtime seriesandthe correspondingstimatorgivenby

Gi(n) = Fi[a(n — 1), ai(n = 2), ., ai(n — D)] (7.2)

with D +1 < n < N. Finding F;,i = 1, ..., M amountgo identify the dynamicalsystem
behindthe dataset. Oncefound, Eq. (7.4) canbe usedto predictthe future evolution of
the system.If D is large enoughthe existenceof the exact F;’'s is guaranteedby Takens
theoremandits extensiong91], but a smallerD cangive approximatedynamicsF; with
alreadyareasonablyow error E;. In addition,we arenotlooking for all the M estimators
but only for the K associatedo the dominantEOF’s. In our approachthe time-series
associatedo eachEOF aremodeledindependentlyMore generaimultivariateestimators,
with eacha; possiblydependentn differenta;’s, mayin principle be used but we restrict
to the choice(7.2) for algorithmicsimplicity.

Thepower of the GA residesn thata hugefunctionalspacds exploredin orderto find
anoptimal F;. EachpossibleF; is aformulaconsistingn acombinationof numericalcon-
stantsyariables andarithmeticoperatorsThis combinationis storedin the computerasa
symbolicstring. Theonly limitation to the allowedfunctionalforms(besideghelimitation
to arithmeticoperations)s themaximumallowedlengthof thesymbolicstring. Thesearch
procedurebegins by randomlygeneratingan initial populationof potentialestimatorsF;
thatwill be subjectedo theevolutionaryprocessTheevolutionis carriedout by selecting
from theinitial populationthe strongestndividuals,i.e. the functionsthatbestfit the data,
giving asmallerE;. In practice only atemporalpartof the datasetis usedin this step(the
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training sey, whereagherestof the dataareusedlater for validatingthe efficiency of the
predictionmethod(validatingse}. The strongesstringschoosea matefor reproduction
while the wealer stringsdisappear ‘Reproduction’consistsan interchangingpartsof the
symbolicstrings(the ‘geneticmaterial’) betweerthe two matingindividuals. As aresult,
anew generatiorof individuals (which includesthe original ‘parent’ string) is generated.
The new populationis thensubjectedo mutationprocesseshat change with low proba-
bility, smallpartsof thesymbolicstrings.Theevolutionarystepsarerepeatedvith the new
generationandthe processs iterateduntil anoptimumindividualis finally found or after
a fixed numberof generationsFurtherdetailsaboutthe implementatiorof the algorithm
canbeconsultedn [102).

TheformulaeF; areonly optimizedfor predictingthe valueof a;(n) in termsof the D
amplitudesmmediatelybeforein time. We call this ‘one-step-aheafbrecast’.Onecanin
principleiteratetheformulaeto obtainsuccessiely predictionsfor a;(n+1), a;(n+2), etc.
But this will normally leadto resultsrapidly diverging with respecto the correctvalues
becausef erroraccumulatiorandamplification[94].

However, GA's canbe designedspecificallyto forecastvaluesof the time seriesnot
necessarilyn theimmediatefuture. For example finding the function £I' minimizing the
errorbetweerthe actualseriesandthe estimator

@’ (n) = El' [a;(n — T),a;(n — T — 1), ...,a;(n — D)], (7.3)

with D +1 < n < N, allows directpredictionof a;(N + T), thatis predictionT-steps
aheadwithoutiteration.

7.3 Numerical results

To illustratethe forecastingmethodwe generate datasetfrom numericalsimulationof a
well-studiedmodelequationdisplayingspatiotemporathaos,the one-dimensionaCom-
plex Ginzkurg-Landawequation(CGLE), supplementedith Dirichlet boundaryconditions
attheendsof afinite interval [100]. It is corvenientfor our purposedo write it as

O A(z,t) = (1 + a)02A + A — (1 +iB)A|A)?, (7.4)

whereg, o, andj arerealandpositiveand A(z, t) is acomple-valuedfield. We solveit in
theinterval [0, 7] sothatthe boundaryconditionsreadA(0) = A(w) = 0. By simplescal-
ing of the spatialcoordinateone seeghatthis is equialentto rewriting the equationwith
g = 1, but solvingit in adomainof size L = 7 /q. Thusthe parametey, is equivalentto
aninversesystensize,anddecreasingt is equialentto increasingsystemsize. Following
[100] wefix o = 4 andg = —4 [103]. For ¢ < 0.2 the systemdisplaysspatiotemporal
chaosfor mostof theinitial conditions. Decreasing; oneencountersghe regime of con-
finedspatiotemporathaoswve areinterestedn beforeapproachindqjomogeneouextensve
chaosat large systemsizes(q — 0) [104]. Accordingto [10{], the correlationdimension
of the dynamicalattractorfor ¢ = 0.14 is 9.08. We sampleour simulationevery r = 0.1
time units andat spatiallocationsseparated\ = 7/100 spaceunits, andfollow it for 80
time units (800 sampleshfter discardingthe initial transientstartingfrom randominitial
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Figure7.1: Spatiotemporagvolutionsof U (z, n), asgivenby the CGLE for ¢ = 0.12 (left)
andg = 0.16 (right). Black correspond$o U = 0, andlighter grayto high valuesof U.

conditions(this samplingleadsto N = 800 and M = 100). This will be our ‘training
set’ to befeedinto the GA. The simulationis thencontinuedfor a few moretime units,to
providethe‘validationset’ whichis hiddento the GA. It is usedaterto checktheaccurayg
of the predictions.

We chooseasthe basicfield to be forecastedhe modulusU (z,n) = |A (z,t = n7)|
of the comple field. The algorithm seemsto performslightly betterin forecastingthe
real or the imaginarypartsof A, but we useU to show that the algorithm works well
with nonlinearcombinationf the basicdynamicalquantities.In Fig. (7-.1) we show parts
of typical spatiotemporakvolutionsfor ¢ = 0.12 andg = 0.16. Clearly, reducingqg
decreasethe spatialscalesascorrespondingo an effectively larger systemsize, but also
the compleity of the evolution is increased.In both casest is clearthat the motion of
the dynamicalstructureds constrainedy the presencef the walls, ascorrespondingo
confinedspatiotemporathaos.

We solve Eq. (7.4) for ¢ = 0.18,0.16, 0.14,0.12 and performthe POD on the fluctu-
ationsu(z,n) of the modulusaroundits temporalmeanvaluein the resultingdatasets.
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Figure7.2: Thefirst two EOF’s (a andb), andthe correspondingime amplitudefunctions
(candd) from thetrainingsetatq = 0.16.

Thenumberof relevantEOF's (which we defineto bethoseaccountingor atleast99% of
the datavariance[10f) arerespectiely 9, 11, 13, and15. We notethatthis confirmsthe
expectedapproximatdinear scalingof the numberof EOF’s with increasingsystemsize
L (x ¢ YH[10H. It is somehav surprisingthat this extensive scalingappearsvenwhen
chaosis not homogeneoudyut still influencedby the boundaries.This facthasbeenob-
senedin othersystemsefore[97, 9. For illustrative purposeswe shaw in Fig. (7.3) the
two mostrelevantEOF’s from ourtrainingsetatq = 0.16, andthe correspondingemporal
amplitudefunctions.The chaoticcharactenf theseseriess evident.

We next applythe GA to eachof theamplitudefunctionsof therelevantEOF’s. We use
thefollowing parameter$or all the valuesof ¢: numberof generationsn the evolutionary
proces2000, numberof individualsin eachgeneratiorni 20, maximumnumberof symbols
allowed for eachsymbolic string 20, maximumdelayin (7.2 or (7.3) D = 18 [10d].
Tuning of theseparametergor eachparticularvalue of ¢ would improve forecasting but
would make comparisonsnoredifficult. Predictiondor thefield u(x, t) arethenbuild up
by reconstructioraccordingto (7.1) with K the numberof relevantEOF’s definedabove.
In Fig. (7.3) we show the one-step-aheafbrecastedields, moreconcretelythe prediction
for thefirst stepbeyondthetrainingset,n = 801. It is comparedvith theactualnumerical
patternin the validation set, for ¢ = 0.12,0.14 andq = 0.16, displayingan excellent
performance.
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Figure7.3: Theforecastednodulifields (dashedine) ascomparedo therealones(solid)
for one-step-aheagredictionfor severalvaluesof q.

We quantify the quality of the predictionin termsof the meansquareerrore,(n):
2 _ 1 Z ~K . . 2
€,(n) = % > (u (x =jA,n) —u(z = jA,n)) , (7.5)
j=1

wherew® (z,n) is the predictedpatternreconstructedrom Eq. (7.3 andu(z,n) is the
actualpatternfrom the validationset. As statedbefore,GA's canbe usedto predictfuture
valuessometime stepsahead without the needof iteratingthe one-step-aheagredictor
(whichearlybecomesiselesbecausef theexpectedexponentialgrowth of errors).Figure
(7.4 shawvs ¢,(n) asa functionof n for ¢ = 0.16 calculatedrom: a) the one-step-ahead
predictionformulae obtainedfrom the training set, but appliedto obtain the patternat
stepn from the previous D valuesin the validationset;b) iterationof the one-step-ahead
formulaestartingfrom the last D datain the training set; c) five-steps-aheagrediction
from a formulaof the type (7.3) with 7' = 5, obtainedby the GA in thetraining set,and
usedinto the validationset. We seethatthe improvementin accurag is notoriouswhen
iterationis avoided. We notethat the errorsin methodsa) and ¢) remainboundedeven
whenn is far from the valuesfrom which the predictionformulaswereestimatedi.e. the
trainingsetn < 800). This confirmsthatthe methodis not simply fitting data,but rather
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Figure7.4: Errorsasa functionof n in thevalidationset,for ¢ = 0.16. Circles: one-step-
aheadprediction. Diamonds: iteration of the one-step-aheatbrmulaestartingfrom the
trainingset(n < 800). Squaresfive-steps-aheggrediction.

it hasreally found approximatedynamicalrules within the deterministicspatiotemporal
series.

Figure(7.3) displaysthe averageerror < ¢, >, whichis thetemporalaverageof ¢,(n)
with n in thevalidationrangedisplayedn Fig. (7.4), asafunctionof ¢ (for one-step-ahead
prediction). Despitewe areincluding more EOF’s in the reconstructiorfor decreasing,
the predictionerrorshowns atendeng to increaseThisis a consequencef theincreasan
complity (andin attractordimension)of thedynamicsby theeffectiveincreasen system
size(r~ ¢ 1). Sincewe keepthe maximumdelay D fixed, the embeddingof the dataset
becomesamore incompleteat smallerq and the predictiondeteriorates.In addition, for
smallerq the confinedor boundaryinfluencedcharactef the spatiotemporathaosn the
systemis lostanda descriptionin termsof local structureswill be certainlymoreefficient

[92].

7.4 Conclusions

In summary we have presenteca methodto forecastthe evolution of spatially extended
systemsbasedin the combinationof POD and GA's. The methodperformsvery well in
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Figure7.5: Meanerrorfor one-step-aheagredictionin the validationsetasa function of
q.

situationsof confinedspatiotemporathaosasexemplifiedby the CGLE in afinite interval.
We mentionherethatwe areexploring the possibilitiesof the methodfor predictionfrom
noisy naturaldatasets. Resultsobtainedin forecastingSeaSurface Temperaturgatterns
in anareaof theMediterranearseaareencouragingandarepresentedh thenext Chapter
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Chapter 8

Forecastingthe SSTspace-time
variability of the Alboran Seawith
geneticalgorithms

We proposea nonlinear oceanforecastingtechniquebasedon a combinationof genetic
algorithmsandempirical orthogonalfunction(EOF) analysis.Themethods usedto fore-
castthe space-timevariability of the seasurfacetempeature (SST)in the Alboran Sea.
The geneticalgorithm finds the equationsthat bestdescribethe behaviourof the differ-
enttempoal amplitudefunctionsin the EOF decompositiorand, therefore, enableglobal
forecastingof the future time-variability.
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8.1 Intr oduction

Traditionally, oceanforecastings carriedout integratingforwardin time the equationsof
motion. This approachusually requiresthe derivation of the dynamicallaws controlling
the oceanprocesseaswell asthe detailedknowledgeof the initial conditions. Unfortu-
nately thislevel of knowledgeor the computempower neededor the numericalsimulation
of the oceanis not alwaysaccessible.In thesecasesan alternatve approacho forecast
oceanevolution consistsin extractingdynamicalinformationdirectly from the empirical
datawithout imposingan explicit dynamicalmodel. The extractedinformationaboutthe
pastof the systemis thenusedto predictits future evolution. The classicaltechniquesn
thistypeof approacltonsiston modelingthe dynamicsasarandomprocessusingnonde-
terministicandlinearlaws of motion[108]. However, new techniqueshatexplicitly take
into accountthe nonlineamatureof thetime evolution aredemonstrating high predictve
power. Proposaldhasedon geneticalgorithmsare beginning to appearin differentcon-
texts [04]. Briefly statedgeneticalgorithmsaremethodgo solve optimizationproblemsn
which the optimal solutionis searchedhroughstepsinspiredin the Darwinianprocesses
of naturalselectionand survival of the fittest[102]. In the forecastingcontet, the opti-
mizationproblemto be solvedis to find the empiricalmodelbestdescribingobsened past
data. The empiricalmodelso obtainedmay thenbe usedto forecastthe future, andmay
reveal functionalrelationshipsunderlyingthe data. Recently [94] hasalreadyshowvn the
robustnes®f geneticalgorithmsto forecasthe behaior of one-\ariablechaoticdynamical
systems.

The aim of this Chapteris to extendthe work of [94] to spatially extendeddynamical
systemsthuspermittingapplicationto realoceanographidata. More explicitly, we focus
on usinggenetic-algorithmmethoddgo predictthe space-timevariability of the seasurface
temperaturdSST) of the Alboran Sea. The reasondor this particularelectionarisefrom
the circulation structureof this basin,the westernmosbf the Mediterranearsea,charac-
terizedby awavelike front with two antigyclonic gyresgeneratedby theinflow of Atlantic
watersinto the Mediterranearthroughthe Strait of Gibraltar[114, 11#. This circulation
patternhasa strongsignaturein the SSTfield, which providesthe chanceto obsere its
space-timevariability from satelliteimagery

The Chapteris organizedas follows: Sectionll presentghe technique;Sectionlll
briefly describeghe characteristicof the satellitedataemployed in this study The re-
sultsobtainedfrom the applicationof the methodareshavn in SectionlV, andSectionV
concludeghe Chapter

8.2 Nonlinear forecastingof two-dimensional fields with
geneticalgorithms

The methodsof [94] are adequatedo forecastthe time evolution of one or a small setof
variables.Two-dimensionaESTfieldsobtainedy satelliteimageryaretoolargefor direct
applicationof thetechnique A methodto encodethe time seriesof satelliteimagesinto a
smallersetof numbergs thusrequired.This canbe accomplishedy usingthe Empirical
OrthogonalFunction(EOF) technique[1Q, 117%]. Briefly, EOF analysisdecomposethe



Chapterg 93

space-timedistributed satellitedatainto modesranked by their temporalvariance. As a
result,asetof spatialmodesandassociatetemporalamplitudefunctionsareobtained.The
spatialmodesprovide informationof the spatialstructuresvhile the amplitudefunctions
describetheir dynamics. The completestateof the system(i.e., the original sequence
of satelliteimages)canbe well approximatedoy simple linear combinationof the most
relevant spatialmodesmultiplied by their correspondingamplitudefunctions[10, 117].
The problemof forecastinghe dynamicsof atwo-dimensionafield hasthusbeenreduced
to predictingthe amplitudefunctions,a smallsetof time-seriescorrespondingo the most
relevantEOFs.

Theworksof [113], [109], andmary othershave establishedhe methodologyfor non-
linear modelingof chaotictime series.Explicitly, Takens’theorem[113] establisheshat
given a deterministictime series{x(tx)},tx = kAt,k = 1,..., N thereexists a smooth
map P satisfying:

x(t) = P [x(t — At),x(t — 2At),- - -, x(t — mAt)] (8.1)

wherem is calledthe embeddinglimensionobtainedfrom a state-spaceeconstructiorof

thetime serieg107], [91]. Ouraimis to obtainwith ageneticalgorithmthefunctionsP(-)

in Eq. (8.1) thatbestrepresentshe amplitudefunctionassociatedo eachoneof the most
representatie EOFs,andthenusethemto predictthe future stateof the system.Thealgo-
rithm proceedsasfollows (for detailssee[94], [107)]): first, for the j-amplitudefunction,
A,(t), asetof candidateequationgthe population)for P(-) is randomlygeneratedThese
equationg(individuals) are of the form of Eq. (8.1 andtheir right handsidesare stored
in the computerassetsof charactesstringsthat containrandomsequencesf the variable
at previoustimes (4;(t — At), A;(t — 2At), ..., A;(t — mAt)), the four basicarithmetic
symbols(+,—,x, and /), andreal-numbeiconstants A criterionthatmeasurefiowv well

theequatiorstringsperformon atraining setof thedatais its fithessto the data,definedas
thesumof thesquaredlifferencedetweerdataandforecastfrom theequatiorstring. The
strongestindividuals (equationstringswith bestfits) are then selectedo exchangeparts
of the characteistringsbetweenthem (reproductionand crosseer) while the individuals
lessfitted to the dataare discarded.Finally, a small percentagef the equationstrings’
mostbasicelementssingleoperatorsandvariables aremutatedat random.Theprocesss

repeated large numberof timesto improve the fitnessof the evolving population. More

detailsof thealgorithmaregivenin the AppendixB.

In orderto minimizetheeffectsof thestochasticomponentatroducednto theampli-
tudefunctionsby the measuremerdndenvironmentalnoise,andby neglectingthe EOFs
of smallvariancein the reconstructiorprocessesa noise-reductionmethodbasedon Sin-
gular SpectralAnalysis (SSA) or dataadaptve approacH110], to be describedbelaw, is
first appliedto the noisestiamplitudefunctions.

8.3 Data

In the presenstudywe have considered seriesof 68 monthlyaveragedsSTimagesof the
Alboran Sea,rangingfrom March-1993to October1998. Eachmonthly imageis based
on the daily maximumimagesusing the averagefor every single pixel's position. The
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monthlycompositiomormallyconsistof approximate  60AVHRR-MCSST(Advanced
Very High ResolutionRadiometer MultichannelSeaSurfaceTemperaturepassesEach
imageis constitutedoy 415 x 250 pixelscorrespondindgo a spatialresolutionof 1.1 km.
Several testsensurethat SST valuesare derived only for cloud free water surfaces. All
pixelsflaggedascloud areexcludedfrom all further processing.The datasetis available
from the GermanRemoteSensingData Center(DFD) of the GermanAerospaceCenter
(DLR) (You canvisit the URL at http://www.dfd.dIr.de/index.html).

8.4 Results

Figurela,b, c andd shav the mean,1%, 2"¢ and3"¢ spatialmodesrespectiely obtained
from the EOF analysiswhile the solid linesin Figure2 representhe temporalamplitude
functionsassociatedvith eachspatialmode. Basically the 15¢ EOF mode captureshe
variability associatedvith the seasonathangesn the surfacetemperaturef Atlantic and
Mediterraneanvaters.The2"? spatialmodeappearso be associategavith variability in the
intensityof thetwo gyres.Finally, the 3" modeessentiallydescribeshe spatialvariability
relatedto the Almeria-OranFront. Thesethree modesaccountfor 98.64% of the total
varianceof thedata. A Complex EOF analysisof satellitealtimetry datain the samearea
wasperformedby [115].

The amplitudefunctionsof the 27¢ and3"¢ EOFsshow atime dependencenuchmore
complex thanthe simpleseasonavariationdisplayedoy the 15! one. This couldbe anin-
dicationeitherof complex deterministicevolution or of contaminatiorfrom randomnoise.
To disentangldoth componentsthe signalswerefiltered usingthe SSA method: Thefil-
teredtime seriesobtainedrom theamplitudefunctionsof the2"?¢ and3 ¢ EOFs(reddashed
linesin Figs. 2b andc) werebuilt consideringhefirst eightandfive SSAeigervalues(that
accounfor 70% and65% of eachamplitudevariance)n therespectie originaltime series.
The criterion to identify this amountof deterministicvariability in eachsignalwasbased
onanonlinearpredictionapproachill?]. Essentiallythe signalto befilteredis retuilt us-
ing only a certainnumberof eigervaluesobtainedrom the SSAdecompositionThen,the
geneticalgorithmis employedto find the equationthat bestfits the datain onepartof the
datasetthetrainingset,rangingfrom March-19930 June-1998The predictabilityskill of
the solutionequationis thenvalidatedwith datarangingfrom July-1998to October1998,
thevalidationset,previously unknowvn for thealgorithm. If theforecasperformancef the
solutionequationis highin the validationset(morethan80% of agreemenbetweendata
andforecast}thereluilt signalis consideredo be mainly deterministic.A new time series
is thenrehuilt from the original one consideringa larger numberof eigervaluesandthe
previous procesds repeated.The procedurds stoppedwhentheinclusionof new eigen-
valuesdeteriorateghe forecastingskills, sincethenit canbe arguedthat the variability
representedly the new eigervalueshasa strongnoisy componentThefinal filteredsignal
is thusrehuilt with the maximumnumberof eigervaluesthatprovide a goodforecastkill
in thevalidationset.

Specificdetailsconcerningthe algorithm,aswell asthe resultingempiricalequations
obtainedfrom it for thethreetemporalamplitudefunctionsarewritten in the AppendixB.

Figures2a,b andc shav theresultsof applyingthe solutionequationsTheblue dash-
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Figure8.1: a) MeanSSTof the Alboran Sea;b), c) andd) shavsthe 1%, 2" and3"¢ EOF
respectrely.

dottedline shaws the resultsof applyingthe solutionequationin the training set: all the
pointsin the line are one-month-aheagdredictions,i.e. they are obtainedfrom the equa-
tionsin the AppendixB andthe obsenredvaluesof the (filtered) temporalamplitudeat m
previous months. Blue circlesarethe one-month-aheagredictedvaluesin the validation
set,i.e.,thetimeinterval for which measurementsereusedin thefiltering processut not
in thefinal geneticforecasting.

In orderto discriminateif the excellentagreemenbetweendataandpredictionsin the
validation setcomesfrom artificial dependencies the dataintroducedby the filtering
procedureor from an intrinsic dynamicalbehaior well capturedby the evolutionary al-
gorithm, the solution equationsaretestedin a third setof datacalledthe forecastingset
(from November1998to January-1999%hathasnot beenusedin thefiltering processThe
crossesare one-month-aheatbrecastsan this setof data. The agreemenin all casess
excellent,thusindicatingthatthe geneticalgorithmhasbeenableto capturethe maintime
variability of eachEOF It is remarkablahatthis hasbeenachievedwithoutthe useof ary
explicit knowledgeof the oceandynamicsandusingdatajust from the upperlayer of the
sea.

It remainsto closethe procedureto obtainthetotal forecasted5STspatialfield. This



(<o)
»

Forecastingn the Alboran Seawith geneticalgorithms

Mode Ampl. 1

Mode Ampl. 2
iR
3

|
N
o
o

Mode Ampl. 3
o

| |
N =
o o
o o

10 20 30 40 50 60 70
Month

Figure 8.2: a) Amplitude function correspondingo the 1st EOF (solid black line); the
blue dash-dottedine shows the resultsof applyingthe solution equationin the training
setwhile the crossesare one-month-aheatbrecastsin the forecastingdataset. b) The
solid black line representshe obsened amplitudeof the 2nd EOF. The red dashedine
representshe SSA-filteredmodeamplitude. The dash-dottedine representshefitting of
the solutionequationto the SSA-filteredmodeamplitudein the training set. Circlesand
crossegepresenbne-month-aheatbrecastsin the validation and forecastingdatasets,
respectrely; c) sameasb) but for the 3rd EOF

is accomplishedy addingthe threeEOFsmultiplied by their predictedamplitudes.This
hasbeencarriedout for the forecastingset. Figures3aandb shov the monthly averaged
SSTfield for November1998andthe correspondingpne-month-aheatbrecast. The re-
sult correctlyreproduceshe main SSTstructureof the gyresin particularandthe Alboran
Seain general. The techniqueslightly overestimateshe SST of the two gyres. Sincethe
agreementith thefilteredtime-seriesvasrathergood,thisdiscrepang shouldcorrespond
to the part of the obsenation that hasbeenidentified asstochastidyy the algorithm. The
resultsobtainedfor Decemberl998areshown in Figures3c andd. In this case thefore-
castedield still keepsa slight signatureof thetwo gyres,afeaturethatis notfoundin the
real data,althoughthe presenceof warm Atlantic watersin the gyre areasis well repro-
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Figure8.3: a) Monthly meanSSTof the AlboranSeacorrespondingo November1998and
b) forecastobtainedfor November1998one monthin advance;c) Monthly meanSST of
the Alboran Seacorrespondingo Decemberl998andd) forecastobtainedfor December
1998; e) Monthly meanSST of the Alboran Seacorrespondingo January-199%nd f)
forecasibtainedor this month.

duced.Finally, Figures3eandf describeheresultsobtainedfor January-1999Therealas
well astheforecastedields shav a generalcooling of the basinwith the disappearancef
the Alborangyres.

8.5 Conclusion

We have proposeda new techniquethatallows predictionof oceanfeaturesusingsatellite
imagery We first computethe dominantspatialEOF modesfrom atime seriesof satellite
data,andnext we forecastheirtime evolutionusinggeneticalgorithms.A majoradvantage
of employing geneticalgorithmsversusother non-linearforecastingtechniquessuchas
neuralnetworks is that explicit analyticalexpressionf the dynamicalevolution of each
EOFareobtained.Thisfeaturesimplifiestheanalysisandcharacterizatioof thedynamics
and provides a powerful operationaltool. Besides,geneticalgorithmsrequirelessuser
specifications.
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The techniquehasbeenappliedto the one-month-aheagredictionof the SST field
of the Alboran sea,andhasdemonstrate@ good performance We expectthe methodto
performwell in ary othersituationsin which oceanstructuresare sufficiently permanent
for the EOF methodto provide large datacompressionandin which the dominantEOFs
containa strongdeterministic-golutioncomponenaiscomparedo thestochastione. The
methodcanbeappliedto ary field obsenablefrom satellite(SST, dynamicheight,surface
oceancolour),andtheinformationobtainedcould be usefulfor operationaheedssuchas
fisheries,naval operationsandeven for assimilationinto numericalmodels. Futurework
will extendthetechniqueo trackmoving structuresuchasRossbywavesandeddies.
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Summary

Let us briefly concludethis work with the maintopicsdiscussedndthe principal results
obtained. It hasbecomeclearthat two main parts composethis Thesis. The first one
(Chapters2, 3, 4, and5) could be entitled On the Influenceof chaotic advectionon the
spatial structuesof reactivesubstancesand someof the achierementsareoutlinedin the
following:

¢ In thelimit of negligible diffusion the generaladwection-reaction-dffision system
is equialentto two coupleddynamicalsystems:onefor the flow dynamicsandthe
otherfor thereactingdynamics.The couplingbetweernthesdastdynamicalsystems
is via a spatiallyunhomogenousourceof thereactingsubtances.

e Theflow is alwaysconsideredo beturbulentin theLagrangiarframe(with apositive
Lyapunw exponent) thoughlaminarin the Eulerianone,andthe reactingdynamics
is assimpleaspossiblewith a negative Lyapunw exponent.

e Dependingon therelatve strength(Lyapunw exponents)of the stirring dueto the
flow andthe corvergenceof the reactingdynamics,two differentregimesare ob-
sened: a) the spatialpatternof the reactingsubstancess smooth,thatis differen-
tiable everywhere whenthe corvergenceof the reactingdynamicsis stronger and
b) the patternis filamental thatis, fractalor nondifferentiableaverywhereandalong
all directionsexceptone,whereit is smooth.

e Whenasinglebulk Lyapunw exponentof theflow is assumedhatis, nofluctuations
aroundits mostprobablevalue are consideredthe Holder exponentof the patterns
are explicitly calculatedin termsof this bulk flow Lyapunw exponentand of the
Lyapunw exponentcorrespondingo thereactingdynamics.

99
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e Theabore mentionedregimes,i.e. smoothandfilamental,appeain bothopenand
chaoticflows. The only differencebetweentheseis just that, in the caseof open
flows, smoothandfractalareasappeaitnterwoventogether

e A moredetailedstudyof theabove patternsshav their multifractal properties Mul-
tifractality comesfrom the fluctuationsaroundthe bulk valueof the finite time Lya-
punov exponentsMostimportantlythe scalingexponentdor the structurefunctions
of the spatialpattersarestronglyaffectedwhenchemicalactiity is consideredand
they differ for the exponentscalculatedn theabsencef chemicaldynamics.

e All the above considerationgan be usedto explain the qualitative featuresof the
multifractal structureof the plancktonpatternsobsenedin realdata.

e Theuseof mapsfor the study of adwection-reaction-dffision (in the limit of small
diffusivity) systemsholdssomepromise. In particular the generalisatiorio study
positive chemicalLyapunw exponentg(a very difficult taskin termsof continuous
time description)and otherkinds of nontrivial chemistry may seemeasierto study
in termsof maps.

e We have alsorealisedthat, even in very simple mathematicaimodels,the spatial
distribution of predatorsnayfollow thatof the nutrients whenbothareadwectedby
aflow. Moreover, thelocalisationof nutrientsmay give rise alsoto differentspatial
patterndor the predators.

Concerninghe secondpart, which now could be namedasModelling and forecasting
of spatiotempaoal chaotic systemstherole of the coheentstructures we next summarise
someof its attemptsandresults:

e Analysingrealdataof the ocearwith the PODallows usto identify a moving vortex
in a specificgeographicabrea. Then,we have beenableto obtaina very simple
systemof ordinary differential equationssuitableto describethe dynamicsof this
vortex.

e We have introduceda new way to forecastingspatiotemporaiime series.This con-
sistsin the succesie useof the PODto reducethefull dynamicsto a smallnumber
of time serieswhich areassociatetb the modesof themostrelevantcoherenstruc-
turespresenin the systemandthen,with the useof geneticalgorithms predictions
of thesetime seriesareperformed.Finally, the forecastingof the future statesof the
systemis madeafterrecoveringthefull signal.

e The above techniqueworks well for confinedsystemsdisplaying spatiotemporal
chaos. This is mainly becauseghe numberof time seriesto predictis reasonably
small.

¢ We have appliedthe forecastingechniqueto dataobtainedfrom numericalsimula-
tion of the Complex Ginzhurg-Landauequation andfor realdataof the SeaSurface
Temperaturef the Alboran Sea.In both casestheresultsarepromising.
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Finally, if 1 remit to the introductionwherel wantedto reat someexperiencein a
particular comple systenthat could be appliedto any otherong the authorwould liketo
concludethis work summarisingsomeof theseexperienceghat, at the momentof writing
thesewords,heconsiderdo bethecornerstonesf his contributions,thoughmaybethey are
wellknown in the scientificcommunity So,alongthefirst Chaptersof this work, theones
correspondingo thefirst partasdefinedabove, it is clearthatputtingtogethewery simple
flows (nonturtulentin the Euleriansense)with very simplereactve dynamics(decaying
chemistry),cangive rise to very complicatedspatial patternsof the reactingsubstances.
Moreover, someof the dynamicalproperties(Lyapunw exponents)of the flow andthe
reactiongplay afundamentatole in orderto characteris¢he spatialpatterndormedin the
system.In addition,in the secondpartof this Thesis,| have learnedthatreducingthe full
complex dynamicsof a systemto the dynamicsof the mostrelevant coherentstructures,
canhelpto understandhe evolution of a spatiotemporallychaoticsystem.And, with the
help of this assumptionywe have introduceda novel andgeneratechniquehatcouldhelp
to make predictionsof chaoticextendedsystems.
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Appendix A

Mathematical expressionof the coefficient
q10,2 1N (6:12)

If we denotethe scalarproductby {¢s, ¢4} = [4 ¢3(z, y)da(z, y)dxdy, andwe define
also:
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g 003 0A¢y  0p30Apy 0y ONP3  Ody ONP3
de), = (-9 _ — A.9
34 79 oy oy or T or oy oy oz b (A.9)
with j, 1 = 3,4, wefinally obtain,
1
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1
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Appendix B

Analytical expressiondor EOF amplitude
functions

The valuesof the parametern arem = 6,12 and 12 for the 1%¢, 2" and 3" EOF
respectrely andthe maximumnumberof symbolsallowed for eachtentatve equationis
20. Eachgenerationconsistsof a populationof 120 randomly generatedequations. A
numberof 10000 generationgreconsideredn eachrun of thegeneticalgorithm,requiring
around120 secondof CPU time on an Alpha-XP1000workstation(the previous stepof
EOF decompositiortakes approximatelyl45 secondson a SGI computerwith a MIPS
R10000processor)More detailson the geneticcodecanbe foundin [102]. Thesolutions
obtainedfor the 1%, 274 and3"¢ amplitudefunctionsarethefollowing expressions:

Ay() = 0.33 {2 A, (1) — [A1(3) + A1(6) + (A1(1)
[4,(2) 1 (9.3 - 44(1)) — 3.78] _1)] } . (B.1)

As(t) = Ag(1) — Ay(2) — 0.134 {A(4) — (As(5)
— Ay(12) — 3.45[As(5) + As(8)])} - (B.2)

As(t) = 0.4A3(12) — 0.4 —0.59[2.5 — A3(3)
+ A3(9) — A3(1)]. (B.3)

In theexpressionabove, A;(1), A3(12), etc...areshortcutdor A;(t — 1), As(t — 12),
etc...,wheretimeis in months.
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