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reccíon en estedepartamentoy queconstituyesu Tesisparaoptaral tı́tulo de Doctor en
CienciasFı́sicas.

Y, paraqueconste,firmala presenteenPalmadeMallorcaa12deSeptiembrede2000.

Emilio HerńandezGarćıa
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solvemy doubts.TambíenagradezcoaAlberto Álvareznuestrasfruct́ıferasy amenascon-
versaciones,queesperoqueseprolonguenenel futuro.

Una sonrisame ilumina la caracuandopiensoen todoslos buenosmomentosquehe
tenido la suertede compartircon los compãnerosde estesingularespaciovital llamado
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Chapter 1

Intr oduction

An importantbreakthroughin thedevelopmentof chaoticdynamicsappearedwith theorig-
inal work of Lorenz[1]. With theaim of weatherforecasting,heproposedhis now well-
known modelasa low dimensional(threecoupledordinarydifferentialequations)approx-
imation to aninfinite dimensionalmodel(a partialdifferentialequation)of thedynamical
evolution of theatmosphere.Thus,theimpactof Chaostheoryor NonlinearDynamicson
Geophysicalfluid dynamics,i.e.,fluid mechanicsasit is appliedto atmosphericor oceanic
systems,hasbeenimportantevensincethefirst stepsof this new field of Science.Briefly,
this Thesiswill be concernedwith somepossiblyusefulapplicationsof different mathe-
matical,computationalandphysicaltoolscomingfromNonlinearDynamicsto specifically
motivatedoceanicproblems. Of course,this is a very generalassertionwhich we will try
to clarify alongthis introduction.

Therefore,several thingshave to bepointedout. First, thesubjectsof our studies,the
formerlycalledmotivatedoceanicproblems: thesewill bephenomenaof physical,biolog-
ical or chemicalorigin that canhappenin the oceanandwhere,obviously, the transport
producedby theoceanicfluid flow is of primary importance.Two differentkindsof these
will be consideredin our work: a) the so-calledpassivetracers, which areany physical,
biologicalor chemicalsubstancesthataredrivenby a flow, producingno feedbackaction
on theflow dynamics,andwhich lackof their own intrinsic dynamics.An exampleof this
typeof magnitudethatis just transportedby theflow is adyewhichmarksthefluid or also,
in the casethat they do not modify significantlythe densityof the fluid, the temperature
or thesalinity of seawater. On thecontrary, b) activetracers aresubstancesadvectedby
a flow (alsowithout modifying it) with possesstheir own dynamics. Examplesareany
biological species,for e.g. planktoncommunities,obeying certainpopulationdynamics
rules,or ozoneor any chemicalpollutantsundergoingsomechemicalreactiondynamics.
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2 Introduction

We have to mentionthatthis nomenclature(theonewe areusingin this work) is not stan-
dard,i.e., sometimesthe namesactiveor passiverefer to substancesthat aretransported
by a flow with or withoutmodifying it, respectively. Moreover, bothactiveandpassive (in
thelastsense)substancescanbereactingif they have their own dynamics,or nonreacting
whenthis is not thecase.

An importantremarkis thefactthatweareexplicitly studyingtheinfluenceof oceanic
flows. This comesfrom two different considerations,first becausewe explicitly study,
in someof the Chapters,real dataof the oceanicsurfaceandsecond,whenwe dealwith
mathematicalmodelsof flows, theseare two-dimensionalandincompressible.This is a
good approximationfor geophysicalflows in a certainrangeof scales[2]. Concerning
bidimensionality:horizontalscalesaremuchlarger thanthe verticalscalefor theEarth’s
atmosphereandoceans,and,also,it canbeshown thatoneof theeffectsof rotationis to
inducetwo-dimensionalityin theflow. This effect is known astheTaylor-Proudmantheo-
remandessentiallyestablishesthatuniformrotationof a planelayerof fluid aboutanaxis
perpendicularto theplane( � axis) tendsto lock thefluid into two-dimensionalflow inde-
pendentof � . In addition,incompressibility, that is, the conservation of the fluid density
following theflow, is a verygoodassumptionfor liquids and,therefore,for oceandynam-
ics. Moreover, due to the continuity equationfor the fluid density, the incompresibility
conditionreducesto ��������� , where� is thefluid velocityfield.

Therefore��� incompressiblefluid flows arewidely usedin modelsof theatmosphere
andthe ocean. In these,three-dimensionalityis, quite often, approachedby considering
differentlayersof fluid with differentdensities,andwheretheflow is assumedto be ��� in
everylayer. In fact,rotationandstratificationarethetwostrikingingredientsof geophysical
flows [2, 3].

Now, oncewehaveintroducedthesubjectsof ourwork, thatis,activeor passivetracers
advectedby two-dimensionalincompressibleflows, we will try to argue why Nonlinear
Dynamicsor ChaosTheorycanbeusefulwhentreatinggeophysicalphenomenaandwhich
are the particulartools usedin this work to try to betterunderstand,model,andpredict
these.In ouropinion,themainreasonfor theusefulnessof NonlinearDynamicsis obvious:
theoceanis turbulent,i.e. it is disorderedin spaceandtime,anddisorderedsystemsarethe
subjectof studyof ChaosTheory. Moreprecisely, webelievethatthefollowing featuresof
turbulentor spatiotemporalchaoticsystemsareat theheartof thesuccessof thenonlinear
dynamicsapproach:� A fundamentalcharacteristicof turbulenceis that it is hardto predict: a small un-

certaintyat a given initial time will amplify soasto renderimpossible,aftera long
enoughtime, a precisedeterministicpredictionof its evolution. However, someor-
der is alwayspresentin turbulent phenomena:winter alwaysfollows summerin a
predictablepattern,for example.It is worth to saythatthisorderwithin chaosis one
of themainfeaturesof chaoticsystems.

In the ocean,the exponentialseparationof fluid particlestrajectoriesis a property
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that hasbeenempirically observed with the throwing of floating buoys, andwhich
hasdeserved muchattentionmainly because,beforethe arrival of satelliteimages
of large areasof the ocean,empiricaldataof oceanicmagnitudeswhereobtained
measuringdirectlyby immersingtheexperimentalsetinto theocean.

� The existenceof localizedspatiotemporalstructures(the so-calledcoherentstruc-
tures),like vorticesor jets. Specifically, therecognitionof therelevantrole of these
hasallowed,whenthedynamicalprocessesaredominatedby thecoherentstructures,
thereductionof thevery highnumberof degreesof freedomin turbulentflows. The
ideahereis to reducethe full flow dynamicsto thedynamicsof thecoherentstruc-
tures,i.e., to createa low-dimensionalmodel(asystemof ordinarydifferentialequa-
tions) of the turbulent flow by just resolvingthesestructures,and in the study of
theselow-dimensionalapproximationsis wherenonlineardynamicsmayenterin the
game.

� To endwith thisargumentation,wementionthemostsuccessfultool, in ouropinion,
in thefield of theapplicationsof nonlineardynamicsto chaoticsystemsin general:
nonlineardata analysis. Mathematicalconceptslike fractal dimensions,Lyapunov
exponents,embedding,etc...,arebeingwidely usedin any kind of datasetsto char-
acterizeand make predictionsaboutfuture statesof the system. However, in the
context of spatiallyextendedchaoticsystems,like it is the caseof the ocean,non-
linear dataseriesanalysisis still in its beginnings. In addition, the availability of
largereal (not from numericalsimulations)spatiotemporaldatasetsin general,and
of tubulentflowsin particular, is nowadaysratherpoor;but sincethelaunchof differ-
entsatellitemissionsthis situationis changing,openinga new erain theknowledge
of oceandynamics.

Up to now we have indicatedthesubjectsof our work andsomeof thereasonsfor the
useof nonlineardynamicstoolsin thestudyof these.Theobviousnext stepis to introduce
theparticularmathematicalandphysicalconceptsusedalongour work andthento point
out someof the results. About these,we cansaythat they arepromising,otherwisethis
Thesiscouldnot have beencompleted,andthey will bedetailedin thesubsequentChap-
ters. Concerningthe principal tools we have used,key wordsin our work are: Eulerian
and Lagrangiandescriptionsof fluid motion,LagrangianChaos,the Proper Orthogonal
DecompositionandGeneticAlgorithms. Othermoreparticularconceptsplayinga funda-
mentalrole in this Thesisare: Lyapunov exponents,multifractality and quasigeostrophic
dynamics, which will not bepresentednow andwe remit thereaderto thewidely existing
literatureaboutthem([2], [3], [4] andreferencestherein).Therefore,anddespitethe fact
thatthey arediscussedin someof thedifferentChapters,we next proceedto theintroduc-
tion of theseprincipaltoolswith theaim of providing thereadera generaloverview of the
context of ourwork.



4 Introduction

1.1 Somebasicconceptsand tools

1.1.1 Eulerian and Lagrangian descriptions

The descriptionof fluid motion canbe addressedfollowing two differentways. Onecan
dealat any time with velocity, pressureanddensityfieldsat any spatialpoint in thefluid,
or either, onedealswith thetrajectoryof eachfluid particle. Thefirst approachis usually
calledEulerianandthesecondoneLagrangian. In principlebothareequivalent,andif we
denoteby �� "!$#�%'& theEulerianvelocityfield, whichtellsusthevalueof thefluid velocityat
any space-timepoint  "!$#�%'& , thenthemotionof afluid particlewith initial localization!( )�*&
is givenby �*!�*% �+�� "!$#'%'&-, (1.1)

Theexpression(1.1) establishesthephysicalconnectionbetweentheEulerianandLa-
grangiandescriptions.It clearly readsthatwhena particularfluid particleis known to be
at a specificspace-timepoint, its Lagrangianvelocity mustbe equalto theEulerianfield
valueat thatspace-timepoint.

1.1.2 Lagrangian Chaos

In a first partof this memorywe will be interestedin thetransportof substancesby flows
yielding Lagrangianchaos, conceptwhich is relatedwith the formerly mentionedunpre-
dictablecharacterof oceanicflows. Let usbriefly mentionsomeideasaboutthis concept
of Lagrangianchaos,alsocalledLagrangianturbulenceor chaoticadvection[5], [6]. One
speaksof Lagrangianchaoswhen(1.1) hasa sensitive dependenceon initial conditions,
i.e., initially nearbytrajectoriesdivergeexponentiallyfast. It is importantto notethatLa-
grangianchaoscanappearevenin flowswhicharenotturbulentin theEuleriandescription.
Restrictingourselvesto thesituationof a two-dimensionalincompresibleflow (theoneof
interestalongour work): �� "!$#�%'&(��.0/� "12#435#�%'&76198:.0;� "12#435#�%'&�63 . Then,theincompressibility
condition, �<�"�=��>�.0/@?�>A1(8B>�.C;C?@>D39��� , meansthatwecanexpress� in termsof astream
function EF G12#435#�%'& ,

.0/ � H >�E>�3 (1.2)

.0; � >�E>�1 (1.3)

Now, themotionof afluid particlegivenby (1.1) is written in termsof thestreamfunction
as: �*1�*% � H >�E>�3 (1.4)

�I3�*% � >�E>A1 , (1.5)

Moreover, theform of theabove equationsresemblesthatof a one-degree-of-freedom
Hamiltoniansystem,if we identify the streamfunction with the Hamiltonian, 1 with the
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momentum� , and 3 with theposition � . If EJ�KEL "12#435#�%'& is time-dependent,Eqs.(1.4, 1.5)
area time-dependenttwo-dimensionalsystemof ordinaryequations.Standardtheorems
[7] statethat chaoticsolutionsfor the above systemof equationsare likely to occur for
particularvaluesof thesystemparameters.In Hamiltoniandynamicsthis is theso-called
HamiltonianChaos; thatis, Lagrangianchaos,chaoticadvectionor Hamiltonianchaosare
equivalentconceptsor approaches,andthetools,theorems,etc.,developedfor thestudyof
any of thesearecompletelysimilar in theothers.

Hamiltoniansystemsarejust a particular, but very important,type of dynamicalsys-
tems.In any case,somefundamentalconceptscomingfrom Hamiltoniandynamicsdeserve
a furtherconsideration,thoughweremit to thehugeliteratureon this topic for adeeperin-
sight [8], [9]. First, a mostrelevantpropertyof thesesystemsis that sincethey conserve
phasespacevolume(thereis nodissipationof energy), they donotpossessattractorsof the
dynamics.Anothervery importantcharacteristicis thatof integrability.

Briefly, aHamiltoniansystemwith M degreesof freedomis integrableif andonly if M
independentintegralsof themotionexist. Moreformally, asystemwith atime-independent
Hamiltonian N< "�POQ# � O"& with M degreesof freedom,i.e., RS�UT*#�,V,W,XM , is saidto beintegrable
if thereexist M independent,smoothconstantsof motion YPO ,

�IYPO�*% ���Z# (1.6)

thatarein involution, [ Y-O\#4Y�]_^5�K�Z# (1.7)

where
[ #�^ is thePossionbracket, thatis,[X` #�a7^5� > `>��PO >Aa> � O H > `> � O >Aa>��-O , (1.8)

The reasonthat the constantsare requiredto be smoothand independentis that the
equationsY-O9�cb_O , wherethe bdO ’s are constants,must define M differentsurfacesof di-
mension��MeH�T in the �@M -dimensionalphasespace.The reasonfor the constantsto be
in involution is thatonewantsto usethe Y ’s (or combinationsof them)asmomenta,and
momentamustpairwisecommute.In coordinatesof this typethemotionis quitesimple.

Sometimesadditionalrequirementsareaddedin definitionsof integrability. For exam-
ple, onecanaddtherequirementsthat thesurfacesYPOf�gbdO for Rh�iT*#_�j#�,V,V,W#dM becompact
andconnected.If this is the casethe motion takesplaceon an M -torusand thereexist
action-anglevariables lk*O\#_mLOG& in termsof whichHamilton’sequationshave theform

�Ak*O�*% �nH >5N>5mLO �+�Z# ��mLO�*% � >DN>ok�O �+p�Oq 
rs&-# (1.9)

whereR'#lt9�uT*#_�j#�,V,V,W#dM . Thesecondof Eqs.(1.9) is easyto integrate,yielding

mFOl "%'&f��mLOl )�I&o8vp�Oq 
rs&w%_# (1.10)

where m is definedmodulo �Cx , and p�Ow 
ro&fy{z-|zP}'~ arethefrequenciesof motionaroundtheM -torus.
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Therefore,an integrablesystemis characterizedby regular trajectoriesin phasespace.
Moreover, the trajectoriesof an M degrees-of-freedomsystemin the phasespacearere-
strictedto lie on a M -dimensionaltorus,asit is clearfrom Eq. (1.10). Thus,for integrable
systems,wecanview thephasespaceasbeingcompletelyoccupiedby M -tori almostall of
whicharein turnfilled byquasiperiodicorbits.Mostinterestingfor usarethenonintegrable
or chaoticHamiltoniansystems,just becausethey areclose,in fact they areequivalent,to
incompressiblefluid systemsyielding Lagrangianchaos(with the above mentionsubsti-
tution of real spacecoordinatesof the flow with the phasespacecoordinates,andstream
functionwith Hamiltonian).Thesearecharacterizedby irregularor stochastictrajectories
in phasespaceor, exploiting furthertheequivalencewith fluid flows, irregulartrajectories
of fluid particlesin realspace.Of agreattheoreticalrelevancearetheweaklynonintegrable
systems,or in otherwords,integrablesystemsthathave beenslightly perturbed.In these,
theKolmogorov-Arnold-Moser(KAM) theoremestablishesthecoexistenceatall scalesof
regionsof regular trajectories,theso-calledKAM tori, andregionsof stochastictrajecto-
ries. Thestrongertheperturbationfrom integrability thesmallerthenumberof surviving
KAM tori. Thesearevery importantin the context of fluid motion sincethey canact as
transportbarriersfor theflow, decreasingthemixing propertiesof thefluid.

As an exampleof the KAM theorem,we show in Fig. 1.1 the phasespaceof a non-
integrablesystem. In particular, the trajectoriesshown in Fig. 1.1 have beenobtained
by iteratinga Hamiltonianmap,that is, a discrete-timeversionof a Hamiltoniansystem
[4], known as the standardmap. This is a two-dimensionalmap definedin the square[ �Z#_�Cxs^s� [ �j#_�Cxs^ andgivenby:1���� � �  "1���8v�n�'����3@��� � &������9�Cx (1.11)3@��� � �  
3@��8v1��*&����j���Cx$, (1.12)

When � ���� thestandardmap(1.11,1.12) is not integrable.Moreover, asit is shown
in Fig. 1.1,thelarger � thelessthenumberof regulartrajectories(KAM tori, which in the
presentcaseof two dimensionsarecirculartrajectories)in thephasespace.

1.1.3 The Proper Orthogonal Decomposition

Anotherfundamentaltool in thedevelopmentof this thesisis theuseof theProperOrthog-
onalDecomposition(POD),or Karhunen-Loeve (KL), or EmpiricalOrthogonalFunctions
(EOF),just to givesomeof thenames,technique.In a few words,thePODis a lineardata
analysistechniquewhich separatesa given dataset into orthogonalspatialandtemporal
modes.Thatis, it providesabasisfor amodaldecomposition,similar to theFourierbasis,
but with somestriking features.

Supposethatwehaveanensemble�0�D�C� of complex scalarfields,eachbeingafunction��� �� "1�&<��� �  )p�& , p � � (in particular, in our calculationsthe ensembleof func-
tions is given by differentsnapshotsof the time evolution of a spatiotemporalfield, that
is, �0� � ������ G12#�% � & . The ideabehindthePODis straighforward: we want to find a func-
tional basis �@ �]C "1�&_�C¡]'¢ � that is optimal for thedatasetin thesensethatfinite-dimensional
representationsof theform

�5£L G1�&(� £¤]�¢ �*¥ ]P �]� G1�& (1.13)
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Figure1.1: Plotsof trajectoriesobtainediterating the standardmap(1.11,1.12) for four
valuesof � ; a) �e�+�Z,­¬ ; b) �e�®T�,­� ; c) �e�¯�j,­¬ ; d) �°�+±A,X� .
describetypical membersof theensemblebetterthanrepresentationsof thesamedimen-
sion M in any otherbasis.

Therefore,the mathematicalstatementof optimality is that we shouldfind a  ² G1�&³�� �  )p�& , suitablynormalised,thathasthemaximumaveragedprojectiononto � , i.e.:

´ ¥ 15µZ¶ /-·G¸º¹*» ¶­¼ ·0½�¾  
�2#_¿�& ¾ � 	¾  )¿L#_¿�& ¾ � ½n¾  
�2#_ �& ¾ � 	¾  ) �#_ �& ¾ # (1.14)

where ½ � 	 is theensembleaverage(temporalaveragein our applications),and  "��#d¿�&À�Á ¼ �� "1�&�¿hÂ0 G1�&'�*1 is the usualscalarproductin � �  
p�& (notethat otherdifferentfunctional
spaceswith differentscalarproductscouldbeusedin thisoptimizationproblem,andgiven
riseto anotherPODbasis).A different,but equivalent,way to readtheoptimizationprob-
lem (1.14) is thatwe areinterestedin finding a structure  which hasthe largestpossible
correlationwith �� "1�& .

In thisway, theproblemis oneof thecalculusof variations:to extremise½�¾  
�2#_ �& ¾ � 	subjectto theconstraint¾  Q 2#_ �& ¾ �®T . It is easilyshown [10] thattheproblemfinally reduces
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to find thelargesteigenvalueof thefollowing integralequation:Ã �Ä "12#�1�ÅV&' ² G1�ÅV&'�*1�ÅZ��Æ5 ² G1�&-# (1.15)

where �Ä G12#�1 Å &f� ½ �� "1�&w�5Â� "1 Å & 	 .
Moreover, Hilbert-Schmidttheoryassuresthatthereis acountableinfinity of eigenval-

uesandeigenfunctionsthatprovidesa diagonaldecompositionof theaveragedautocorre-
lation function: �Ä G12#�1 Å &f� ¡¤]'¢ � Æ�]P j]C "1�&'  Â]  G1 Å &-# (1.16)

andthat the eigenfunctions j] aremutually orthogonal.They arethe empiricalorthogo-
nal functions. Thus,theoptimalbasisis givenby theeigenfunctions�@ �]�� of the integral
equation(1.15) whosekernelis theaveragedautocorrelationfunction �Ä "12#'1 Å & .

Also,almosteverymemberof theensemble�0� � � usedin theaveraging½ � 	 leadingto�Ä "12#'1 Å & canbereproducedbyamodaldecompositionbasedontheeigenfunctions�@ j]�� ¡]�¢ � :
�� G1�&$� ¡¤]�¢ ��¥ ]º �]C "1�&-# (1.17)

wherethe � ¥ ]�� ¡]�¢ � arerandomvariablessatisfying:

½ ¥ � ¥ ÂÇ 	 �¯Æ �PÈP� Ç , (1.18)

TheeigenvaluesÆ � areall positiveandareorderedin sucha way thattheconvergence
of therepresentation(1.17) is optimized.Themeansquareof ¥ � is aslargeasposible,the
oneof ¥ � is thesecondlargest,andsoon. Weremarkthat,amongall linear decompositions
with respectto anarbitrarybasis�@¿ÀOq "12#�3A&d� , for a truncationor order M , i.e., � £  "12#435#�%'&$�É £OÊ¢ � ¥ Ol "%'&�¿ÀOw "12#43Z& , with ¥ Ow G%'&(� Á4Ë �� "12#�3�#�%'&'¿ÀOl G12#43Z& , theminimumerror, definingtheerror
as Ì��®Í Á Ë  
�ÎH�� £ & � �*15�73DÏ , is obtainedwhen �CÐÒÑ�R
Ow G12#43A&d� is thePODbasis �@ DOw G12#43Z&_� .

Becauseof theabove mentionedcharacteristicsof thePOD,the empiricaleigenfunc-
tions  j] constitutean optimum basisfor a Galerkin approximationto the dynamics,in
orderto obtaina low dimensionaldescriptionfor this. Supossethatthescalarfield is time
dependent�� "12#'%'& , andobeysanequationof thetype

�I��*% ��ÓÎ 
��&_# (1.19)

whereÓ� w�Ê& representsanonlinearoperatorthatmayinvolvespatialderivativesand/orinte-
grals. TheoptimumGalerkinprojectionis approachedby consideringthe M -dimensional
modaldecompositionin termsof thePODbasis:

�� G12#�%'&$� £¤]�¢ ��¥ ]@ "%'&� �]C "1�&-# (1.20)

wherenow thecoefficients ¥ ] aretimedependent.Projecting(1.20) onto(1.19), andusing
theorthogonalityof thebasisfunctions �@ j]�� , asystemof ordinarydifferentialequations(a
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low dimensionalmodel)is obtainedfor thecoefficients ¥ ]C "%'& :� ¥ ��*% �ÕÔÖZÓ×ÔÖ £¤]�¢ � ¥ ]� G%'&� �]@ G1�&wØÙ<#d  �  G1�&wØÙ<#�Ú��nT*#_�j#�,V,V,W#dMÛ# (1.21)

where  w#_& is theusualscalarproduct.WeremarkthattheGalerkinapproximationis suitable
for any functionalbasis,like for e.g. theFourierbasis,but theobtainedlow dimensional
model(1.21) is optimumwhenthePODbasisis usedin themodaldecomposition(1.20).

Just to finish with this brief introduction to the POD technique,let us remark the
following points: a) the formulation we have presentedis the simplestone, someother
POD basisobtainedin Sobolev spacesor with a differentmetric have beenstudied,for
e.g., in [11]. b) Also, the temporalsorting is not usedto obtainingthe POD basis,i.e.,
the samebasisis obtainedfor the ensembles�0� � ���Ü�0�� "12#�% � &-#4�� "12#'% � &-#�,V,V,X�� "12#'%l�I&d� and�0� � �Û�Ý�0�� "12#'% � &-#4�� G12#�% � &-#º,W,V,X�� G12#�%l�I&d� . A POD formulationwhereinformationaboutthe
temporalsortingis consideredcanbeconsultedin [12]. c) ThePODis a lineartechnique:
it is just aneigenvalueproblem(1.15). Therefore,thePODis, amongall linear decompo-
sitions, themostefficient for reconstructinga signal �� "12#�%'& (oncethevectorialspacewith
its metric hasbeenfixed). Nonlineartechniquessimilar to the POD areunknown to the
author, but averycompletereview of thePODwith extensionsandcomparisonswith other
analysistechniquescanbeconsultedin [10, 13].

1.1.4 GeneticAlgorithms

To finishof filling upour toolboxof methods,weproceedto introducethepredictiontech-
nique of the GeneticAlgorithms (GA). Theseare a kind of evolutionary computational
methods,i.e. optimizationmethodsin whichtheoptimalsolutionis searchedthroughsteps
inspiredin the naturalevolution: selectionand survival of the fittest. Usually the opti-
mizationtarget is a mathematicalprocedureof known form, but with many undetermined
parameters.A populationof candidateproceduresis generatedby expressingdifferentsets
of theseparametersasbinarystrings.Theperfomanceof eachprocedureis evaluatedand
thosethatarefitter or dobetteraccordingto somespecificcriteriaareallowedto reproduce.
Reproductionmaybesexual,by takingthestringsof two fit parentproceduresandgener-
ating thebinarystring for thedescendantby usingcross-over andperhapsmutation,or it
maybeasexual,in whichcasejustmutationis used.Overmany generations,thepopulation
tendstowardsmoresuccessfulprocedures.

A very niceexampleof theuseof theGA’s hasappearedrecentlyin [14], whereauto-
maticdesignandmanufactureof robotsis carriedout. Thiscangiveusanideaof thepower
andversatilityof this technique.In particular, we will usetheGA’s aspredictorsfor time
series.Thus,givena timeseries "1 � #'1 � #�,V,W,V#�1AÞ�& , GA’s look for amathematicallaw relating
any variablewith someof thepast: 1�ßo� `  "1�ßáà � #'1�ßáà � #�,W,V,V#�1�ßáà�¹A& . Thefirst stepis to choose
a subsetof the time series,the so-calledtraining set ��1D¹*� � #�,V,V,W#�1AÞ2� , wherethe algorithm
will beworkingon to find anexpressionlike this. Thenthealgorithmproceedasfollows:� i) Initialization . M differentexpressions̀ built up from randomcombinationsof

realnumbers,someof the 1�ß , andthefourbasicarithmeticoperators,8�#�HÒ#*��# ¥Iâ �äã ,
aregenerated.
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� ii) Fitting and surviving. For eachof theseexpressions,estimatesof 1�ß in thetrain-
ing setarecomputedandcompared(usingthevariance,for e.g.) with 1�ß of thereal
data.Then,thehalf of theseexpressionswith bestfitting survive andtherestdisap-
pear.� iii) Reproduction. Thesurvivorsin theformerstepform matesandreproduce,gen-
eratingnew expressionsby interchangingsomechainsof operators,realnumbersand1�ß . This is donein suchaway thatthefitting is improvedin any new generation.� iv) Mutation . Someof thepartsof thenew expressionscanberandomlymutated.� v) Evolution. Thisprocessis repeatediteratively until anoptimumfitting expression
is obtained.

Another importantpart of the algorithm is the encodingof the form of the equation
stringsinto a numericalstructurethatallows aneasierandfastercomputationalhandling.
Thisencodingis accomplishedthroughcoordinatepairsin thefollowing way: apair  )Ú�#�T0&
representsanoperatorin theequationstring.Thevaluesof Ú rangefrom T to ± to represent
addition,subtraction,multiplicationor division, respectively. Pairsof theform  ¥ #_�*& with¥ beingarealnumberdistributedin

[ HLå � #_å � ^ ( å � #_å � parameters)representrealarguments
of theequationwhile pairs  Vt*#dæI& with t integerverifying T � t � � indicatethearguments
givenby theelement1� G%SH�t�& in thetimeseries.

In addition,it is usedin thealgorithmthepostfixnotation,which refersto thenotation
in which the operatorsymbol is placedafter its two operands.For example,the postfix
expressionçFè�8 correspondsto the standardnotation çé8¯è . An exampleof encoded
string in the algorithmis ÐÜ�Ü�j qT��j,WT*#d�*&-#0 
æZ#dæI&_#0 qT�#�T0&-#� Q�j#dæ*&-#0 
æZ#�T0&d� that correspondsto qT��Z,WT(8J1� "%�HJæI&�&l1� "%�Hv�*& .

Now andbeforeproceedingto detail thedifferentChaptersof this work, I (pleasenote
that it is not written ’we’) would like to remarkthat, thougha betterknowledgeof ocean
dynamicshasbeenmy principal aim, the spirit guiding my almostfour yearswork has
beento contribute to the generalunderstandingof the so-calledcomplex systems, that is,
spatiotemporaldisorderedsystems.I believein theclaimby GoldenfeldandKadanoff [15]
that apparentlythereareno generallaws for complexity, and in this sense,the classical
approachof Physicsof looking for simple but generallaws seemsnot to work, at least
nowadays,whenwe managewith complex systems,that is, with therealworld. Nonethe-
less,onemustreachfor experienceandlessonsthatmightbelearnedin oneandappliedto
another. I would like to think thatwith this thesisI couldmodestlycontributeto this hope.

1.2 Outline of the Thesis

Next, let us outline the contentsof this thesis. Thereare two main differentparts: the
first onecomprisesChapters2, 3, 4 and5. This part concernswith the studyof spatial
structuresof active(in thesensedefinedabove)substances,advectedby atwo dimensional
chaoticflow. Thesecondpart,formedby Chapters6, 7 and8, is dedicatedto obtaininglow
dimensionaldescriptionsof long (realor numerical)datasetsandmakingpredictions.
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In the following, we give a deeperintroductionto thedifferentChaptersof this mem-
ory; but first of all, we shouldsaythat every Chapteris selfcontainedandcould be read
independently. This facthasgivenrise to somerepetitionsand,sometimes,surplusof in-
formation,mainly in theintroductorysectionsto everyChapter, whichwethink (andhope)
thatdo notbreakthefluentreadingof theThesis.

So, in thesecondChapter, entitledSmooth-filamentaltransitionof activetracerfields
stirredby chaoticadvectionwe studythespatialstructureof anactive field advectedby a
chaoticflow. Thefundamentalrestrictionis theassumptionthat the intrinsic dynamicsof
the field, that is, its chemicalor biological dynamicsis characterizedby a negative Lya-
punov exponent.Then,in the limit of small diffusivity, the full dynamicscanbe divided
in its two subsystems,thatis, advectionplusreaction.Eachof thesehasits own Lyapunov
exponent,negative theoneof thereactionpart,andpositive theoneof theflow (a chaotic
flow is assumed).The main resultof this first Chapteris that dependingon the relative
strengthof both exponents,the spatialstructurecanbe a) smooth, if the stability of the
reactionpartovercomesthestirring dueto thechaoticflow, andb) fractal, in theopposite
case. In addition,an expressionrelatingthe Hölder exponentof the filamentalstructure
with the Lyapunov exponentsof the systemis presented.It is importantto note that all
alongthis Chaptera monofractal(asopposedto themultifractalstudiesin Chapter3) de-
scriptionis assumed.In otherwords,a spatiallyuniform Lyapunov exponentfor theflow
is considered.Also, weperformnumericalsimulationssupportingthesetheoreticalresults.

In Chapter3, The multifractal structure of chaotically advectedchemicalfields, we
try to get a deeperinsight into the spatialstructurespreviously studiedin Chapter2. We
alsoconsidera2dchaoticflow stirringachemicallystable(Lyapunov negative)substance,
but now weparticularizeto adecayingchemicaldynamics.Weperformmorecarefullythe
analyticalcalculationsof theformerChapterandwegeneralizetheresultswhenopenflows
arealsoconsidered.Thesearecharacterizedby unboundedtrajectoriesof fluid particles.
On the contrary, closedflows, the onesusedin the numericalsimulationsof the second
Chapter, have all the trajectoriesof the fluid particlesbounded.Moreover, we focussin
themultifractalcharacterof thespatialpatternsof theactive substance,i.e., in thespatial
dependenceof theHölderexponentof thechemicalfield. We studyhow this dependence
affectsthescalingexponentsof thestructurefunctions,andrelatetheseto thedistribution
of localLyapunov exponentsof thechaoticflow.

Next in Chapter4, Chaoticadvectionof reactingsubstances:Planktondynamicson a
meanderingjet, the resultsof the formerChaptersareappliedto a moreorientedoceanic
problem. We useasflow a mathematicalmodelfor a meanderingjet. That is, a flow of
fluid in adirectionandshowingmeandersin theperpendicularone.In addition,thereacting
dynamicsis thatof a planktonmodel.Specifically, weconsideramodelwith threetrophic
levelsincludingnutrients(of chemicalorigin), phytoplanktonandzooplankton.

Chapter5, Populationdynamicsadvectedby chaotic flows: a discrete-timemapap-
proach, is a first tentative to describethe dynamicsof reactingsubstancesadvectedby
chaoticflows in termsof discrete-in-timemaps. This allows a moreaccuratenumerical
treatmentof theproblem. In particular, we studyhow a localizeddistribution of preys or
nutrientsmayaffect thespatialstructureof thepredators.This is carriedoutby considering
theanalogiesof theadvectionplusreactionsystemwith a randommap.In addition,some
attemptsto studythecaseof positivechemicalLyapunov exponetarepresented.
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In thesixth Chapter, Low dimensionaldynamicalsystemfor an oceaniceddyobserved
in satellitedata, we try to studythedynamicsof coherentstructurespresentin realdata,in
particular, in altimetrydataof theoceanicsurface.Weanalysesatellitedataof theWestern
Mediterraneanbasinwith theProperOrthogonalDecomposition,which allows to identify
a moving eddyin the data. Then,the POD is usedto obtaina low dimensionalapproxi-
mationto thefull dynamicsof this eddy. This is doneby projectingthePODmodesover
a hydrodynamicalmodelof the oceanicregion understudy. Finally, nonlineardynamics
toolsareusedto studythis low dimensionalmodel.

In Chapter7, entitled Forecastingconfinedspatiotemporal chaoswith geneticalgo-
rithms, we presenta new techniquefor predictingspatiotemporalseriesof data.Thetech-
niqueconsistsin thesuccessiveapplicationof thePODandgeneticalgorithms(GA). With
thePODwereducethefull spatiotemporaldynamicsto asmallnumberof timeseries.Af-
ter this, anddifferently to the former Chapterwherea physicalmodelof the systemwas
assumed,wemakepredictionsof thesetimeseriesby applyingageneticalgorithmto each
of thesetimeseries.Wecheckthismethodwith dataobtainedfrom anumericalsimulation
of a mathematicalmodeldisplayingspatiotemporalchaos,theComplex Ginzburg-Landau
equation.

In Chapter8, Forecastingtheseasurfacetemperaturespace-timevariability of theAlb-
oranSeawith geneticalgorithms, weapplythetechniquedevelopedin theformerChapter
to realsatellitedataof theseasurface.Thesecorrespondto monthlyaverageddataof the
seasurfacetemperatureof the Alboran Sea,an areaof the MediterraneanSea. The only
modificationwith respectto themethodappliedto numericaldataof Chapter7, is a kind
of cleaningof thedataagainwith aPODof everyobtainedtimeseries.

Finally, in Chapter9 we presentasummaryof theThesis.
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Chapter 2

Smooth-filamentaltransition of active
tracer fieldsstirr ed by chaoticadvection

Thespatial distribution of interacting chemicalfields is investigatedin the non-diffusive
limit. Theevolutionof fluid parcelsis describedby independentdynamicalsystemsdriven
by chaoticadvection.Thedistribution canbefilamentalor smoothdependingon the rel-
ativestrengthof thedispersiondueto chaoticadvectionand thestability of thechemical
dynamics.Wegivetheconditionfor thesmooth-filamentaltransitionandrelatetheHölder
exponentof the filamentalstructure to the Lyapunov exponents.Theoretical findingsare
illustratedbynumericalexperiments.

15



16 Smooth-filamentaltransition

2.1 Intr oduction

TheLagrangiandescriptionof fluid flows,consideredin theframework of chaoticdynam-
ical systems,hasgivenimportantinsightinto mixing andtransport[6]. In many situations
of practicalinterestscalarfields describingsomepropertyof the fluid are not just sim-
ply advectedby the flow, but areactive in the sensethat they have their own dynamics,
in generalcoupledto the transportandmixing process.(In the following we will refer
to this as the ’chemical’ dynamicsof the system.) Typical examplesof active fields in
mixing flows areconcentrationsof reactingchemicals[16, 17] (in industrialprocessesor
the atmosphere)andinteractingbiological populationsof microorganismsin a fluid (e.g.
planktonpopulationsstirredby oceaniccurrents[18]). Thespatialstructureof suchfields
oftenhascomplex filamentalcharacter[19]. Previouswork hasinvestigatedthe temporal
evolution of reactionssuchas çê8êè{ë ì or çê8êè�ë �@è in closedflows [17, 20, 21]
asan initial valueproblem. The absenceof chemicalsourcesin thesecasesnecessarily
impliesa homogeneousfinal stateof thesystem.Thesamereactionswerealsostudiedin
openchaoticflows [22] wherea stationaryfractaldistribution arisesdueto theproperties
of the underlying(chaoticscattering-like) advectiondynamics[23]. Herewe show that
in thecaseof stablechemicaldynamics(in a sensedefinedbelow) andin thepresenceof
chemicalsourcespersistentfilamentalfractalpatternscanalsoarisein closedflows.

2.2 Eulerian and Lagrangian description of the problem.

Thegoverningequationsfor a setof M interacting’chemical’ fields ì�O mixedby a incom-
pressibleflow �� 
í7#�%'& , independentof thechemicaldynamics,canbewrittenas

>Dì�O>�% 8<�� 
í7#�%'&��C��ì�Os�êîäO [ ì �  
í@&-#�,V,V#dì�£� 
í@&-#4í�^)# (2.1)

where R(�gT*#�,V,W#dM . TheoperatorsîäO in generalcontainspatialderivativesof thefields ì�O ,
e.g.aLaplaciantermrepresentingdiffusion.

Let us assumethat the advective transportdominatesand diffusion is weak. If we
neglect non-localprocesseslike diffusion on the right handside of (2.1) Ó�O becomesa
simplefunction of the local concentrationsandcoordinates.In this casethe Lagrangian
representationleadsto a considerablesimplification of the equations,leadingto a low-
dimensionaldynamicalsystem

�Ií�*% �ï�h "í7#�%'&-# ��ì�O�*% �+Ó�Ow 
ì � #dì � #�,V,V#dì�£�#4í@&-#fR��®T*#�,V#dMð# (2.2)

wherethe secondsetof equationsdescribesthe chemicaldynamicsinsidea fluid parcel
that is advectedby the flow accordingto the first equation. The coupling betweenthe
flow andchemicalevolution is non-trivial if someof thefunctions Ó2O dependexplicitly on
the coordinateí . In applicationsthis dependenceof Ó2O canappearasa consequenceof
spatiallyvaryingsources,spatiallyvarying (e.g. temperaturedependent)reactionratesor
reproductionratesof biologicalspecies.It is thereforenaturalto includethis dependence
in themodelto beconsidered.
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Although we usea Lagrangianrepresentation,our aim is to follow not the chemical
evolution along individual trajectories,but the spatiotemporaldynamicsof the chemical
fields ì�Ol 
í7#�%'& that is equivalentto theevolution of theensembleof fluid parcelsunderthe
dynamics(2.2). Thustheoriginal problemdefinedin an infinite dimensionalphasespace
is reducedto anensembleproblemin a low-dimensionaldynamicalsystem.

By neglectingdiffusion,we maymisscertainclassesof behaviour suchaspropagating
waves, typical for reaction-diffusion systems[24]. However, as we shall seelater, we
capturea non-trivial behaviour that we believe to be characteristicof the full advection-
reaction-diffusionproblemwhendiffusionis weak.

We assumethat the flow �� 
í7#�%'& is two-dimensionalincompressibleand periodic in
time with period ñ . Theseconditionsin generalleadto chaoticadvectionevenin caseof
simplespatiallysmooth(non-turbulent)velocityfields.Sincetheadvectionis independent
of the chemicaldynamicsit canbe characterisedby its own Lyapunov exponentsÆ�ò � 	Æ�ò� . Incompressibilityimpliesthattheadvectionis describedby a conservativedynamical
systemandthus Æ ò � �nHLÆ ò� .

For numericalinvestigationswe useda simpletime-periodicflow that consistsof the
alternationof two steadysinusoidalshearflows in the 1 and 3 directionfor thefirst andthe
secondhalf of theperiod,respectively. Theflow is definedontheunit squarewith periodic
boundaryconditionsby thevelocity field

.0/� G12#43�#'%'&ó� H³ôñ m³õ ñ � H�%²�Î����ñ�öf÷º�*�0 )�Cxo3j&.0;I G12#43�#'%'&ó� H ôñ m õ %²�����ÄñøH ñ � ö ÷º�*�0 )�Cxs1�& (2.3)

where mÄ G1�& is theHeavysidestepfunction. ô ë � correspondsto an integrablelimit of
theadvectionproblem.Wewill considerthecaseô �uT*,­� producingaflow thatconsistsof
oneconnectedchaoticregion. Theparameterñ controlstherelative time-scaleof theflow
andreactions.By changingñ we canvary the Lyapunov exponentsof the flow without
alteringtheshapeof thetrajectoriesandthespatialstructureof theflow.

Since the trajectoriesíj G%'& are chaotic the chemicaldynamics(2.2) correspondto a
chaoticallydriven dynamicalsystem. This subsystemcanbe characterisedby the setof
chemicalLyapunov exponentsÆDù � 	 ÆDù� 	 ,W,V, 	 ÆDù£ , that dependon the driving by the
chaoticadvection. Here we will only considerthe simplestsituation,when the largest
chemicalLyapunov exponentis negativeand,for a fixedtrajectoryíj "%'& , thechemicalevo-
lutions converge to the sameglobally attractingchaoticorbit for any initial condition in
the chemicalsubspace.In the caseof no explicit spacedependencein the functions Ó2O
(i.e. no driving) this would correspondto a globally attractingfixedpoint of thechemical
subsystem.

A simpleexampleof suchasystem(relevantfor atmosphericphotochemistry)is thede-
cayof achemicalspecies( M°�uT ) producedby anon-homogeneoussource,with chemical
dynamics úìu� ¥  "í�&²HJû_ìü# (2.4)

for which ÆDù��nHLû independentlyof thedriving.
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2.3 Spatial structur e of the chemical fields: smooth and
filamental patterns.

Firstweinvestigatethetemporalevolutionof thechemicalfields.AlthoughtheLagrangian
variablesì�Ow G%'& have a chaotictime-dependenceaccordingto the positivity of the largest
Lyapunov exponentfor thefull dynamicalsystem(2.2), it canbeshown that theEulerian
chemicalfield ì�Ol 
í7#�%'& is asymptoticallyperiodic in time with the periodof the flow. In
orderto obtainthevaluesof thefieldsatpoint í at time % onecan Rl& integratetheadvection
backwardin timeandusetheobtainedtrajectoryíj "% Å & ( � ½ % Å ½ % ) andtheinitial valuesof
thechemicalfieldsat thepoint íj )�I& to RQRl& integratethechemicaldynamicsforwardin time
from 0 to % . Thevalueof thefield atthesamepointat time %08 â ñ canbeobtainedsimilarly.
Theresultingbackwardtrajectorywill bethesame(dueto theperiodicityof theflow) but
longer. By integratingthechemicalevolution forwardin time for â ñ we obtaina problem
equivalentto thepreviousonewith a differentsetof initial concentrations,thataccording
to the assumptionsmadeabove ( Æ5ù � ½ � ) converge to the sameorbit. Consequentlythe
chemicalfieldsareasymptoticallyperiodicin timeý ���Ç²þ ¡ ì�Ol 
í7#0 ´ 8 â &wñ<8JÿD&f� ý ���ÇSþ ¡ ì�Ol 
í7# ´ ñ�8Jÿ�&-# (2.5)

whereÿ��+%²�Î���9ñ , defininganasymptoticchemicalfield ì ¡Ä 
í7#�ÿD& .
In thefollowing we investigatethespatialstructureof thechemicalfields. For this we

calculatethedifference

È ì�O���ì�Ow "í�8 È í7#�%'&�HJì�Ol 
í7#�%'&-# ¾ È í ¾ � T�# (2.6)

that canbe obtainedby integrating(2.2) alongtwo trajectoriesendingat the preselected
points í and íä8 È í at time % . The time evolution of thedistance¾ È íj "% Å & ¾ (for %fH:% Å�� T )
canbeestimatedfrom thetime reversedadvectiondynamicsas

¾ È í� "%lÅÊ& ¾ � ¾ È í� "%'& ¾ ���	� ¶ ßáà7ß�
 · (2.7)

where ÆDò�� Æ�ò � 	 � for almostall final orientations�� G%'& y È íZ G%'&�? ¾ È íj G%'& ¾ . The only
exceptionis theunstablecontractingdirectionof the time reversedflow correspondingtoÆ�ò���ÆDò� ½ � .By expanding(2.2) aroundthechaoticorbit ì�Ol 
íj "%'&'& weobtainasetof linearequationsú

È ì�O�� £¤]�¢ � >DÓ2O>Dì$] È ì$]S8:��
dÓ2O5� È í (2.8)

with initial condition

È ì�Ow 
�I&$��ì �O  
íj )�*&s8 È íj )�I&'&²H<ì �O  "íj )�I&'&-# (2.9)

where ì �O  
í@& aretheinitial chemicalfields.
In thesimplestcaseM �®T thesolutionof (2.8) canbewrittenexplicitly as

È ìÎ "%'&f�K��
dì � � È íj )�*& � � ß 8 Ã ß� ��
dÓ�� È íj "% Å & � � ¶ ßáà7ß 
 · �*% Å (2.10)



Chapter2 19

where ÆB� T% Ã ß� >DÓ>Dì  )ìÎ 
íj "% Å &�&-#�íZ G% Å &'&'�*% Å (2.11)

thatbecomesequalto thechemicalLyapunov exponentÆ5ù in the %Lë � limit. Thefirst
term in (2.10) representsa deviation dueto non-homogeneousinitial conditionsandthe
secondonedescribestheeffect of differenthistoriesof the two trajectoriesappearingvia
thespacedependenceof Ó .

Using(2.7) we obtainfrom (2.10) for theprojectionof thegradientof ì to a direction�
È ì� G%'&¾ È íZ G%'& ¾ � ��ì � �� 
�I& � ¶ �	� � �	� · ß 8

8 Ã ß� �ÎÓÎ 
íj "%lÅÊ&�&��À "%lÅ & � ¶ � � � � � · ¶ ßáà7ß 
 · �I%lÅ�, (2.12)

Theconvergenceof the right handsideof theabove equationfor %Fë � dependson the
signof theexponentÆ ò 8êÆ5ù . If Æ ò ½�¾ Æ5ù ¾ theconvergenceof thechemicaldynamicsis
strongerthanthedispersionof thetrajectoriesin thephysicalspaceandresultsin asmooth
field ì ¡Ä 
í7#�ÿ�& . Onthecontrary, if Æ�ò 	 ¾ Æ ù ¾ thememoryof thechemicaldynamicsdecays
tooslowly to forgetthedifferentspatialhistories(or initial conditions).In thiscasethelimit
doesnotexist andthefield ì ¡9 
í7#�ÿ�& hasanirregularstructurethatis almostnowherediffer-
entiable.Thereexists,however, at eachpoint onespecialdirectionin which thederivative
is finite. Thisdirectionis thecontractingdirectionin thetime-reversedadvectiondynamics
correspondingto thenegative Lyapunov exponentof theflow Æ�ò� . Thuswe suggesta pre-
cisedefinitionof afilamentalstructure,beinganon-differentiablefield, thatis still smooth
in onedirectionat eachpoint (with thatdirectionitself varyingsmoothly).

The irregular chemicalfield canbecharacterisedby its Hölderexponent� definedasÈ ì� È í@& � ¾ È í ¾ � , where � ½ � ½ T and �v�×T for a differentiablefunction. In our caseifÆ ò 8:Æ5ù 	 � È ìÎ "%'& � ¾ È íj "%'& ¾ � ¶ � � � � � ·Êß , (2.13)

Expressingtime from (2.7) as %f� TÆ ò ý � ¾ È íZ 
�I& ¾¾ È íj "%'& ¾ (2.14)

andinsertingit in (2.13) weobtain

È ìÎ "%'& � ¾ È íj )�I& ¾ ¶ � � � ��� � � · ¾ È íZ G%'& ¾ à � ��� � � , (2.15)

Forverylongtimesandin aclosedflow ¾ È íj )�I& ¾ will saturateatafinitevaluein thebackward
advectiondynamics.ThustheHölderexponentis �=� ¾ Æ ù ¾ ?*Æ�ò . Certainly, diffusionwould
smoothoutthesmallscalefilamentalstructuresbelow acertaindiffusivescale(approaching
zerofor smallerandsmallerdiffusivities), settinga cut-off for thescalingrelation(2.15).
Nevertheless,abovethediffusivescalefilamentalstructureswill persistfor arbitrarily long
time since,in thepresenceof chemicalsources,theeffect of diffusion is balancedby the
continuousgenerationof smallscalestructuresby thechaoticadvection.

As an examplewe considerthe system(2.4), which is the simplestpossiblesystem
that exhibits the smooth-filamentaltransition,usinga sourceterm of the form ¥  "12#43Z&��
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Figure2.1: Smooth  ¥ & andfilamental  )û-& distributionsof thedecayingsubstance(eq.2.4)
mixedby theflow (eq. 2.3) after20 periodsusing ¥ � �U�j,WT , ûü�{T�,­� , ô �×T*,­� andinitial
condition ìÎ 
í7#�%Ä�Ý�I&Î�Ý�Z,­� . The integrationhasbeendonefor ���*�Û�v���*� pointswith
final positionson a rectangulargrid. For ô �cT*,X� the numericallycalculatedLyapunov
exponentof the flow is ÆDò�� �j,XæI¬*?Cñ . The periodof the flow is ñ°� ¬j,X� ( ÆDò ½ û ) in ¥ & and ñ��ÝT*,X� ( Æ�ò 	 û ) in  )û-& , respectively.  )bP& coexistenceof smoothandfilamental
structuresfor ô �+�Z,­¬ and ñï�uT*,X� .

T�8 ¥ � �'���Ò Q�Cx�1�&j���W�  )�Cxo3Z& . Numericallycalculatedchemicalfields(obtainedby abackward
integration of the advection problemand forward integrationof the chemicaldynamics
[25]) of both typesareshown in Fig.1aandb. Figure2 shows a sectionof the smooth
andfilamentalfieldsof Fig.1alongtheline 3��é�Z,­�*¬ . We alsomeasuredthebox counting
fractaldimensionof thefunction ì� "í�& alongacut in the 1 direction,which is relatedto the
Hölder exponentby � �{� H�� [26]. Numericallycomputedvaluesagreewell with the
theoreticalpredictionasshown in Fig. 3. If theflow doesnotconsistof only oneconnected
chaoticregion, but is composedby chaoticregionsseparatedby KAM tori, theLyapunov
exponentsof theflow aredifferentin eachchaoticregionandthestructureof thechemical
field canbesmoothin certainregionsbut filamentaryin others(Fig 1c.).



Chapter2 21

(a)

0.92

0.96

1C

� 1.04

1.08

0 0.1 0.2 0.3 0.4 0.5
x

0.6 0.7 0.8 0.9 1

(b)

0.92

0.96

1C

� 1.04

1.08

0 0.1 0.2 0.3 0.4 0.5
x

0.6 0.7 0.8 0.9 1

Figure2.2: Sectionsof thesmooth  ¥ & andfilamental  
ûP& fieldsshown in Fig.1alongthe
line 3Ä�K�Z, ��¬ .

In themoregeneralcaseM 	 T thesamesmooth-filamentaltransitioncanbeobtained.
Let usonceagainconsiderataparticulartime % thedifferenceÈ ì�Ol "%'& in thechemicalfields
overasmallpreselecteddisplacementÈ í . Thetimedependenceof asetof initial deviationsÈ ì�Ow )�*& and È íj )�I& , for thedynamicalsystem(2.2) hastheasymptoticform

õ £¤O ¢ � È ì �O  G%'&o8 È í �  "%'& ö
� � � � õ £¤O ¢ � È ì �O  
�I&o8 È í �  )�I& ö

� � � � � ß (2.16)

where Æ is one of the Lyapunov exponentsof the system. For a typical choiceof the
final deviation È íj G%'& , È í will bedivergentin thetime reverseddynamics,andconsequently
contractingin theforwarddirection.Thus,thecontributionof È í decaysin theleft handside
of (2.16) and Æ cannotbethepositiveLyapunov exponentÆ ò � sothetypicalvalueof Æ will
bethesecondlargestLyapunov exponent.Therearethustwo possibilitiesÆ �¯Æ ò� �nHFÆ ò �
(if ÆDò� 	 Æ ù � ) or ÆB�¯Æ ù � (otherwise).Wecannow dividebothsidesof (2.16) by È íj "%'& using
(2.7) õ £¤ OÊ¢ � È ì

�O  "%'&È í �  G%'& 8ïT�ö
� � � � õ £¤ O ¢ � È ì

�O  )�I&È í �  )�I& 8ïT�ö
� � � � ¶ ��� � � � ·Êß , (2.17)
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Figure2.3: Box countingfractaldimensionsof thefunctions ì� G1�& shown in Fig.2. Num-
ber of boxesneededto cover the graphof the function ìÎ "1�& vs. the box size  (squares)
andslopescorrespondingto therelation ���¯�FH<û-?*Æ ò .

Thus,thechemicalfields ì�Ow "í�& becomenon-differentiablein the %fë � limit if ÆDò � 	 ¾ Æ ù � ¾ .
2.4 Summary

Justto summarizeandverybriefly, we have studiedthespatialdistributionof active tracer
fields, suchasplanktonpopulationsor reactingchemicals,stirredby chaoticadvection.
Thishasbeendonein thenon-diffusivelimit whichhasallowedusto debscribetheadvection-
reaction-diffusion systemasa setof independentdynamicalsystems.Dependingon the
relativestrengthof theflow andthechemicaldynamicsthespatialdistribution of thetrac-
erscanbesmoothor filamental.Also, in thecaseof thefilamentalpattern,wehaverelated
the Hölder exponent(or the fractal dimension)of this with the dynamicalmagnitudesof
thesystem,i.e., theLyapunov exponentsof theflow dynamicsandtheoneof thechemical
dynamics.It is importantto notethatall alongthis Chaptera spatiallyuniform chemical
Lyapunov exponenthasbeenconsidered.Thecaseof spatialdependenceis treatedin the
next Chapter.



Chapter 3

The multifractal structur eof chaotically
advectedchemicalfields

The structure of the concentration field of a decayingsubstanceproducedby chemical
sourcesandadvectedbya smoothincompressibletwo-dimensionalflowis investigated.We
focusour attentiononthenon-uniformitiesof theHölderexponentof theresultingfilamen-
tal chemicalfield. They appearmostevidentlyin thecaseof openflowswhereirr egularities
of thefield exhibit strongspatial intermittencyasthey are restrictedto a fractal manifold.
Non-uniformitiesof theHölder exponentof thechemicalfield in closedflowsappearsasa
consequenceof thenon-uniformstretching of thefluid elements.We studyhowthis affects
thescalingexponentsof thestructure functions,displayinganomalousscaling, andrelate
thescalingexponentsto thedistribution of local Lyapunov exponentsof theadvectiondy-
namics.Theoretical predictionsarecomparedwith numericalexperiments.

23
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3.1 Intr oduction

Mixing in fluids plays an importantrole in natureand technologywith implicationsin
areasrangingfrom geophysicsto chemicalengineering[6]. The phenomenonof chaotic
advection– intensively investigatedduring the lastdecade– providesa basicmechanism
for mixing in laminarflows [5]. Briefly stated,chaoticadvectionrefersto the situation
in which fluid elementsin a non-turbulentflow follow chaotictrajectories.Advectionby
simpletime-dependenttwo-dimensionalflowsfallsgenericallyunderthiscategory. Stirring
bychaoticmotion,with its characteristicstretchingandfoldingof materialelements,is able
to bringdistantpartsof thefluid into intimatecontactandthusgreatlyenhancesmixing by
moleculardiffusionactingat smallscales.

Mixing efficiency becomesspeciallyimportantwhenthe substancesadvectedby the
flow arenot inert but have somekind of activity. By ‘activity’ we meanthat sometime-
evolution is occurringto the concentrationsinsideadvectedfluid elements(producedby
chemicalreactions,for example). For definitenesswe will usetermssuchas chemical
fields andchemicalreactions,but biological processes,occurringfor examplewhen the
advectedsubstanceis living plankton,canbe describedformally in the sameway. The
interactionbetweenthe stirring processand the chemicalactivity can result in complex
patternsfor thespatialdistribution of thechemicalfields,which in turn greatlyaffect the
chemicalprocesses[16, 19]. In additionto the impacton its own chemicaldynamics,the
spatialinhomogeneitiesmayhave importanteffectonotherdynamicalprocessesoccurring
in the fluid (for examplein the behavior of predatorsseekingfor the advectedplankton
[29]). An understandingof thestructureof thesespatialpatternsis thusvaluable.

Previous theoreticalwork concentratedon the temporalevolution of the total amount
of chemicalproductsin specificreactionssuchas çK8�èÕë ��è [20]. In [22] the same
autocatalyticreactionandthecollisionalrection çJ8Jè�ë ��ì werestudiedin openflows.
In the previous Chapterwe considereda classof chemicaldynamicscharacterizedby a
negativeLyapunov exponentin thepresenceof (non-homogeneous)chemicalsources.Un-
der suchchemicalprocesses,reactantconcentrationspresenta tendency to relax towards
a local-equilibriumconcentration(the fixed point of the local chemicaldynamics). This
tendency is disruptedby theadvectionprocess,which forcesfluid elementsto visit places
with differentlocal-equilibriumstates.Dependingontherelativestrengthof chaoticadvec-
tion andrelaxationthe resultingconcentrationdistribution canbesmooth(differentiable)
or exhibits characteristicfilamentalpatternsthat arenowheredifferentiableexcept in the
directionof filamentsalignedwith theunstablefoliation inducedin thefluid by thechaotic
dynamics.Themechanismfor theappearanceof thesesingularfilamentsis similar to the
oneproducingsingularinvariantmeasuresin dynamicalsystems[31], althoughhereit is
affectedby the presenceof the chemicaldynamics:stretchingby the flow homogeneizes
thepatternalongunstabledirections,whereassmall-scalevariance,cascadingdown from
largerscales,accumulatesalongthestabledirections,producingdiverginggradients.

Thestrengthof thesingularitiesof theconcentrationfield ì� "í@& canbecharacterizedby
aHölderexponent�

¾ È ìÎ 
í"!$# È íC& ¾ y ¾ ì� "í%!À8 È í@&²H<ìÎ 
í"!C& ¾ � ¾ È í ¾ � # ¾ È í ¾ ë �Ò, (3.1)

If thefield is smooth(differentiable)at í"! , �
�nT , while for anirregularrough(e.g.filamen-
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tal) structure� ½ � ½ T . In Chapter2 we focusedon theexistenceof a smooth-filamental
transitionas time-scalesof the systemare varied, and also obtainedthe most probable
(bulk) valueof theHölderexponent.Note,however, that theHölderexponentdefinedby
(3.1) is a local characteristicof thefield, whosevaluemaydependon theposition í"! . In
this Chapterwe concentrateon suchnon-uniformitiesof thefilamentalchemicalfield and
studyhow thisaffectsscalingpropertiesof quantitiesinvolving spatialaverages,whichare
themoreconvenientquantitiesto beobservedin experiments.

In Section3.2 we review anddetail thedeductionsof the resultspresentedin Chapter
2, namelythesmooth-filamentaltransitionandthedominantvalueof theHölderexponent
in closedflows. Thenwe considerthesameproblemfor thecaseof mixing by openflows
(Sect.3.3). In this casethenecessityof a multifractaldescriptionbecomesmanifest,and
thismotivatesthedevelopmentof aquantitativecharacterizationof thefilamentalstructures
in termsof structurefunctions.This is presentedin Sect.3.4. Scalingexponentsappearto
berelatedto thedistributionof local Lyapunov exponents.We concludethis Chapterwith
asummaryanddiscussion.

3.2 Local propertiesof the chemicalfield and the smooth-
filamental transition

We considerthe flow asexternally prescribed,thusneglectingany backinfluenceof the
chemicaldynamicsinto the hydrodynamics(the advectedsubstancesarechemicallyac-
tive but hydrodynamicallypassive). In this context, thegeneralcontinuumdescriptionof
chemicalreactionsin hydrodynamicflows is givenby setsof reaction-advection-diffusion
equations.They involve in generalmultiple componentsandnonlinearreactionterms. In
Chapter2 we consideredthe situationin which the chemicalkineticsis stable,i.e. there
is a local-equilibriumstateat eachspatialposition,determinedby thesourcesandthere-
actionterms,sothatconcentrationsof fluid particlesvisiting thatpositiontendto relaxto
thelocal-equilibriumvalue. Mathematicallythis correspondsto thenegativity of theLya-
punov exponentsassociatedto the chemicaldynamicalsubsystem.It wasshown in the
precidingchapterthatarbitrarychemicaldynamicsin thisclasscanbesubstitutedby linear
relaxationtowardslocalequilibriumat a rategivenby thelargest(leastnegative)chemical
Lyapunov exponent.Within this restriction,themultiplicity of componentsis notessential
since,exceptfor specialtypesof coupling,linearizationleadsto simplerelationsbetween
thedifferentfields.

Becauseof theabove remarks,andwith theaim of keepingthemathematicsassimple
as possible,we will restrict our considerationsin this Chapterto the simplestchemical
evolution: linear decay, at a rate û , of a singleadvectedsubstance.A space-dependent
sourceof thesubstancewill alsobeincluded,to maintainanon-trivial concentrationfield at
long times.This chemicaldynamicscanbeconsideredeitherasanapproximationto more
complex chemicalor biological evolutions,with maximumchemicalLyapunov exponentHäû , or asa descriptionof simplespecificprocessessuchasspontaneousdecompositionof
unstableradicals,decayof aradioactivesubstance,or relaxationof sea-surfacetemperature
towardsatmosphericvalues[32]. Thevalidity of our ideasfor nonlinearmulticomponent
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situationshasbeencheckedfor aplanktonmodelandwill bepresentendin thenext Chapter.
Theconcentrationfield ì� "í�#'%'& , whenadvectedbyaincompressiblevelocityfield �� 
í7#�%'&

is governedby theequation

>Dì>A% 8J�� 
í7#�%'&��C�Îìu��å� "í�&²HJû_ìê8'&D� � ìü# (3.2)

where & is the diffusion coefficient, û is the decayrateintroducedabove and å� 
í@& is the
concentrationinputfrom chemicalsources(negativevaluesrepresentingsinks).Werestrict
ourstudyto thecasein whichtheincompressiblevelocityfield is two-dimensional,smooth,
andnon-turbulent.Chaoticadvectionis obtainedgenericallyif a simpletime-dependence,
for exampleperiodic,is includedin �� 
í7#�%'& . Weassumethatdiffusionis weakandtransport
is dominatedby advection. Thusoneexpectsthat the distribution on scaleslarger than
a certaindiffusive scaleis not affectedby diffusion. Thereforewe considerthe limiting
non-diffusivecase&B�+� . In this limit theaboveproblemcanbedescribedin aLagrangian
pictureby anensembleof ordinarydifferentialequations

�)(í�*% �ê�� *(í7#�%'&-# (3.3)

� 6ì�I% ��å [ (íj G%'&w^�HJû 6ìÄ# (3.4)

wherethe solutionof the first equationgivesthe trajectoryof a fluid parcel, (íj "%'& , while
thesecondonedescribestheLagrangianchemicaldynamicsin this fluid element: 6ìÎ "%'&hyì [ íF�+(íj "%'&-#'%l^ .

To obtainthe valueof the chemicalfield at a selectedpoint ,í at time -% oneneedsto
know theprevioushistoryof this fluid element,that is thetrajectory (íj G%'& ( � � % � -% ) with
theproperty (í� -%4&��.,í . This canbeobtainedby theintegrationof (3.3) backwardsin time.
Once (íj "%'& hasbeenobtained,thesolutionof (3.4) is

ì� /,í7# -%'&f�Kì [ (íj )�*&-#d�@^ � à�021ß 8 Ã 1ß� å [ (í� "%'&w^ � à�0 ¶ 1ß
à7ßV· �*%_, (3.5)

Onecanobtainthedifferenceattime -% of thevaluesof thechemicalfield attwodifferent
points ,í and ,íF8 -È í separatedby a small distance -È í in termsof the differenceì [ (íj "%'&$86È íZ G%'&-#�%l^AHJì [ (í� "%'&_#�%l^�y È ì [ (íZ G%'&-#�%3# 6È íj "%'&l^ for � � % � -% , namely:

È ì� /,í�# -%4# -È í�&$� È ì [ (íj 
�I&-#d�5# 6È íI )�I&l^ � à�021ß8 Ã 1ß� È å [ (í� "%'&	# 6È íj "%'&l^ � à�0 ¶ 1ßGà7ßV· �*% (3.6)

where 6È í� "%'& ( � � % � -% ) is the time-dependentdistancebetweenthe two trajectoriesthat
endat ,í and ,íä8 -È í at time -% , and È å , in analogywith È ì , is thedifferenceof thesource
termatpoints (íj G%'& and (íj G%'&o8 6È íZ G%'& .

Thuswe have expressedthe behavior of an Eulerianquantity È ìÎ 6, íI# -%3# -È í@& in termsof
Lagrangianquantities,in particularof 6È íj G%'& . Furtheranalysisof Eq. (3.6) requiresspec-
ification of the behavior of 6È í . The signatureof chaoticadvection is the exponentially
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growing behavior of this quantityat long times. More precisestatementsneedadditional
assumptionson thecharacterof theflow. Thesimplestframework is obtainedif werestrict
our attentionto initial conditions (íZ 
�I& in an invarianthyperbolicset[31]. In this caseone
canidentify at eachpoint two directions,theonein which theflow is contracting7D "í�& and
theexpandingdirection 8� 
í@& . They dependcontinuouslyon position(for time-dependent
flowsthereis anadditionalexplicit time-dependencethatwedonotwrite down to simplify
the notation). Since 7 and 8 form at eachpoint a vectorbasiswhich is not orthonormal,
it is convenientto introducealsothe dual basis( 7:94#;8�9 ) at eachpoint. Chaoticadvection
manifestsitself in the fact that for any initial separations6È íj )�*& the long-timebehavior of6È í is ¾ 6È íj "%'& ¾ �=<<< 8 [ (íj 
�I&w^>9�� 6È í� )�*& <<< � � ß (for % 	 � ), where Æ is thepositiveLyapunov exponent

alongthetrajectoryand 8 [ (íj )�I&l^?9o� 6È íj )�*& givesthecomponentof theinitial separationalong
theexpandingdirection.At long times,thedirectionof 6È íZ G%'& tendsto becomealignedwith
the expandingdirectionof the flow at (íj "%'& , 8 [ (íZ G%'&w^ . However, if the initial separationis
alignedwith thecontractingdirectionat theinitial point, Æ shouldbesubstitutedby Æ Å , the
contractiveLyapunov exponent,and 8�9 by 7:9 . For incompressibleflows onehas Æ Å �gHFÆ .
The Lyapunov exponent Æ of the trajectorydependsin principle both on the initial posi-
tion andon the durationof the trajectory, Æ¯�ÜÆ� � @(í� )�I&_#�%'& . For clarity of the formulas,
we suppressin our notationthesedependencies.In the limit of infinitely long times,an
asymptoticvalue Æ� *(íj )�*&-#3�ê&ÀyUÆ� ' *(í� 
�I&�& is attained.In therestof this Sectionwe assume
that this limit is reachedfast enoughso that we canneglect the time-dependenceon Æ .
Thespace(initial condition)dependenceof theinfinite-timeLyapunov exponentÆ (for hy-
perbolicsystems)is suchthat almostall initial conditionsleadto the samevalue Æ � , the
mostprobableLyapunov exponent,whereasdeviationsmaypossiblyoccurin setsof zero
measure[36].

In orderto analyze(3.6) onehasto considerthebackwardsevolution. In thiscasetypi-
calsolutionsbehave,for % ½ � andlarge,as ¾ 6È í� G%'& ¾ � <<< 7 [ (í� )�I&l^ 9 � 6È íZ 
�I& <<< � � 
 ß � <<< 7 [ (íj )�I&l^ 9 � 6È íj 
�I& <<< � à � ß
sothat,alsoin thisbackwardsdynamics,closeinitial conditionsdiverge,andthedifference
will tendto becomealignedwith themostexpandingdirectionof thebackwardsflow (the
contractingof the forwardflow, 7 [ (íj "%'&l^ ). Again, thereis a particulardirectionfor theori-
entationof the initial condition(the contractingone in the backwardsflow which is the
expandingonein theforwarddynamics)for which HLÆ shouldbereplacedby Æ . In (3.6),6È í is obtainedbackwardsstartingfrom -È í at %$� -% . In this case:6È íZ G%'&A�B7D 6,íC& 9 � -È í ��� ¶ 1ß
à7ßV· 7 [ (í� "%'&w^�# %*C � % � -%À, (3.7)

Theexponentialseparation(3.7) holdsonly while thedistance 6È íZ G%'& is not too large,and
saturateswhenapproachingthesizeof thesystemor somecharacteristiccoherencelength
of the velocity field. The time at which this happensdefines%*C , a saturationtime. We
assumethat both the velocity field and the source å� 
í@& have only large-scalestructures
suchthattheir correspondingcoherencelengthsarecomparableto thesystemsize,thatwe
takeastheunit of length-scales. Thus,thesaturationtime is givenby %*Cf�+-%28:Æ à � ý � ¾ -È í ¾ .For small -È í , Eq. (3.6) canbewrittenas

È ì� /,í7#�-%3# -È íC&D� È ì [ (íj )�*&-#d�E# 6È í7 
�I&w^ � à�0 1ß8 Ã ßGF� È å [ (íZ G%'&	# 6È íj "%'&l^ � à�0 ¶ 1ßGà7ßV· �*%
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8 Ã 1ßßGF 6È íj "%'&²�C�Îå [ (íj "%'&l^ � à�0 ¶ 1ßGà7ßV· �*% (3.8)

(if %*C 	 � ). We will not needto specifythedependenceof È å on 6È í for timespreviousto%*C , aslongas È å remainsbounded.Substitutionof (3.7) in thesecondintegral leadsto

È ìÎ 6,í7# -%4# -È í@&H� È ì [ (í� 
�I&-#4�E# 6È í� )�I&l^ � à�0 1ß8 Ã ßGF� È å [ (íj "%'&	# 6È í� G%'&w^ � à�0 ¶ 1ß"à7ßV· �*%
8 -È íä�"7D 6,íC& 9 Ã 1ßß F 7 [ (í� "%'&l^D�C��å [ (í� G%'&w^ � ¶ � à�0"· ¶ 1ß
à7ßV· �*% (3.9)

Takingthelimit -È í ë � (for afinite -% ) leadsto %*C ½ � . Thusthefirst integraldisappears
andthefirst termcanbe linearized.By writing -È íÎ� -� ¾ -È í ¾ sothat -� is a unit vector, one
findsthedirectionalderivativealongthedirectionof -� as-�ð�C�ÎìÎ 6,í7# -%'&H� -� �"7D 6,íC& 9 7 [ (í� 
�I&w^��C��ì [ (íj )�I&_#d�@^ � ¶ � à�0"·>1ß8 -� �I7D 6,í@& 9 Ã 1ß� 7 [ (íj "%'&w^A�C��å [ (íj G%'&w^ � ¶ � à�0"· ¶ 1ß"à7ßV· �*%f, (3.10)

If Æ ½ û this derivative remainsfinite in the -%³ë � limit and the asymptoticfieldì ¡  6,íC&�y®ì� "í�# -%�ë �ê& is smooth(differentiable).Otherwisethederivativesof ì diverge
as � � ¶ � à�0"· 1ß leadingto a nowhere-differentiableirregularasymptoticfield. Theexception
againis theexpandingdirectionof the forwardflow: when -È í pointsalongthatdirection
oneshouldsubstitutein Eq. (3.10) Æ and 7 by HLÆ and 8 , respectively. This directional
derivative is always finite. Thus, thereis at eachpoint a direction along which ì ¡ is
smooth. It shouldbe notedthat, becausethe explicit time-dependenceof the vectors 7
and 8 referredto before,the limiting distribution ì ¡ will not be a steadyfield, but one
following the time dependenceof the stableand unstabledirections. For time-periodic
flows �h "í7#�%'& , ì ¡ will alsobe time periodic. Its singularcharacteristicshowever do not
changein time.

In orderto characterizethesingularasymptoticfield we take thelimit -%fë � for fixed
finite -È í in (3.9)

È ì ¡  /,í�# -È íC&A� Ã ¡J 1KML J N �PO6Q È å [ (íj G1�&	# 6È íj "1�&w^V1 à�0Qà � �*1
8 ¾ -È í ¾ -���"7D 6,íC& 9 Ã J 1K2L J N �PO2Q� 7 [ (íj G1�&w^��C�Îå [ (íj "1�&l^W1 � à�0Qà � �*1 (3.11)

whereweusedthechangeof variables� 1ßGà7ß ë 1 . If û 	 Æ onefindsfor thedominantterm
in the ¾ -È í ¾ ë � limit thesimplescaling È ì ¡ � ¾ -È í ¾ , but when û ½ Æ :

È ì ¡  6,í�# -È íC& � ¾ -È í ¾ RQ , (3.12)

Accordingto (3.1) thevalueof theHölderexponentis�=�K����� S ûÆ #�TET�, (3.13)
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Thisgeneralrelationexpressesthelocal(space-dependent)Hölderexponentin termsof the
local infinite-timeLyapunov exponentandthechemicaldecayrate.For hyperbolicsystems
this Lyapunov exponenthasthevalue Æ � everywherebut in a setof zeromeasure.

Thesmooth-filamentaltransitioncanbestbeunderstoodby neglectingthefluctuations
in theLyapunov spectrum.Hencewestudyfirst (in theremainingof this Section)thecon-
sequencesof Eq. (3.13) for Æ��®Æ � . In Section3.3we will consideropenflows. For such
systems,it becomesevident that theresultingchemicalfield cannotbecharacterizedby a
singleHölderexponent.In Section3.4a structure-functionformalismwill bepresentedas
aconvenientway to characterizethisdispersionin thevaluesof thelocalHölderexponent.

Comingbackto (3.13) with ÆB�¯Æ � , for û 	 Æ � theasymptoticchemicalfield is smooth
( � � �Ü�Î�W�L�Cû-?*Æ � #�T��:� T ). But if û ½ Æ � , the asymptoticchemicalfield becomesan
irregular fractal object. Sincethereis alwaysan orientationof -È í alongwhich � � � T ,
the objecthasa filamentalstructure,that is, irregular in all directionsbut onewhereit is
smooth.Thegraphof thefield alonga one-dimensionalcut or transect,or thecontoursof
constantconcentrationarealsofractals,asthey aretwo-dimensionalsectionsof thewholeì ¡  
í@& embeddedin a three-dimensionalspace.More precisely, theone-dimensionaltran-
sect(alongthe direction 1 ) of the field is a self-affine function with its graphembedded
in an inherentlyanisotropicspace 
ì #�1�& with axis representingdifferentphysicalquanti-
ties. Contoursof constantconcentrations,however, areself-similarfractalsetsof thetwo-
dimensionalphysicalspace G12#43Z& . Thefractaldimensionof boththegraphof thetransects
andof theisolinesis givenby ���¯�FHU� � .

In Figs.3.1and3.2wepresentsnapshotsof theasymptoticfield ì ¡ evolving according
to (3.3)-(3.4). For theflow we takeasimpletime-periodicvelocityfield definedin theunit
squarewith periodicboundaryconditionsby

.0/� "12#�3�#�%'&ó� H � ôñ m³õ ñ � H %S���j�9ñ�öf÷º�*�� Q�Cxo3j&.C;* "12#�3�#�%'&ó� H � ôñ m õ %S������ñ H ñ � ö ÷º�*�� Q�Cxs1�& (3.14)

where mÄ G1�& is theHeavysidestepfunction. In our simulationsô �{T*, � , which produces
a flow with a singleconnectedchaoticregion in theadvectiondynamics.Thevalueof the
numericallyobtainedLyapunov exponentis Æ � �é�j,WV:X*?Cñ .

Backwardtrajectorieswith initial coordinatesonarectangulargrid werecalculatedand
usedto obtainthechemicalfield ateachpointby using(3.5) forwardin timewith thesource
term å� "12#43Z&h��T�8ø���W�  Q�Cx�1�&Z�����  )�Cxo3Z& . Thevaluesof theparametersusedin Fig. 3.1areñÝ�ÜT*,X� and ûð�°±Z,­� , for which the Lyapunov exponentis Æ � �ó��,YV:X ½ û . A smooth
patternis seen,in agreementwith our theoreticalarguments.In Fig. 3.2theparametersareñï�nT*,­� and û����j,WT , sothat Æ �ä	 û andafilamentalpatternis obtained.

The smooth-fractaltransitionalso appearsin the time-dependenceof the concentra-
tion measuredat a fixed point in space.This canbe shown by a similar analysisfor the
difference È ì� "í7#�%3# È %'&$y¯ì� "í�#'%o8 È %'&²HJìÎ 
í7#�%'& (3.15)

insteadof thespatialdifferencediscussedabove. If û ½ Æ � thesignal ìÎ 
í7#�%'& becomesnon-
differentiablein time andcanbe characterizedby the sameHölder exponent û-?*Æ � . The



30 Multifractal structure

0.0Z 0.2Z 0.4Z 0.6Z 0.8Z 1.0Z0.0

0.2

0.4

0.6

0.8

1.0

X

Y

[

0.0 0.2 0.4 0.6 0.8 1.0
X\-0.030

-0.020

-0.010

0.000

0.010

0.020

0.030

C

Figure3.1: Top: a snapshotof thechemicalconcentrationì ¡ obtainedin theflow (3.14)
for ûä�¯±A,X� and Æ � �n�j,YV$X , sothata smoothdistribution is obtained.Bottom: a horizontal
cut alongtheline 3Ä�+�Z,­�*¬ .

fact that scalingpropertiesof the temporalsignalandthat of the spatialstructurearethe
same–analogouslyto thesocalled‘Taylor hypothesis’in turbulence–canbeexploitedin
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Figure3.2: Top: a snapshotof thechemicalconcentrationì ¡ for ûL�®�Z,VT and Æ � �®�j,YV$X ,
sothatafilamentalstructureis obtained.Thelowerpanelshowsahorizontalcut alongthe
line 3Ä�K�Z, ��¬ , clearlydisplayingthefractalnatureof thefield.

experimentsor in analysisof geophysicaldata.

We concludewith somecommentson the rangeof validity of Eq. (3.10). The La-
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grangiandescription(3.3)-(3.4) in which our approachis basedis valid only for scalesat
which diffusionis negligible. Thusthereis aminimumadmissiblevalue  >^lOG_3_� M&D& �a` & of-È í andour calculationshouldbeunderstoodasgiving thegradientsonly up to this scale,
fractalitybeingwashedoutat smallerscalesby thepresenceof diffusion.Neverthelesswe
think that,if diffusionis weak,thefractal-filamentaltransitionwill beseenat scaleslarger
thanthis diffusive scale.For fixed -È í larger thanthediffusion length,(3.9) remainsvalid
until a time -% � %*Cº -È í@& thatmeansthatthedivergenceof thegradientswill alsosaturateat
afinite value �  2 >^lOG_3_C& 0 � �3b à � .

Another limitation to the validity of our equationsarisesfrom the fact that, for most
chaoticflows of physicalrelevance,not all the pointsvisited by the fluid particlewill be
hyperbolic.Thestableandunstabledirectionsin thepreviousdiscussionbecometangentat
somepointsandequationssuchas(3.9) becomeundefinedthere.More importantly, KAM
tori will be presentin the system,so that for valuesof ,í lying on KAM trajectoriesthe
valueof theLyapunov exponentappearingin (3.7) will not bepositive but zero. Another
effect of theKAM tori will beto partitionspaceinto ergodicregions.Eachregion will be
characterizedby a differentvalueof Æ � , andthereis thepossibilityof observingdifferent
morphologiesin thedifferentregions. For thevaluesof parametersusedin Figs.3.1 and
3.2, KAM tori occupy a very smallandpracticallyunobservableportionof space,so that
the filamentalpatternappearsto be well describedby the sameHölder exponentnearly
everywhere.However, anexamplehasbeengivenin theprecedingChapterin which fila-
mentalandsmoothregionscoexist separatedby KAM tori.

3.3 Openflows

Let us now consideragainthe problem(3.3)-(3.4) with a velocity field correspondingto
anopenflow whosetime-dependenceis restrictedto a finite region (mixing region), with
asymptoticallysteadyinflow andoutflow regions. A prototypeof this flow structureis a
streampassingarounda cylindrical body. If the inflow velocity is high enoughvortices
formedin thewake of thecylinder make theflow time-dependentin this region,while the
flow remainssteadyin front of the cylinder or in the far downstreamregion. We assume
againthattheflow is non-turbulent,sothatthevelocityfield is spatially-smooth.

Passiveadvectionin suchopenflowswasfoundtobeaniceexampleof chaoticscattering[23,
33]. Advectedparticles(or fluid elements)enterthe unsteadyregion, undergo transient
chaoticmotion[34], andfinally escapeandmoveawaydownstreamon simpleorbits. The
timespentin themixing region,however, dependsstronglyon theinitial coordinates,with
singularitiesonafractalsetcorrespondingto particlestrappedforeverin themixing region.
This is dueto theexistenceof a non-attractingchaoticsaddle(althoughof zeromeasure)
formedby aninfinite numberof boundedhyperbolicorbitsin themixing region. Thestable
manifoldof thischaoticsaddlecontainsorbitscomingfrom theinflow regionbut neveres-
capingfrom themixing zone.Thesepointscorrespondto thesingularitiesof theresidence
time. If adropletof dyeis injectedinto themixing regionsothatit overlapswith thestable
manifold,mostof it will beadvecteddownstreamin a shorttime. But partof thedyewill
remaincloseto thechaoticsaddlefor very long times,andcontinuouslyejectedalongits
unstablemanifold. In this way thedyetracesout theunstablemanifoldof thechaoticsad-
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dle,resultingin fractalpatternscharacteristicto openflows[23, 33, 35]. Permanentchaotic
advectionis restrictedto a fractalsetof zeroLebesguemeasure,thechaoticsaddle.Points
closeto the unstablemanifold of the chaoticsaddlehave spenta long time in the mix-
ing region of theflow moving nearchaoticorbitswith a positiveLyapunov exponent.For
pointspreciselyat this unstablemanifold,thebackwardstrajectories(theonesfrom which
the Lyapunov exponentin (3.13) shouldbe computed)remainin thechaoticsaddle,thus
leadingto Æ �B	 � . The othertrajectoriesescapefrom the chaoticsaddlein a short time,
thusbeingcharacterizedby aLyapunov exponentequalto zero.

Thusopenflows provide a ratherclearexampleof strongspace-dependenceof Lya-
punov exponents.Accordingto Eq. (3.13), theHölderexponentmaybe differentfrom T
only on theunstablemanifoldof thechaoticsaddle,thusimplying thatthetransitionfrom
smoothto filamentalstructurenow only takesplacein this fractalsetof zeromeasure.The
backgroundchemicalfield is alwayssmooth,independentlyof thevalueof û .

To checktheseideas,we obtainnumericallythe distributionsof chemicalfields ad-
vectedby an openflow. Our velocity field is taken from a kinematicmodel of a time-
periodicflow behinda cylinder, describedin [23]. This flow wasfoundto bequalitatively
similar to thesolutionof theNavier-Stokesequationin therangeof theReynoldsnumber
correspondingto time-periodicvortex seeding.Theconcentrationpatternshows irregular-
ities separatedby smoothregions(Fig. 3.3, obtainedwith ûü���Z,Wc$V ). This is moreclearly
observed in the longitudinal transect.The relationbetweenthe singularregionsandthe
locationof the chaoticsaddlecanbe madepatentby comparingthe gradientof the field
with thespatialdependenceof the escapetimesfrom the scatteringregion. In particular,
Fig. 3.4showstheabsolutevalueof thegradientof theconcentrationfield ¾ ��ì ¡  
í@& ¾ thatis
highly intermittent.It alsodisplaysthetime (in thetime-reverseddynamics)thatfluid par-
ticlesinitially in a line perpendicularto themeanflow take to escapetheregion of chaotic
motion. Most of theparticlesleave theregion in a shorttime, but longertimesappearfor
initial locationscloseto thestablemanifold(in thetime-reverseddynamics)of thechaotic
saddle. Clearly, thesediverging times are associatedto the singularitiesin the gradient
distribution. By increasingthevalueof û theflow characteristics(trajectories,manifolds,
escapetimes,...) remainunchanged,but thesingularitiesin theadvectedfield decreaseand
finally asmoothdistribution is obtained.

A chemicalfield with the samestructurecan also be obtainedin openflows whose
time-dependence(andthusthechaoticityof advection)is not restrictedto a finite domain,
by restrictingthespatialdependenceof thechemicalsourcesto a finite region. This case
will beinvestigatedin thecontext of planktondynamicsin thenex Chapter.

Sincetheirregularitiesnow appearonly on asetof measurezero,onecouldaskif they
canhaveany significanteffecton measurablequantities.In orderto clarify this, insteadof
thepreviouscharacterizationof thepoint-wisestrengthof the singularitiesby theHölder
exponent,let us investigatethescalingof thespatialaverageof thedifferencesÈ ì ¡ with
distanceÈ"d y ¾ È í ¾ . For simplicity, let usassumethat,on thesaddle,thereis nodistribution
in thelocal infinite-timeLyapunov exponents,i.e., thattheadvectionon thechaoticsaddle
is characterizedby asingleLyapunov exponentÆ � . In thiscasethepartialfractaldimension
(i.e. thedimensionof intersectionsof thesetwith a line) of themanifoldsof thechaotic
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Figure3.3: Top: a snapshotof thechemicalpatternì ¡ formedin thewake of a cylinder
(theblacksemicircleat the left is half of its section).Meanflow is from left to right. We
have usedthestreamfunctiongivenin reference[15]. û��é�Z,Wc$V , andall thestreamfunction
parametervaluesarethesameasin [15] excepttheboundary-layerthicknessof thecylinder
which heretakesthevalue ¥ ���@�Z,­� , andthevorticity strengthwhich is jï�næI¬j,X�$V in our
calculations.Bottom:ahorizontalcut takenalongtheline 3Ä�nT�,­� .
saddleis [23, 36] k���®T�H &Æ � , (3.16)

Here & is the escaperate, that is the rateof the exponentialdecay( � � à�l_ß ) of the num-
ber of fluid elementsspendingtime longerthan % in the wake of the cylinder. On a one-
dimensionaltransectof unit length the total numberof segmentsof length È"d is  È"d & à �
while thenumberof segmentscontainingpartsof theunstablemanifold(with partialfrac-
tal dimension

k� ) is M� È"d & � È%d ànmo . Thus,accordingto (3.13) thespatialaverageof È ì ¡
alongthis line, p È ì ¡  
í�# È"d &rq , canbewrittenasp È ì ¡  
í�# È"d &�qf�� È"d &º È"d & à mo  È%d & 0 � � b 88Ä È"d & [  È%d & à � H+ È%d & ànmo ^l È%d & (3.17)
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Figure3.4: Top: Theabsolutevalueof thegradientof thechemicalfield in Fig. 3.3along
the line 1�� Xj,Xæ . The lower figure shows the escapetime for particlesalong this line
( 1u�tXj,­æ ). This is calculatedby computingthe time that every single particle takes to
arrive to the line 1 � HF��,­� (far from the chaoticwake region) in the backwards-in-time
dynamics.

wherethefirst termpertainsto thesingular, while thesecondoneto thesmoothcomponent.
In thelimit È"d ë � thedominatingbehavior isp È ì ¡  
í�# È"d &rq � È"dvu # (3.18)

with w �K�����yxZT�#�T(8:û-?*Æ � H k�{z �+����� S T*# ûS8|&Æ � T (3.19)

showing that if

k� ½ 0�3b (or, û�8�& 	 Æ � ) the averagewill be dominatedby the smooth
component,but if thefractaldimensionof thesingularsetis largeenoughthey contribute
to thescalingof p È ì ¡  "í�# È%d &rq . Theaveragehasbeenperformedalonga one-dimensional
line or transectof the two-dimensionalpattern.For commonvelocity fieldsandtransects
thiswill beequivalentto thecompleteaverageoverthewholefluid, exceptin theparticular
casein which thetransectis chosento becompletelyalignedwith thefilaments.
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3.4 Structur e functions

The strongly intermittentstructureof singularitiesin openflows is an extremeexample.
Thereareadditionalinhomogeneitiesaffecting both to the openandto the closedflows:
although,in thelong-timelimit theLyapunov exponentis thesamefor almostall trajecto-
ries in anergodic region, deviationscanpersiston fractalsetsof measurezero,andaswe
saw above suchsetscancontributesignificantlyto theglobalscaling.Theorigin of these
inhomogeneitiescanbetracedbackby analyzingthefinite-timedistribution of Lyapunov
exponents.Thiswill bedonein thefollowing. For a robustquantitativecharacterizationof
thefilamentalstructure,accessibleto measurements,we considernow thescalingproper-
tiesof thestructurefunctionsassociatedwith thechemicalfield.

The � th orderstructurefunctionis definedas

å~}� È%d &$��p ¾ È ì ¡  
í�# È"d & ¾ } q (3.20)

where p�q representsaveragingoverdifferentlocationsí , and � is aparameter(wewill only
considerstructurefunctionsof positiveorder( � 	 � )). In theabsenceof any characteristic
length over a certainrangeof scalesthe structurefunctionsare expectedto exhibit, asÈ"d ë � , apower-law dependence

å~}� È"d & � È"d u�� (3.21)

characterizedby thesetof scalingexponents

w } .
We alsonotethatsomeof thescalingexponentsaredirectly relatedto othercharacter-

istic exponents,suchas the onecharacterizingthe decayof the Fourier power-spectrum�  QÚA& � Ú à:� , or the box-countingfractal dimension ��� of the graph of the functionì ¡  "12#�3A& asa functionof 1 by simplerelations[36]:� � w � 8+T ���A� �������LH w � , (3.22)

If the Hölder exponentof the field hasthe samevalueeverywhere,given by (3.13) withÆ ��Æ � , thescalingexponentsof theresultingmono-affinefield aresimplyw }��ï��� � �K� ûÆ � , (3.23)

(we have assumedû ½ Æ � ). In general,the singularspatialinhomogeneitiesof the Lya-
punov exponentcould be understoodby realizingthat the finite-time stretchingrates,or
local Lyapunov exponents[4], have a certaindistribution aroundthemostprobablevalue.
Thisdistributionapproachesthetime-asymptoticform [4, 36]:

Ð� )Æ2#�%'& � % � � � � à5� ¶ � · ß (3.24)

where �Î QÆ5& is a functioncharacteristicto theadvectiondynamics,with thepropertythat�Î QÆ � &��B� Å  QÆ � &(�é� and �� )Æ�& 	 � , where Æ � is themostprobablevalueof theLyapunov
exponent. At infinitely-long times all the measurebecomesconcentratedat this single
value Æ � , asstatedbefore. The form (3.24) is valid only for hyperbolicsystems.Non-
hyperbolicity(i.e. thepresenceof KAM tori) canstronglyaffect thedistribution at small
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valuesof Æ but around Æ � andfor larger valuesit remainsa goodapproximation.As we
shallseelateronly this regioncontributesto thestructurefunctionsof positiveorder.

As time increasesthe distribution becomesmore and more peaked around Æ � . The
(Lebesgue)areaof thesetof initial conditionswith local Lyapunov exponentsin a small
interval  QÆo#_ÆÄ8 È Æ�& thatexcludesÆ � decreasesat long timeswith a dominantexponential
behavior: È ç �  G%'& � � à5� ¶ � ·Êß È Æ (3.25)

showing thatonly setsof measurezerocanhave Lyapunov exponentdifferentfrom Æ � in
the %äë � limit. Suchsets,however, canstill have nonzerofractaldimensions.At finite
times,thearea(3.25) enclosesthefinal anomalousset,with atransversethicknessthat,due
to stretchingby thechaoticadvection,decreaseslike  �  G%'& � � à � ß . Thenumberof boxes
neededto cover thesetof areaÈ ç �  G%'& usingboxesof size  �  G%'& is

M �  "%'& � È ç �  G%'& ��  G%'& � ��� � � à5� ¶ � ·�� ß �  �  "%'&%�:� Q*�Q à � (3.26)

thatgivesthedimensionfor thesetto which this areaconvergesin theinfinite-timelimit:�  QÆ5&$���FH �� )Æ�&Æ , (3.27)

Thus,anarbitraryline acrossthesystemwill befoundcomposedby subsetsof dimensionk�� )Æ�&$���  QÆ5&�HvT eachonecharacterizedby differentvaluesÆ of theLyapunov exponents
andin consequenceof theHölderexponents�� QÆ5&$�+�������Cû-?*Æ , 1 � .

Now, thescalingexponentsin (3.21) canbereadilyobtained.Thenumberof segments
of size È"d belongingto a subsetcharacterizedby Lyapunov exponentÆ scalesas M� QÆ5& �È"d ànmo ¶ � · , while thetotalnumberof suchnon-overlappingsegmentsscalesas � È"d à � . Thus,
thestructurefunctioncanbewrittenas

å~}� È"d & � Ã �3�E���� � ~�� È"d � à o ¶ � · ¾ È ì ¡  d  QÆ5&-# È"d & ¾ } ��Æ �� Ã 0� � ~�� È%d � à o ¶ � · È"d } ��Æ�8 Ã � �5���0 È%d � à o ¶ � · È"d }�0 � � ��Æ (3.28)

In thelimit È"d ë � theintegralsaredominatedby a saddlepoint and,aftersomemanipu-
lations,thescalingexponentsin (3.21) areobtainedasw }(�+�Î�W�� S ��# �@ûÆ 8:� H��� QÆ5&"TÛ�+�Î�W�� S ��# �@û$8��� )Æ�&Æ T (3.29)

The right handside can be seenas a family of lines in the ( �j# w } ) planelabeledby the
parameterÆ so that the valueof

w } is given by the lower envelopeof theselines. Note
that theshapeof �Î QÆ5& for Æ smallenoughbecomesirrelevant for determining

w } because
of the minimum condition. Thusmultifractality, characterizedby nonlinearityin the � -
depencenceof

w } , is affectedonly by the largeststretchingratesin the flow. Equation
(3.19) is a particularcaseof (3.29) for � �ÕT andin the approximationof consideringa
singlevalueof Æ on thechaoticsaddle.
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Accordingto (3.29) the � th orderstructurefunctionis dominatedby asubsetcharacter-
izedby a Lyapunov exponentÆ)} . Applying theextremumconditionto (3.29) weobtainan
equationfor Æ)} ���Æ �Î QÆ5& ¾ � ¢ � � � �@ûS8��� )Æ�}4&Æ)} (3.30)

thatcanbesubstitutedinto (3.29) to obtainthe � th orderscalingexponent.
The existenceof a distribution of local Lyapunov exponentsalsoaffectsthe smooth-

filamentaltransition. As the Hölder exponentis space-dependent,the transitiondoesnot
take placeat a uniquelydefinedvalueof û . Singularitiesexist even in a overall smooth
regimefor pointscorrespondingto backwardstrajectorieswith Lyapunov exponentslarger
than û . Thesepointsoccupy fractalsetsof dimension�� )Æ�& givenby (3.27) with û ½ Æ ½Æ Ç�� / . Thus,the fractaldimensionof thesingularsetis ���%� ��� 0��� QÆ5&L���� 
ûP& , indicating
thatthesetbecomesspace-filling(see(3.27)) as û approachesû3�²�¯Æ � . Therefore,thebulk
transition,a macroscopiceffect that affects the overall appearanceof the chemicalfield,
takesplacein a closedflow at the samecritical value û4��� Æ � as in a flow without any
spreadingin theLyapunov spectrum.

We notethat (3.29) couldalsobeobtainedmoredirectly from theaveragingof (3.12)
over differentvaluesof Æ usingthe probability distribution (3.24) of the local Lyapunov
exponent.In thatcasewe would not have thegeometricalinterpretationin termsof fractal
dimensions�� )Æ�& .

We have analyzednumericallythechemicaldecayunderadvectionby theclosedflow
(3.14) to checkthetheoreticalpredictionsabove. Numericallycomputedhistogramsof the
local Lyapunov exponentsareshown in Fig. 3.5andthecorresponding�� )Æ�& functionsare
representedin Fig. 3.6. The �Î QÆ5& functionsobtainedfrom histogramscorrespondingto
differenttimescoalesceexceptin thesmall-Æ region, thusconfirmingthat(3.24) correctly
describestheobserveddistribution.

Numericallycalculatedscalingexponents(i.e. obtainedbydirectapplicationof Eq.(3.20)),
andthe family of lines correspondingto (3.29) basedon the histogramof the local Lya-
punov exponentsof Fig. 3.5areshown in Fig 3.4, wherethepredictionof themono-fractal
approximation(

w } �°�@û-?*Æ � ) is alsoshown. The mono-fractalapproximationappearsto
be accuratefor small � . The graph-fractaldimensionor the widely usedFourier power
spectrumexponentarerelatedto

w � and

w � by Eqs.(3.22) so that their estimatebasedon
themono-fractaldescriptionthatconsidersjust thebulk valueof theHölderexponentcan
deviatefrom theactualvalues.

In a recentwork by Nametal. [37] thepowerspectrumof adecayingscalarfield (with
space-dependentdecayrate)hasbeeninvestigatedandrelatedto the distribution of local
Lyapunov exponentsof theadvectingflow. Theresultfor thespectralexponentobtainedin
[37] usinganeikonal-typewavepacketmodel[38], andtakinginto accountfinite diffusion,
is consistentwith our formula(3.29) (thatfor �Ò�¯� , andwith (3.22) givesthevalueof the
spectralslope)obtainedin thenon-diffusivelimit.

Thefunction �Î QÆ5& is characteristicto theadvectingflow. Let usnow consideraspecial
casewhereweapproximate�Î QÆ5& by aparabola�Î QÆ5&f�  )ÆÎHvÆ � & ���  , (3.31)
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Figure3.5: Thedistributionof localLyapunov exponentsat threedifferenttimes,obtained
for the closedflow (3.14) with ñó� T*,X� and ô � T*,­� . The long-timemeanLyapunov
exponentis Æ � �¯��,YV:X .
This canbe thoughtas the first term in a Taylor expansionaround Æ � , which is a good
approximationto obtainthe small-� scalingexponents.In this case(3.30) canbe solved
explicitly Æ)}À�.¡  )Æ � & � 8ø�@�@û3 �, (3.32)

Thisgivesthescalingexponentsw }(� ¢££¤ ¥ Æ � §¦ � 8 �@��û  H Æ �  , (3.33)

Theabove relationhasbeenobtainedrecentlyby Chertkov in [39], wheretheproblem
of advectionof decayingsubstanceswasconsideredin aprobabilisticset-up,usingstochas-
tic chemicalsourcesandarandomvelocityfield thatis spatiallysmoothbut delta-correlated
in time. Thedistributionof stretchingrateswasassumedto beGaussianasin (3.31). This
assumptioncouldberealisticfor deterministicdynamicalsystemsin many cases,andcould
givegoodestimatesfor thescalingexponentsfor small � . For higher-ordermoments,how-
ever, higher-ordertermsin the expansionof �� )Æ�& canbecomeimportant. Moreover, the
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Figure3.6: The function ¨ª©2«­¬ , obtainedfrom thedistributionsin Fig. 3.5andEq. (3.24).
Collapseof datafor thethreetimesinto thesamecurveconfirmsthevalidity of (3.24). The
dottedline is a parabolicfit ( ®E¯�°�©2«²±|³5¯W´:µ$¬*¶ ) thatprovidesa goodapproximationnearthe
minimum.

possiblevaluesof « couldbelimited by afinite maximumvalue «)·¹¸*º , e.g.in time-periodic
flows,wherethefinite time-Lyapunov exponentscannothavearbitrarily largevalues.This
impliesthat thescalingexponentsfor »½¼�»v¾ , where «)¿@ÀÂÁa«Ã·�¸@º , shoulddisplaya simple
lineardependence Ä ¿DÁ »vÅÇÆ'¨�©M«Ã·¹¸*ºv¬«)·¹¸@º (3.34)

thatdiffersfrom the »ÉÈÊ behavior of (3.33) for large » .
3.5 Summary and discussion

Multifractality of advectedfields generatedby chaoticadvectionhasbeenobserved pre-
viously in the caseof passive advectionwith no chemicalactivity ( Å{ÁË® ) [40]. It was
shown thatthemeasuredefinedby thegradientsof theadvectedscalarfield hasmultifrac-
tal propertiesandits spectraof dimensionsÌ�¿ hasbeenrelatedto thedistribution of local
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Ä ¿ for thesituationof Figs.3.5and3.6andwith ÅÍÁ.Î$¯W® .
Thick line: themono-fractalapproximation

Ä ¿ÍÁB»vÅ�Ï�«�Ð . Thin lines: thecurves

Ä ¿ÑÁ�» andÄ ¿ÒÁÔÓÕ»vÅÖÆ�¨ª©2«­¬�×�Ï�« , for differentvaluesof « ; thenumericalvaluesof ¨ª©2«­¬ areobtained
from Fig. 3.6. Accordingto Eq.(3.29), theactualvaluesof thescalingexponentsaregiven
by thelowerenvelopeof thissetof curves.Thisis confirmedby thenumericallydetermined
valuesof

Ä ¿ (crosses).Dashedline: theapproximation(3.33).

Lyapunov exponents[40]. This multifractality, however, doesnot affect the slopeof the
power spectrum[41, 42] (thesocalledBatchelorspectrum:ØD©MÙÃ¬ÑÚaÙ�Û)Ü ) or scalingexpo-
nentsof thestructurefunctions(

Ä ¿ÝÁÞ® for all » , asit canbeseenfrom (3.29) by settingÅÑÁ�® ). Theeffectof multifractalityonthepowerspectrumhasacharactertransientin time,
moving towardssmallerandsmallerscalesandfinally disappearingwhenreachingthedif-
fusive endof thespectrum.In thestationarystateonly thediffusive cut-off of the power
spectrumis affected[43] thatcanstill be importantfor the interpretationof someexperi-
mentalresults.By comparingtheseresultsfor theconservedcasewith theonespresented
herefor thedecayingscalarwecanconcludethat,althoughtheorigin of themultifractality
is thesamein bothsituations–thenon-uniformityof thelocalLyapunov exponents–in the
presenceof chemicalactivity thishasstrongerconsequences(non-Batchelorpowerspectra
andanomalousscaling).

We have presenteda simplemechanismthat cangeneratemultifractal (or morepre-
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cisely, multi-affine) distributionsof advectedchemicalfields. The main ingredientsare
chaoticadvectionandlineardecayof theadvectedquantityin thepresenceof non-homogeneous
sources.Essentiallythe samemechanismswere consideredin [39], but with stochastic
time-dependenciesboth in the flow asin the chemicalsources,consideringadvectionby
the spatiallysmoothlimit of a Kraichnan-like modelgenerallyintendedto representtur-
bulentflows. Our resultsstressthatanomalousscalingmayappearin simpleregular (e.g.
time-periodic)laminarflowswherestochasticityappearsjust asa consequenceof thelow-
dimensionaldeterministicchaosgeneratedby theLagrangianadvectiondynamics.In ad-
dition wehaveprovidednumericalevidencefor thetheoreticalpredictions.It is interesting
to mentionthat theextensionof Chertkov’s work to nonlinearchemistry[44] findsresults
verysimilar to thelineardecay, simplysubstitutingthedecayrateby anaveragerate.This
is alsothe resultwe find within our deterministicmodelsin Chapter2, beingthe ratethe
chemicalLyapunov exponent.

Chaoticadvectionis characteristicto mosttime-dependentflows. The lineardecayof
theadvectedsubstanceis in fact just thesimplestprototypeof a family of chemicalreac-
tionschemes,wherethelocaldynamicsconvergestowardsafixedpointof thechemicalrate
equations.The local dynamicscanalsobegeneratedby non-chemicalprocesses,e.g. by
biologicalpopulationdynamicsin thecaseof planktonadvection[48], or by therelaxation
of thesea-surfacetemperaturetowardsthelocal atmosphericvalue[32]. Inhomogeneities
of thechemicalsourcesor of otherparametersof thelocaldynamicsarisenaturallyin these
contexts sothatwe expectour resultsto beof relevancein biologicalandgeophysicalset-
tings. In fact, fractality andmultifractality have beenalreadyobserved in thesecontexts,
for examplein thedistributionof stratosphericchemicals(e.g.ozone)[45, 46], andin sea-
surfacetemperatureandphytoplanktonpopulations[47]. Thestructureof thesefieldshas
beensometimesassociatedwith turbulenceof theadvectingflow. We think thatthesimple
mechanism,ableto generatecomplex multifractaldistributions,investigatedin this Chap-
ter canbe at the origin of someof the structuresobserved in geophysicalflows. Further
work in this directioncouldhelpon theinterpretationof geophysicaldatain orderto gain
quantitative informationabouttheprocessesinvolved. Laboratoryexperimentsseemalso
to befeasible.



Chapter 4

Chaotic advection of reacting
substances:Plankton dynamicson a
meanderingjet

We studythespatialpatternsformedby interactingpopulationsor reactingchemicalsun-
der the influenceof chaotic flows. In particular, we haveconsidered a three-component
modelof planktondynamicsadvectedby a meanderingjet. We report general results,
stressingtheexistenceof a smooth-filamentaltransitionin theconcentration patternsde-
pendingon therelativestrengthof thestirring by thechaoticflowandtherelaxationprop-
erties of planktonicdynamicalsystem. Patternsobtainedin openand closedflows are
compared.

43
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4.1 Intr oduction

Thetransportof biologically or chemicallyactive substancesby a fluid flow is a problem
of greatgeophysicalrelevance.Importantexamplesarisein thestudyof atmosphericad-
vectionof reactive pollutantsor chemicals,suchasozone,N ¶ O [55], or in the dynamics
of planktonpopulationsin oceancurrents[51]. Theinhomogeneousnatureof theresulting
spatialdistributionswas recognizedsometime ago ([58] and referencestherein). More
recently, satelliteremotesensinganddetailednumericalsimulationsidentify filaments,ir-
regular patches,sharpgradients,andothercomplex structuresinvolving a wide rangeof
spatialscalesin theconcentrationpatterns.In thecaseof atmosphericchemistry, thepres-
enceof strongconcentrationgradientshasbeenshown to have profoundimpacton global
chemicaltime-scales[19]. On-sitemeasurementsanddataanalysisof thechemicalor bio-
logical fieldshaveconfirmedtheir fractalor multifractalcharacter[56, 47, 45, 46].

In the caseof planktoncommunities,patchinesshasbeenvariouslyattributed to the
interplay of diffusion and biological growth, oceanicturbulence,diffusive instabilities,
and nutrient or biological inhomogeneities[54]. Advection by unsteadyfluid flow and
predator-prey interactions(formally equivalentto chemicalreaction)areemerging astwo
key ingredientsableto reproducethemainqualitativefeaturesof planktonpatchiness[18].

The ‘chaotic advection’ paradigmhasbeenshown to be a usefulapproachto under-
standgeophysicaltransportprocessesat large scales[52]. Briefly, chaoticadvection(or
Lagrangianchaos)[6, 5] refersto the Lagrangiancomplex motion of fluid parcels. La-
grangianchaoticflowsaremuchsimplerthanturbulentones,beingthusmoreaccessibleto
analyticalcharacterizationandunderstanding.They retainhowevermany of thequalitative
featuresrelevantto transportandmixing processesin complex geophysicalflows.

Thoughthepropertiesof inert passive tracerfieldsunderchaoticadvectionhave been
widely studied[40] muchlessis known aboutbiologicallyor chemicallyevolving reactant
distributions. Nonetheless,someresultshave beenrecentlyobtained,as for examplein
reactionsof the type ßàÆ�áÔâ ã in closedchaoticflows [20] andin openchaoticflows
[22]. In chapters2, 3 we have consideredthe generalcaseof stablechemicaldynamics
in closedchaoticflows in the limit of small diffusion and in the presenceof an external
spatiallynon-homogeneoussourceof oneof the chemicalcomponents.The main result
wasthattherelationshipbetweentherateatwhichthechemicaldynamicsapproacheslocal
equilibriumwith thechemicalsourceandthecharacteristictimescaleof thestirringby the
chaoticflow determinesthe fractal or non-fractalcharacterof the long-timedistribution.
Thefasterthestirring is, themoreirregularis thepattern.

Thepurposeof thischapteris to applyandverify thegeneralresultsabovein aconcrete
modelof planktondynamicsin flows of geophysicalrelevance. In additionwe compare
structuresappearingin closedandopenflows,stressingtheintermittentcharacterof irreg-
ularities in the openflow case. We expect this result to apply alsoto othersituationsin
atmosphericor oceanicchemistry.

The chapteris organizedasfollows: next Sectionsummarizesthe generaltheoretical
resultsobtainedin theformerchapters.Theparticularplanktondynamicsandthetwo dif-
ferentflows thatarethesubjectof our studyarepresentedin Sect.4.3. They arevariations
of a kinematicmodel for a two-dimensionalmeanderingjet, leadingto a closedand to
openflow model.Section4.4describesnumericalresultsfor theclosedflow case,whereas
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Sect.4.5considerstheopenflow. Finally, Sect.4.6containsourconclusions.

4.2 General results

The temporalevolution of reactingfields is determinedby advection-reaction-diffusion
equations.Advectionbecausethey areunderthe influenceof a flow, reactionbecausewe
considerspeciesinteractingwith themselvesand/orwith thecarryingmedium. Diffusion
becauseturbulentor molecularrandommotion smoothesout the smallestscales.For the
caseof anincompressiblevelocity field äÖ©/å�æ�ç�¬ , thestandardform of theseequationsisè ãÖé@©6å�ærç�¬è ç Æ äÖ©6å�ærç�¬�ê%ë�ãÖé@©/å�ærç�¬HÁì é@©2ã Ü æ�¯P¯í¯íæ4ãÑîïærå�¬ðÆ'ñÃë ¶ ãÖé�©6å�ærç�¬3æ (4.1)

where ãÖé@©6å�ærç�¬ , òóÁôÎ$æ�¯í¯P¯Wõ , are interactingchemicalor biological fields advectedby the
flow äÖ©/å�æ�ç�¬ , ì é*©2ã Ü æö¯P¯í¯Pæ;ãÑîïæ;åv¬ arethe functionsaccountingfor the interactionof thefields
(e.g.chemicalreactionsor predator-prey interactions).Dif fusioneffectsareonly important
at small scalesandwe will neglect themin the following. In this limit of zerodiffusionñ÷â ® theabovedescriptioncanberecastin Lagrangianform:ø)ùåø ç Á�äÖ© ùå�æ�ç�¬ (4.2)ø ãÖéø ç Á ì é5©6ã Ü æ4ã ¶ æö¯P¯íæ4ãÑînæ;åÒÁ ùåE©�ç�¬r¬~æAò¹Á+Î$æ�¯íæ4õúæ (4.3)

wherethesecondsetof equationsdescribesthechemicalor populationdynamicsinsidea
fluid parcelthatis beingadvectedby theflow accordingto thefirst equation.In theabsence
of diffusion,a couplingbetweenthe flow andthe chemical/biologicalevolution canonly
appearasa consequenceof thespatialdependenceof the

ì é@©6ã Ü æ�¯í¯P¯íæ4ãÑînæ;åv¬ functions.This
spatialdependencedescribesnon-homogeneoussourcesor sinksfor thechemicalreactants
or spatiallynon-homogeneousreactionor reproductionrates.Suchinhomogeneitiesmay
arisenaturally from a variety of processessuchas localizedupwelling, inhomogeneous
solarirradiation,or river run-off, to namea few.

Fromnow on, the incompressibleflow äÖ©6å�ærç�¬ will beassumedto betwo-dimensional
andtime dependent.This situationgenerallyleadsto chaoticadvection. For simplicity,
our generalargumentswill be statedfor the casein which äÍ©/å�ærç�¬ satisfiesthe technical
requirementof hyperbolicity, but in theexampleslessrestrictive flows will be used.The
mostsalientfeatureof advectionby a chaoticflow is sensibilityto initial conditions,that
is, fluid particlesinitially closetypically diverge in time at a rategivenby the maximum
Lyapunov exponentof theflow «)ûü¼|® :ý þ å5©�ç�¬ ý Ú ýÕþ å5©2®:¬ ýÕÿ������ ¯ (4.4)

Equation(4.4) is valid for nearlyall theinitial orientationsof theinitial particleseparationþ åE©6®:¬ . However, the incompressibilityconditionimplies that thereis a particularorienta-
tion of the initial separations

þ å��%©2®:¬ for which the two trajectoriesapproacheachother:ýÕþ å�©/ç�¬ ý Ú ýÕþ å��%©6®:¬ ý ÿ �
	 � � , with « � û Á.± «�û .
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Thegeneralclassof chemicalreactionsstudiedin theprecedingchapterswastheone
leadingto stablelocal equilibriumin theabsenceof flow or, in termsof thechemicaldy-
namicalsubsystem(4.3), thedynamicsapproachinga uniquefixedpoint for eachconstant
position å . This meansthat therearenot chemicalinstabilitiesnor chemicalchaos,and
thattheconcentrationstendto approachavaluedeterminedateachpointby thesourcesinì é . In thepresenceof advectionby theflow åóÁ ùå5©/ç�¬ , therelaxationprocessis altered,but
canbecharacterizedby thevalueof themaximumLyapunov exponent«
� of thechemical
subsystem(4.3), whichweassumeto remainnegative.

In orderto characterizethespatialstructureof the ãÖé fieldswecalculatethedifferenceþ ãÖé­Á�ãÖé@©/åÑÆ þ å�ærç�¬�±UãÖé�©6å�ærç�¬�¯ (4.5)

Insertingthisexpression,for
ý þ å ý smallenough,into theequationfor thechemicaldynamics

ashasbeenshown in theformerchapters,we canobtaintheevolution of thegradientsof
thechemicalfield at long times:

ë�ãÖé�©6å�ærç�¬ � î���� Ü ë ©2ã Ð� ê�� Ð� ¬�� Ðé ÿ����������������Æ�� �Ð ø� ! î��� Ü ©2ë ì � © ùåE©  ¬r¬¹ê��#"� ¬��#"é ÿ��$���%�������&�'� Û " � æ (4.6)

wherethevectors� �é)(+* © ùå�©/ç�¬�¬-,%é arecombinationsof thevectors* ©6åv¬ pointingat each
point alongthemostcontractingdirectionof theflow andof thevector .�,%éMæ;òÑÁ Î$æö¯P¯í¯Pæ;õ0/
associatedto the contractingdirection in the chemicalsubspace.

ùå5©  ¬ is the trajectory
endingat å at time ç . It is importantto realizethatEq. (4.6) givesthe long time behavior
of ë�ãÖé correctly in all but in onedirection. The directionalderivative of ãÖé in the most
expandingdirectionshouldbeobtainedwith (4.6) but replacing«�û by « � û Á ± «)û , andthe
vectors* by theonesassociatedto theexpandingdirection.

The convergenceof the gradientsfor ç â 1 dependson the sign of the exponent«)ûªÆ'«2� . Therearetwo possibilities:3 If «�û½Æà«2�54B® thentheconvergenceof thechemicaldynamicstowardslocal equi-
librium is strongerthantheeffectof thechaoticflow onthefluid particles.Gradients
arefinite sothatasmoothasymptoticdistribution is attainedby thechemicalfields.3 If «)û{Æ�«
��¼Ô® then in the çªâ 1 limit the chemicalpatternbecomesnowhere
differentiable. An irregularstructurewith fractalpropertiesis developed.Remember
howeverthatateachpointthereis adirectionfor which «)û�Æ�«2� shouldbesubstituted
by ± «�û Æ «2� , alwaysnegative, in (4.6). In this directionderivativesarefinite and
thefield is smooth.

Thustheresultingstructureis filamental, i.e., irregularin all directionsexceptin one
alongwhichit is smooth.Thisonecorrespondsto thedirectionof thefilamentslying
alongtheunstablefoliation of thechaoticadvection.
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4.3 The plankton and the jet models

In thenumericalinvestigationsbelow wewill considerasimplemodelof planktondynam-
ics immersedin ameanderingjet flow.

This planktonmodel,usedby [18] andrelatedto the oneusedby [53], considersex-
plicitly threetrophiclevels: thenutrientcontentof awaterparcel,describedin termsof its
carryingcapacityã (definedasthemaximumphytoplanktoncontentit cansupportin the
absenceof grazing),thephytoplanktonbiomass6 , andthezooplankton7 . TheLagrangian
‘chemical’ subsystem(4.3) reads:ø ãø ç Á 8²©2ãÍÐ"©/å�¬�±�ãÝ¬ (4.7)ø 6ø ç Á 6:9�În± 6ã<; ±=6>7 (4.8)ø 7ø ç Á 6>7 ± þ 7 ¶ ¯ (4.9)

All termshave beennondimensionalizedto keepa minimal numberof parameters.Equa-
tion (4.7) describesthe relaxationof the carrying capacity, at a rate 8 , towardsan in-
homogeneousshapeãÍÐ"©6åv¬ . This will be the only explicitly inhomogeneousterm in the
model,anddescribesa spatiallydependentnutrientinput, arisingfrom sometopography-
determinedupwelling distribution or latitudedependentillumination, for example. The
first termsin Eq.(4.8) describephytoplanktonlogisticgrowth, whereasthelastonemodels
predationby zooplankton.This effect givesalsorise to the first term in (4.9). The term
containing

þ
, thezooplanktonmortality, describeszooplanktondeathproducedby higher

trophic levels. The only stablefixed point of model(4.7)-(4.9) is givenby ã ¾ ÁÔãÍÐ"©/åv¬ ,6 ¾ Á ãÍÐ þ ÏE© þ Æ�ãÍÐ3¬ , and 7 ¾ Á?6 ¾ Ï þ .
Themodelflow will begivenby thefollowing streamfunction[49]:@ ©BAÉæDCE¬HÁÎn±FE
G�H�IKJLLM CÝ±�á ©/ç�¬-NPORQ�ÓYÙ ©&Aª±=S4ç�¬@×T Î Æ'Ù ¶ á ©/ç�¬ ¶ QVUWH ¶ Ó�Ù ©&A½±5S4ç�¬@×WX ÈÊ

Y[ZZ\ ¯ (4.10)

It describesa jet flowing eastwards,with meandersin the North-Southdirection. These
meandersarealsoadvectedby the jet at a phasevelocity S . á ©/ç�¬ and Ù arethe (properly
adimensionalized)amplitudeandwavenumberof theundulationin thestreamfunction.

Themotionof thetracerparticles(thedynamicalsystem(4.2) ) is givenbyø Aø ç Á ± è @è Cø Cø ç Á è @è A ¯ (4.11)

If theamplitudeá of themeandersis time-independent,asimplechangein theframeof
referencerenderstheflow time-independentandEq.(4.11) definesanon-chaoticintegrable
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dynamicalsystem.Chaoticadvectionappearsin this modelif á is madeto vary in time,
for exampleperiodically: á ©/ç�¬AÁ�áÂÐ�ÆvÌ]N^ORQ"©`_AçðÆba$¬A¯ (4.12)

Following [50], we usethe parametervalues áÂÐ§Á Î$¯ ³�æ
S�Á ®E¯PÎI³5æ3ÙaÁ ³�cðÏ�dÇº:æ
dÇº Áµ5¯$e5æ�_ ÁË®E¯�°ÃædÌ²Á ®E¯'f and a�Á g ¶ . Thesevaluesguaranteethe existenceof ‘large scale
chaos’,i.e, thepossibilitythata testparticlecrossesthejet passingfrom North to Southor
viceversa.This is weaker thantherequirementof hyperbolicity, but is enoughto illustrate
thegeneralaspectsof our theory.

Thenaturalinterpretationof the jet-flow just introducedis asanopenflow: it advects
mostof thefluid particlesfrom A²Á ±h1 towardsA Ái1 . Wewill localizethesourceterm
neartheorigin of coordinates(andfor any valueof the C coordinate):

ãÍÐI©BAÉæDCE¬HÁ jkkkl kkkm Î Æ�ßnQ�UWHÉ©2³�coA­Ï�dÇº%¬-Q�UWHð©2³�cpCEÏ�drq�¬Uts�±=dHºvuwAxuydÇº® z^{WQ�zP|)I�zP}Vz (4.13)

In thisway, thereis inhomogeneousnutrientinput justneartheorigin, andcapacityand
planktonconcentrationin thefluid particleswill decayasthey areadvecteddownstream.

A quitedifferentclassof naturalflowsareclosedones,e.g.recirculatingflowsin closed
basins.Our jet modelflow canbemadeclosedsimplyby imposingperiodicboundarycon-
ditionsat theendsof theinterval ±~dHº�4yA04?dHº . Particlesleaving theregion throughthe
right boundaryarereinjectedfrom theleft. In this waynutrientsareinjectedandextracted
continuouslyfrom fluid elementsasthey traversethedifferentregionsof thesourceãÍÐ"©BAÉæVCÃ¬HÁ+Î Æ§ßnQVUWH ©M³�c�A­Ï�dÇº%¬-QVUtHÉ©M³�coCÃÏ�drq�¬3¯ (4.14)

This wasthesituationconsideredin chapters2 and3. We will seethatdifferentstructures
developin theopenandin theclosedsituation.

4.4 Closedflows

Numericallyweproceedby integratingbackwardsin timeEq. (4.2) with initial coordinates
on a rectangulargrid ( f$®$®���Î�e�® ) andthenthechemicalfield for eachpoint is obtainedby
integrating(4.3) forwardin timealongthefluid trajectoriessogenerated.

Figure4.1 shows a snapshotof the long-timephytoplanktondistribution in theclosed
flow casefor parametervalues 8 ÁË®E¯ ³�e5æ þ Á ³�¯Y®EæDd�q{Á °Ã¯ and ßËÁË®E¯ ³ . In this case«)û Æ «2�i4 ® , thereforethe distribution is smooth. A transectalongthe line C Á ®E¯$� is
alsoshown. Taking 8 ÁÔ®5¯Y®:³�e , so that now «)û{Æ «2��¼=® we obtainthe distribution in
Fig. 4.2. A complex filamentalstructureis clearlyseen,in agreementwith our theoretical
arguments.Thefractalnatureof thepatternis alsoseenin thehorizontalcutpresentedalso
in Fig. 4.2. A Hölderexponentof

ý «
� ý Ï$«�û waspredictedfor thesekind of transects.This
impliesplankton-variancepowerspectrumdecayingas Ù�Û�� , with � Á+Î�Æ ³ ý «
� ý Ï$«)û . Thus� is in therange×MÎ$æDfv× which agreeswith field observationsof planktondistributions[47].
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Figure4.1: Phytoplanktonsmoothpatternin the closedflow, with an horizontaltransect
takenalong C�Á ®5¯$�
4.5 Openflows

Contrarilyto closedflows,openflows arecharacterizedby unboundedtrajectoriesof fluid
particles.Typical fluid particlesenterand,aftersometime, leave theregion of thenutrient
source( ãÍÐ%©6åv¬Ö¼ ® ). Thus,mostfluid elementshaveonly spentthemostrecentpartof their
trajectoriesinsidethe active region, with the restof their evolution spentin regionswith
no spatialdependenceof thenutrientinput. For this partof thetrajectorythegradientë ì �
in Eq. (4.6) vanishes,implying that therewould not bedivergenceof thegradientsin the
long-timelimit.

It is well known from thestudyof chaoticadvectionin openflows[57], thatwhile most
of theparticlesspendonly afinite amountof time in selectedboundedregionsof theflow,
typically theseregionscontainalsoboundedorbitsin which someof theparticlescanstay
forever. Althoughthechaoticsetformedby theboundedorbits is a fractalsetof measure
zero,particlesvisiting thevicinity of thestablemanifoldof thissetcanstill spendarbitrarily
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Figure4.2: Phytoplanktonfilamentalpatternin theclosedflow, with a transectalong C²Á®E¯'�
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long time in the selectedboundedregion. This leadsto the formation of characteristic
fractal patternsin the advectiondynamicseven in the caseof passive particles,asit was
shown in numericalstudies[23] andlaboratoryexperimentsof openflows [35].

For theparticlesthathave spentinfinitely long time in thesourceregion, their chem-
ical/biologicalevolution is equivalent to the one in a closedflow with the possibility of
diverging gradients.The only differenceis that now the valuesof «)û and «2� are those
correspondingto thechaoticsetof boundedorbits thatnever leave thebiologically active
region. The smooth-filamentaltransitionobserved in the previous Sectionfor the closed
flow will occurhereonly on this fractalset,which will alwaysbesurroundedby a smooth
distribution. This resultsin a stronglyintermittentcharacterof thefilamentalfield. Figure
4.3shows a phytoplanktonpatternfor parametervalues8�Á+®5¯Y®:³�e5æ þ Á+³5¯Y® and ß+Á+®E¯Y³ ,
and a transectcrossingit, in the open-flow case. The inhomogeneityin the filamental
structureis obvious,with singularitiesin a setrecognizedastheunstablemanifoldof the
chaoticsetformedby boundedorbits in thesourceregion. Smoothstructuresarealsoob-
tainedwhen «�ûúÆ «
��4 ® . Theproperdescriptionof the resultingstructuresshoulduse
theconceptof multifractality, that is, inhomogeneousdistribution of fractalproperties.In
fact, even in the closedflow case,at finite timesthe flow Lyapunov exponent «)û would
have space-dependentfinite-time corrections,that will needto be taken into accountin a
propergeneralizationof (4.6). A quantitative descriptionof thesemultifractal filamental
structureshasalreadybeenpresentedin theprecedingchapters.

4.6 Conclusions

Thespatialpatternsformedby interactingpopulationsundertheinfluenceof chaoticflows
havebeenstudied.In particular, we have considereda coupledmodelof ‘nutrient’, phyto-
planktonandzooplanktonconcentrationsadvectedby two (openandclosed)jet-likeflows.
Generalresultshave beenreportedfor arbitrarychaoticflows, stressingtheexistenceof a
smooth-filamentaltransitiondependingontherelativestrengthof themaximumLyapunov
exponentof theflow andtheonecorrespondingto theplanktonicdynamicalsystem.Pat-
ternsobtainedfor openandclosedchaoticflows aredifferentbecauseof the transientor
permanentcharacterof thebiologicalactivity.

Themodelsconsideredhereareextremesimplificationsof realbiologicalandgeophys-
ical situations.We expecthowever that the main qualitative featuresfound here,namely
the possibility of finding smoothor filamentalpatternsdependingon stirring and relax-
ationrates,andtheincreasedinhomogeneitiesin openflows,to bepresentin morerealistic
chemicalor biologicaltransportsituations.
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Figure4.3: Phytoplanktonfilamentalpatternin theopenflow, with atransectalong C�Á ®E¯'� .



Chapter 5

Population dynamicsadvectedby
chaotic flows:
a discrete-timemap approach.

A discrete-timemodelof reactingevolving fields,transportedby a bidimensionalchaotic
fluid flow, is studied. Our approach is basedon the useof a Lagrangianschemewhere
fluid particlesare advectedby a ³ ø symplecticmappossiblyyielding Lagrangianchaos.
Each fluid particle carriesconcentrationsof activesubstanceswhich evolveaccording to
its ownreactiondynamics.Thisevolutionis alsomodeledin termsof maps.Motivatedby
the question,of relevancein marineecology, of how a localizeddistribution of nutrients
or preys affectsthe spatial structure of predators transportedby a fluid flow, we studya
specificmodelin which the populationdynamicsis givenby a logistic mapwith space-
dependentcoefficient, and advectionis givenby the standard map. Fractal and random
patternsin the Eulerian spatial concentration of predators are obtainedunder different
conditions.Exploitingtheanalogiesof this coupled-map(advectionplusreaction)system
with a randommap,somefeaturesof thesepatternsarediscussed.

53
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5.1 Intr oduction

Patchiness,or theunevendistributionof substancesof organisms,is ubiquitouslyobserved
in theocean[18, 59, 58, 60]. In complex situationssuchasthemarineecosystems,char-
acterizedby theinterplayof populationdynamicsandanambientfluid motionwhich may
differentlyaffect individualpopulations,thequestionof how a localizedavailability of nu-
trients(or preys, or, in chemicalterms,activators)may affect the distribution of primary
producers(or predators,or inhibitors, respectively; in the following we refer to preys and
predators)is acrucialandchallengingproblem.

Accordingto [59], thepossiblecausesoriginatingpatchinessin marineecosystemsmay
begroupedin differentcategories:fluid motion,biologicalgrowth coupledwith dispersive
processes,lessubiquitousmechanismslike swarming,vertical migration,andothers. In
additionto patchiness,localizedavailability of foodmayoccurin correspondenceof local-
izedsub-ecosystems,suchasPosidoniaOceanicabeds(for areview see[61]): they display
aquitecomplex structurein which themostimportantfeaturesarisefrom directconsump-
tion of theplantandepiphyte-herbivoreinteractions,althoughaportionof thetrophicchain
is basedon suspendedmatter[61].

A comprehensive descriptionof suchprocessesleadsto the study of the so called
advection-reaction-diffusionequations.Thesearepartialdifferentialequationsof thetype:è ãÖé*©&�Hærç�¬è ç Æ�©�äÖ©B�Hærç�¬�ê%ë�¬�ãÖé­Á��ïé@©2ã Ü æ�¯P¯í¯íæ4ãÑîïæ��Hærç�¬ðÆ'Ì é��úãÖé�¯ (5.1)

Where ãÖé�©B�Hæ�ç�¬ ( òúÁ Î$æö¯P¯í¯Pæ;õ ) is the concentrationof the ò -th reactive (in biological or
chemicalterms)speciesor substance,andthe functions �Âé describethe reaction,or the
population,intrinsicdynamics.Thepossibleexplicit spatialandtemporaldependencemay
model the influenceof temporaland spatial inhomogeneitiesin food, temperature,etc.
The term ©/äÖ©&�Hærç�¬ ê�ë�¬�ãÖé representsadvectionby a givensolenoidal(i.e. incompressibleë ê%äàÁÞ® ) velocity field äÖ©B�Çærç�¬ . Finally, the term Ì é��²ãÖé describesdiffusionof the ò -th
speciesor substancewith diffusivity Ì é . In writing (5.1) weareassumingthattheevolution
of theadvectedconcentrationsdoesnot affect thatof theunderlyingflow äÖ©B�Çærç�¬ . This is
definitelyreasonableat thescaleswe areinterestedin, eventhoughit is worth mentioning
thatatmuchsmallerscalesthepresenceof organismsmayaffect therheologicalproperties
of seawater[62, 63].

In somesituationsit would benecessaryto considera differentvelocity field for each
of the õ concentrationsãÖé . This mayhappen,for instance,if differentorganismslive at
differentmeandepths,leadingto differencesin theexperiencedflow. In suchcasesonehas
to replaceEq.(5.1) byè ãÖé*©B�Hæ�ç�¬è ç Æ�©/ä~é@©B�Çærç�¬�ê%ëª¬*ãÖé Á?�Âé*©6ã Ü æ�¯í¯P¯íæ4ãÑîÑæV�Hærç�¬ðÆ�Ì é��úãÖéM¯ (5.2)

In thisChapterandin therestof thisThesis,however, wewill only considerthecasegiven
by Eq.(5.1) in which thesamevelocityfield advectsall thesubstances.

IntroducingtheLagrangiantimederivative �� � Á��� � ÆUä ê"ë , Eq.(5.1) canbewritten in
theform ø ãÖé�©&�Hærç�¬ø ç Á��Âé@©2ã Ü æ�¯í¯í¯Pæ4ãÑînærç�¬ðÆ�Ì�é��úãÖé2¯ (5.3)
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If diffusion is neglected,it is simpleto write the ãÖé@©&�Hærç�¬ in termsof the solutionsof the
Lagrangianevolutionequation ø �D©�ç�¬ø ç ÁàäÖ©B�D©�ç�¬	ærç�¬3æ (5.4)

andthereactiveevolutionequationø ãÖé�©/ç�¬ø ç Á��Âé�©2ã Ü æö¯P¯í¯Pæ;ãÑîïæV�A©/ç�¬	æ�ç�¬	¯ (5.5)

This setof coupledordinarydifferentialequationsdescribetheadvection-reactionprocess
in aLagrangianframe:fluid particlesmoveaccordingto (5.4), andreactionsamongthe ãÖé ’s
occurinsideeachfluid particle,asexpressedby (5.5), where ãÖé�©/ç�¬ aretheconcentrations
at a particularfluid particle(theoneat A¹©/ç�¬ at time ç , i.e. ãÖé@©�ç�¬ ( ãÖé�©B�D©�ç�¬	ærç�¬ ). Denoting
by � � and d � the formal solutionsof (5.4) and(5.5) respectively (i.e., �D©�ç�¬ Á�� � �A©2®:¬ and� ©/ç�¬ÂÁ�d � � ©6®:¬ , with

� Á ©2ã Ü æ;ã ¶ æ�¯í¯P¯íæ4ãÑîD¬ ) we canwrite thesolutionof Eq. (5.1) in the
form (with Ì é~Á ® ) � ©B�Hærç�¬AÁ?d � � ©�� Û � �Hæ4®:¬3¯ (5.6)

ThecaseÌ é¡ Á ® needsa moreelaboratedtreatment.In additionto the time dependence,d � will havealsoanexplicit spacedependenceif the �Âé ’s have it.
Obviously, thedetailedunderstandingof theaboveclassof partialdifferentialequations

constituteaformidabletask.However, atthisstageof development,wearejustinterestedin
thesearchfor genericbehaviorsexpectedwhenfew typicalcharacteristicsof theflow andof
thepopulationdynamicsareconsidered.Thus,if, for example,weconcentrateonflows of
geophysicalnature,horizontalmotionturnsout to bemuchmoreintensethanverticalone
assoonasoneconsidersscaleslargerthana few kilometers.This justifiesrestrictingin the
following to incompressibletwodimensionalflows. A turbulentbidimensionalflow would
bea way to modeltheirregularadvectionprocessto which suspendedmatteris subjected
in real oceans.Therearehowever simplerclassesof flows which sharesomebasicchar-
acteristicswith turbulence,but aremuchmoreaccessibleto analysis:Lagrangianchaotic
flows [6, 5]. Thesearesmoothvelocity fields,with somesimpletime dependencein the
Euleriandescription,but which leadto chaotictrajectoriesof fluid elements,with theasso-
ciatedstretchingandfolding, in theLagrangiandescription.In this restrictedframework,
it is well known that even periodic time-dependencein two-dimensionalincompressible
flows leadsgenericallyto chaoticmotionof fluid particles.

Ratherthanintegratingthefull equationsdescribingthecontinuousin time dynamics,
andsinceour interestliesmainly in aqualitativecharacterizationof thepopulationsystem,
we will resortin this Chapterto a discretein time mapping-approachin termsof discrete-
timedynamicalsystems.This approachis numericallyveryefficient,andhasprovento be
extremelyproductive to studythe impactof chaoticadvectionon mixing [6, 5, 64]. The
main ideais to mimic theadvectionandreactionprocessesin termsof mapsthatcapture
themainfeaturesof eachaspect.Thus,sincewe will belooking at processestakingplace
in 2d incompressibleflows, the advective part of our model is naturally describedby a
twodimensionalsymplecticmap.It is well known thatLagrangianmotionin suchsystems
is typically chaoticandwith a ratherrich behavior. In addition,thetransportedfluid parcel
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containsconcentrationsof activechemicalsubstancesor biologicalspecimenssubjectedto
a specificdynamicsthatwill bealsomodeledin termsof a map.Also, it is worth noticing
thateventhoughthis is not donein this work, diffusioncanbeeasilyreincorporatedinto
themodelby averaging,aftereachiterationof themaps,theconcentrationof thedifferent
speciescontainedin the fluid elementsover a region of size ¢ÂÚ¤£ Ì ét¥ , where Ì é is the
correspondingdiffusivity and ¥ is a characteristictimescaleof thesystem.

The generalideasand formalismsketchedabove will be mademoreconcretein the
following, and appliedto tackle our main problem: the influenceof inhomogeneitiesof
the distribution of preys on that of predators. We will make useof someknown results
for randommaps,and compareour discrete-timeapproachwith resultsobtainedin the
continuous-timedescriptionof theproblempresentedin theChapters2 and3 of this The-
sis. In SectionII we will discusstheapproachto populationdynamicsin termsof maps;
in SectionIII our particularmodel is presentedandcomparedwith resultsfor a random
logistic map; the analogyhelpsin the interpretationof the resultingspatialstructureof
predators,which is describedin SectionIV, anddiscussedin SectionV.

5.2 A discrete-timeapproach

Let us now presentthe generalidea of our approachfor the analysisof the population
dynamicsin termsof maps.

It is easyto understandthatfor time-periodicvelocity fields,i.e. äÖ©B�Çærç�¬HÁ äÖ©B�Hæ�çðÆF¦ ¬
where¦ is theperiod,Eq (5.4) canbedescribedby adiscrete-timedynamicalsystem.The
position �D©/çÇÆy¦ ¬ is univocally determinedby �D©�ç�¬ . In addition(becauseof the periodic
velocity field) the map �A©/ç�¬�â �D©/çHÆy¦ ¬ cannotdependon ç . Sincea periodictime de-
pendenceis enoughto induceLagrangianchaos,andbecauseof the above mathematical
simplifications,we particularizeour studyto time-periodicvelocity fields, for which we
canwrite �D©�çðÆ�Î"¬AÁ�§y©B�A©/ç�¬r¬3æ (5.7)

Now, time is measuredin units of the period ¦ . If ä is incompressible,the map(5.7) is
volume(areain ³ ø ) preserving,i.e., ¨¨¨ © z�E%© � û«ª� º[¬ ¬�¨¨¨ Á�Î . In ³ ø themap(5.7) is symplectic,i.e.
thediscrete-timeversionof a Hamiltoniansystem.Usually, it is not simpleat all to obtain§y©B�A©/ç�¬r¬ for a given äÖ©B�Hærç�¬ . However, onecandirectly write modelsfor § which contain
thequalitativefeaturesof theflow oneis trying to model.

In addition,thetransportedfluid parcelcontainsspeciessubjectedto theirown popula-
tion dynamics.Denotingthesolutionof (5.5) afteroneperiodof theflow ( d®­ ) by ¯ , the
evolution rule for theinteractingconcentrations

� Á=©2ã Ü æ4ã ¶ æ�¯í¯P¯Wã±°$¬ is expressedin terms
of amap: � ©/ç Æ Î"¬AÁ²¯ © � ©/ç�¬�¬ (5.8)

As before, ¯ will carryadditionalexplicit time andspacedependenciesif (5.5) is not
autonomousin spaceor time. Thediscrete-timeversionof Eq.(5.6) is:� ©�§y©B�É¬	ærçðÆ Î"¬HÁ³¯ © � ©B�Çærç�¬r¬3¯ (5.9)

In thefollowing weparticularizethisgeneralapproachto aparticularmodel.
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5.3 A particular model and its relationship with a ran-
dom logistic map

The main interestof our studyis to considerthe problemof how the spatialstructureof
theprey spatialdistribution mayaffect theoneof thepredators.In this sectionwe studya
particularmodelandpresentits analogieswith therandommap.Thiswill enableusto use
thealreadyknown propertiesof this randommapto geta furtherinsightinto theinfluence
of the distribution of preys on the predatorpatterns. We will considera single-species
populationdynamics,i.e. the predatorevolvesfor fixed prey distribution, andunderthe
influenceof theflow, but thedistributionof theprey is anon-dynamicvariable,in thesense
that it is not transportedby the flow andis maintainedat fixedvaluesundisturbedby the
predatoraction. This is the simplestsettingin which the effectsof a localizedsourceof
nutrientsonanadvectedpredatorwill show up.

Themodelis thefollowing: thepositionsof thefluid parcelsareadvectedby astandard
map[8], i.e. a2d symplecticmapdefinedin thesquareof side ³�c byA¹©/ç Æ Î"¬ËÁ ©&A¹©/ç�¬ÉÆµ´²Q�UWH)C ©�ç~Æ Î"¬�¬·¶¸O © ³�c (5.10)C~©/ç~Æ Î"¬ËÁ ©BC ©�ç�¬ Æ=A¹©�ç�¬r¬¹¶¸O © ³�cH¯ (5.11)

It is not integrablefor ´  Á�® . As ´ increaseschaoticregionsoccupy largerareas,and
theoriginalKAM tori (regularnon-chaoticorbits)aresuccessively destroyed(seeFig. 1.1
in the first Chapter).For ´ large enoughthe KAM tori occupy a very small region and
practicallythewholephasespaceis auniquechaoticregion.

Themodelis completedby statingtheevolutionrulesfor thepredator-prey interactions.
Wedenotewith ºH©B�É¬ thestationaryspatiallyinhomogenousdistributionof preys,andwithã�©B�Hærç�¬ theconcentrationof predatorsin point � at time ç . Wetakeit to evolvein eachfluid
parcelaccordingto thewell known logistic map: ãª©�çÇÆBÎ"¬ÂÁÞ¨�©2ãó¬ Á¼»vãª©�ç�¬ö©*ÎÂ± ã�©/ç�¬�¬ ,
but with a growth rateparameter» determinedby thepresenceof preys, i.e., »�Á²½oº . The
completeevolutionequation(5.9) isã�©�§y©&��¬	æ�çðÆ�Î"¬AÁ?½oºÇ©B��¬*ãª©&�Hærç�¬ö©@În±Uãª©&�Hærç�¬�¬	¯ (5.12)

Thestandardmaphasbeenwritten in thecompactform (5.7) with �{Á�©BAÉæVCÃ¬ .
We now introducetheparticularform of thelocalizedprey distribution ºH©&��¬ :»yÁ�½oºÇ©B��¬AÁ¼¾ » Ü ò ì A#¿§ÓÀcA©*În±#Á ¬3æVcD©*Î ÆnÁ ¬@×2æÃÂÄC»�ÐÆÅ"ç�Ç ÿ »�È ò  ÿ ¯ (5.13)

with ®0uÉÁÊu Î . We aresuggestinga stripedspatialdistribution of the preys (with strip
width ³�c�Á ), whichbasicallyrepresents(dueto the ³�c -periodicityof theflow) thesimplest,
space-periodicfashionto mimic a patchydistribution. A fraction Á of systemareahasthe
value »ÒÁ�» Ü , andfraction ÎÑ±#Á , the » Á?»�Ð . Theheuristicideathatwill guideour analysis
is that, if mixing providedby theadvectionmapis strongenough,fluid parcelswill visit
regionswith thedifferentvaluesof » in a stochasticway, sothattheLagrangianevolution
of the concentrationswill be well describedby a randomlogistic map,i.e. a mapof the
form ãª©�çðÆ�Î"¬HÁ�Ë � ã�©/ç�¬ð©�Îï±§ã�©/ç�¬�¬~æ (5.14)
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wheretherandomvariable Ë � cantakeonly two valuesË � ÁÌ¾ »�ÐÍÈ ò6ç�ÇhÁ�»�Å%ÅÎË�Å4òÏ¢/ò6ç�C�În±xÁðæ» Ü È ò6ç�ÇhÁ�»�Å%ÅÎË�Å4òÏ¢/ò6ç�CÐÁ æ (5.15)

and Ë �Ñ� Ü is independentof any previous Ë � .
The randommap (5.14) hasbeenstudiedin [65] for »�Ð�Á Î"Ï$³ and » Ü Á ° . This

correspondsto the situationin which for a valueof »�ÁÒ»�Ð the populationdynamicsis
attractedby a fixed point, whereaschaoticpopulationdynamicsoccursfor » ÁÓ» Ü . The
alternancy in timeof thesetwo tendenciesgivesriseto nontrivial behavior. Numerical(and
someanalytical)computations[65] give thefollowing resultsfor (5.14) with »�ÐÖÁ.Î"Ï$³ and» Ü Á ° , for differentvaluesof Á :

i) If ÁÔuFÁ Ü Á.Î"Ï�f theLyapunov exponent«½Á�{tUW¶�î¹Õ)Ö Üî ! î Û)Üé � Ð {WH ý Ë � ©@În±§³�ã�©/ç�¬r¬ ý is
negative, i.e. thereis exponentialconvergenceof two initially closesequencesãª©�ç�¬
generatedwith thesamesequenceË � but slightly differentinitial conditionsã�©2®:¬ . In
this case,thesequencesareattractedby ã Á ® .

ii) If Á Ü uÌÁ³u�Á ¶Ø× ®E¯$e the Lyapunov exponentis negative again,but now the se-
quencesdo not converge to any fixedpoint. They wanderin an irregularandseem-
ingly chaoticmanner(of theon-off intermittency type).Themeaningof thenegative
valueof « is that closeinitial valuesof ã evolve, underthe samesequenceË � , to-
wardsthesameirregulartrajectory. This is a caseof chaoticsynchronizationrelated
to thephenomenonof synchronizationby noise[66, 67].

iii) If Á�Ù?Á ¶ theLyapunov exponentis positive, i.e. thereis exponentialdivergenceof
two initially closesequencesãª©�ç�¬ , behaving bothchaotically.

As a first checkconfirmingthatour advection-populationdynamicsmodelis closeto
the randommapwhenmixing is strong,we fix »�ÐúÁtÎ"Ï$³ and » Ü Á ° , as in [65]. This
describesasystemin whichpredatorsareadvectedoverregionsin whichnotenoughfoodis
available( »öÐÑÁ.ÎIÏ$³ leadsto populationextinction) andover thestrip-like regionsin which
preys areabundant(leadingto chaoticpopulationdynamicsof thepredators).We iterate
(5.12) to obtain ã�©6ò�¬ ( ã�©B�D©/ò�¬3æ;ò�¬ , andthencalculatethereactionLyapunov exponent«
Ú
for our system:« Ú Á {tUW¶î¹ÕÐÖ Îõ î Û)Ü� é � Ð {WH ý ¨ � ©2ã�©6ò�¬�¬ ý Á {WUW¶î¹Õ)Ö Îõ î Û)Ü� é � Ð {tH ý ½oº÷©&�D©6ò�¬r¬ð©�În±�³�ãª©/ò�¬�¬ ý æ (5.16)

Theinitial condition ã�©B�Çæ4®:¬ wasasmoothfunctionproportionalto Q�UWHÉ©&A­¬-QVUtHÉ©�CE¬ . «
Ú mea-
surestherateof convergenceor divergenceof two initially similar concentrationvaluesã
at thesamefluid particle. In Fig. 5.1we show «2Ú asa functionof Á for differentvaluesof´ . When ´ is increasedabove a high enoughvalue(e.g. ´Û�¼Ü , for which thestandard
mapshows a uniqueergodicchaoticregion [8]), « Ú approachestheLyapunov exponent«
of therandommap[65]. On theotherside,when ´ is small,this correspondenceis lost.

Therefore,exploiting this equivalencewe can study different regimesof our system
dependingonthevalueof theparameterÁ . In particular, thespatialpatternsof theadvected
field arestronglydependentof thevalueof «
Ú . Next sectionis dedicatedto thestudyof
thesestructures.
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Figure5.1: ReactionLyapunov exponent,«
Ú , calculatedfor differentvaluesof ´ . Solid
line correspondsto ´ Á.Î$¯$e , dottedline to ´ Á�Ü anddashedline to ´ Á.Î�Ü .
5.4 Predator spatial structur es

The threeregimesdescribedabove for the randommapare also found for the behavior
of the Lyapunov exponent « Ú asa function of Á in our advectionmodel,with just some
minor quantitativedifferences,e.g. in thevaluesof Á Ü and Á ¶ (in particular, in mostof our
calculationswe take ´tÁßÜ , which gives Á ÜÐ× ®E¯'f�° and Á ¶à× ®E¯�°á� ). Thesethreeregimes
giveriseto thefollowing differentpredatorspatialstructures:

i) For Á#uFÁ Ü , theconcentrationof predatorsvanishesin all thespace.Thenutrientarea
is toosmallto supporta stablepopulation.

ii) If Á Ü u5ÁâuFÁ ¶ , a typical spatialpatternappears.A relatively high,but very intermit-
tent,concentrationof predatorsappearsin theareaoccupiedby preys. Moreover, the
concentrationpatterndisplaysfractalfeatures.

iii) If ÁnÙµÁ ¶ , thespatialconcentrationof predatorsshows a randompattern.No typical
structureseemsto emerge.

Whereasthe resultfor casei) is self-evident,casesii) andiii) needa moreelaborated
study. Weproceedin thefollowing subsections.
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Figure 5.2: Predator2d patternobtainedfor ÁBÁ ®E¯'f:µ . The distribution of nutrientsis
continuous.Thelighter thecolourthehighertheconcentration.

5.4.1 Caseãåä�æ+ã²æ�ãèç
The regime which we have labeledabove with ii) is characterizedby a negative reaction
Lyapunov exponent«
Ú . In thiscase,weobservenumerically(seeFig. 5.2) theexistenceof
a typical structureof the reactive field, which follows thestrip-like structureof thepreys.
Moreover, a fractalpatternseemsto bedisplayedby thedistribution. Let usproceedto a
quantitativecharacterizationof thesefeatures.

In Chapters2 and3 of this Thesiswe have studiedthe generalcontinuous-timecase
of a chemicallyor biologically decayingfield (thus with a negative reactionLyapunov
exponent)advectedby a chaotic2d flow. Sinceperiodic velocity fields are used,it is
straightforwardto applytheresultsin theseChaptersto thepresentcasewith discretetime.
Nevertheless,a fundamentalassumptionin thesestudiesis thata sourcetermin theequa-
tions,analogousto our prey distribution, is a smoothfunction of space.The quantitative
resultsof Chapters2 and3 would fail (seee.g. Eq. (2.10)in Chapter2) whendiscontinu-
ities arepresentin thesource,asin the localizedprey distribution of this presentChapter
(5.13). Therefore,in our calculations,andwith theview on characterizingthespatialpat-
terns,we will usea continuousapproximationto thepreviousstepfunctiondescribingthe
distribution of nutrients,which would allow us to compareour results(in the regime of
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Figure5.3: Onedimensionalcut of thecontinuousdistributionof nutrients.

«
Úx4à® ) with thosein Chapters2 and3. Theapproximationis performedby truncatingthe
Fourier transformof thestepfunctionof width Á (Eq. (5.13)) andsmoothingproperlythe
coefficients[68]. Thefinal expressionweuseis:ºH©&AÉæDCE¬HÁ Î³�c 9 cªÆ µ�Á³é; Æ î�ê � Û î·ë ê�ì� Ðèí În± ý Ù ýõÞÆ Î-î ©*± Î"¬ ê µ³�c�Ù Q�UWH í Ù�Á³ïî N^ORQI©MÙ�A­¬3æ (5.17)

for any ®éuwAÉæDCïu ³�c and õÔÁ+Î�® . Fig. (5.3) showsa Î ø cutof thissmootheddistribution
of nutrients.

A quantitativecharacterizationof theobservedstructurescanbeperformedin termsof
structurefunctions.In particular, thestructurefunctionof orderone, � Ü , is definedby:� Ü © þ ��¬AÁ:ð ý ã�©B�½Æ þ ��¬�±Uã�©B�É¬ ýòñ æ (5.18)

where 4.¯P¯í¯~¼ indicatesanaveragetakenover thedifferentspatialpoints � alonga line in
thesystem.In Chapter3 thescalingof � Ü is calculatedwith theresult � Ü © þ �É¬DÚ ý þ � ý ó whenþ � â ® , with 85�õô ��ö ô� � when « Ú 4 ® and « û ¼ ý « Ú ý , being « û theLyapunov exponentof
theLagrangianmotion(5.4). Theaboveexpressionfor 8 is justanapproximationto which
multifractalcorrectionsshouldbein principleadded,but wearenotgoingto considerthem
here.

TheLyapunov exponentof thestandardmap,for ´ highenough,is given[8] by: « û ×{WH ©�´²Ï$³�¬ . In our calculationsfor ´ Á²Ü we arein theabovementionedconditions,that is,« û ¼ ý «
Ú ý for all thevaluesof Á .
Fig. (5.4) shows

ý «
Ú ý as a function of Á for ´ Á Ü (the smoothapproximationto
the spatialdistribution of preys is used). In addition,we have numericallycalculatedthe
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Figure 5.4:
ý « Ú ý for a continuousdistribution of nutrients,calculatedin two different

waysagainstÁ . Valueslabeledwith squarescomefrom a directcalculationusingexpres-
sion (5.16) in the text. Circlesarecalculatedfrom

ý «
Ú ý �Ó8�« û , being 8 thenumerically
calculatedscalingexponentof thefirst orderstructurefunction.

scalingexponent 8 of � Ü in lines acrossthe centralstrip of nutrients,and multiplied it
by {tHÉ©�Ü$Ï$³$¬n� « û for different valuesof Á . The agreementbetweenboth quantitiesis
quite goodfor Á near Á Ü , confirmingthe expression8:� ô ��ö ô� � , althoughit getsworseasÁ½â¤Á ¶ . Thereasonfor thisarethealreadymentionedmultifractalcorrectionsto thescaling
exponentof thestructurefunction,but a deeperdiscussionaboutthis needsa subsequent
work. Theagreementallows us to understandthepatterndisplayedin Fig. (5.2) in terms
of the filamental fractal patternsdiscussedin the Chapters2 and 3 for continuous-time
dynamics.Theobservedfractalstructuresarerevealingthestableandunstablemanifolds
(local contractingandexpandingdirections)attachedto eachpoint of the phasespaceof
thestandardmap. It shouldbe notedhowever that thereis herea muchlarger amountof
irregularitiesat smallscalesthanin thepatternsanalyzedin Chapters2 and3. Thereason
is themuchmoreirregulardynamicsassociatedto the logistic mapconsideredhere. The
Lagrangianevolutionof ã�©/ç�¬ ( ãª©&�D©/ç�¬3ærç�¬ is relatedto theoneof thelogistic randommap,
which is of theon-off intermittency type.Modelsconsideredin Chapters2 and3 displayed
simplelocal relaxationbehavior. Thesmall-scalestructureseenin Fig. 5.2 will introduce
strongermultifractalcorrectionsin higherorderstructurefunctions.Wefinally remarkthat
whena discontinuousdistribution of preys suchas(5.13) is considered,the relationship8K� ô � ö ô� � is not satisfiedat all.
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Figure 5.5: Predator2d patternobtainedfor ÁBÁ ®E¯'�:µ . The distribution of nutrientsis
continuous.

5.4.2 Caseã²üýã ç
Now weproceedto studythecaseÁ ¼�Á ¶ . In this regime,thereactionLyapunov exponent«
Ú is positive,i.e. thechemicalor biologicalpartof our systemis alsochaotic.

The patternscalculatedin this regime have randomappearance,beingdominatedby
strongsmall-scaleirregularity with very smallamountof structure(seeFig. 5.5). In fact,
thescalingexponentsof thefirst-orderstructurefunctionarecloseto zero,ascorresponding
to a randomdiscontinuousfield.

This randomstructureis easyto understandonceonehasrealizedthat «2Ú�¼.® in this
rangeof Á : neighboringsites,evenif they haveinitially nearlysimilarconcentrationvalues,
andevenwhenthey remainclosefor long time sothat they experienceclosevaluesof the
sequence�D©�ç�¬ , will unavoidablydevelopgrowing differencesin concentrationvalues,thus
leadingto theobserveddiscontinuitiesat smallscales.

5.5 Discussion

Summingup, spatialstructureswith fractal features(of filamental type) appearfor the
predatorfield in a rangeof valuesof thesizeof thenutrientpatchÁ . An increasingamount
of small-scalerandomnessappearswhen Á is increased,until structureis finally lost. The
analogywith the randommapmodelhasallowedus to understandthis behavior asbeing
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originatedby the changein the valueof the reactionLyapunov exponent «
Ú when Á is
varied. In particular, structureis lost when « Ú becomespositive. For Á small enough,
globalextinction occurs,sincemostof thesystemhasa parametervaluefor which ã�Á ®
is theonly attractor.

Our resultshave beenobtainedfor a particularsetof coupledmaps,andfor a specific
nutrientdistribution. We do not expectmajorqualitative changesin theabove findingsif
thestandardmapis replacedby a differentadvectingflow, aslong astheLyapunov expo-
nent « û takesthesamevalue. This belief is supportedby themoredetailedargumentsof
Chapters2 and3 for thetime-continuouscase.It shouldbesaidhowever thatthequantita-
tivestrengthof multifractalcorrectionsto simpleexpressionsuchas 8�� ô � ö ô� � will depend
on theparticularflow chosen.

Our choiceof thelogistic mapasthepopulationdynamicsto studyis certainlyimpor-
tant for theresultsobtained.Our resultsshoulddescribethebehavior underotherpopula-
tion modelsaslongastheir parameterstakevaluesfavoringchaoticoscillationsin a local-
izedportionof space,andfavoringrelaxationto afixedpoint in therest.Theelectionof the
logistic maphasallowedtheuseof resultsknown for randomlogistic maps,thushelping
to interpretthedifferentpatternsin termsof thevalueof «
Ú andits relationshipwith « û .
Thosequantitieswouldbetheright tool for theinterpretationof advection-reactionpatterns
in otherpopulationor chemicalmodels.

Dif fusionhasbeendiscardedin thepresentwork. We expectthat its only effect would
be to smoothout any small-scalefractal or randomstructurebelow a sizeof theorderofþ Ì½Ï$« û . In fact,our numericalcalculationshaveaneffectivediffusionwhichcomesfrom
our minimal spatialresolution.As mentionedabove, a morecontrolledway to introduce
diffusionis to performexplicitly, aftereachmapoperation,anaverageof theconcentrations
of fluid particlescloserthanthediffusionlength.

Wefinally mentionthatthemapapproachturnsout to beanextremelyefficientmethod
from the numericalpoint of view, as comparedto direct solution of partial differential
equationssuchas(5.1) or othercontinuousapproaches.



Chapter 6

Low-dimensionaldynamical system
model for observedcoherent structur es
in oceansatellitedata

Thedynamicsof coherentstructurespresentin real-worldenvironmentaldatais analyzed.
Themethoddevelopedin this Chaptercombinesthepowerof theProperOrthogonalDe-
composition(POD) techniqueto identify thesecoherent structures in experimentaldata
sets,and its optimality in providing Galerkin basisfor projectingand reducingcomplex
dynamicalmodels.ThePOD basisusedis the oneobtainedfromthe experimentaldata.
Weapplytheprocedure to analyzecoherentstructuresin an oceanicsetting, theonesaris-
ing from instabilities of the Algerian current, in the westernMediterraneanSea. Data
are from satellitealtimetry providing SeaSurfaceHeight, and the dynamicalmodelis a
two-layerquasigeostrophicsystem.A four-dimensionaldynamicalsystemis obtainedthat
correctlydescribetheobservedcoherentstructures(moving eddies).Finally, a bifurcation
analysisis performedon thereducedmodel.

65
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6.1 Intr oduction

In the lastdecadesthestudyof turbulentor extendedchaoticsystemshasenjoyed impor-
tantadvances.Two of themare,first, therecognitionof theexistenceandhighrelevanceof
coherentstructures(definedasstronglypersistentspatiotemporalstructuresin thedynam-
ical evolution of the system)in weakly andeven stronglychaoticsystems,and,second,
the borrowing of mathematicalmethodscomingfrom the studiesof nonlineardynamical
systems(see[10] andreferencestherein).

In bothsubjects,the introductionof thestatisticaltechniqueknown astheProperOr-
thogonalDecomposition(POD,alsoknownunderavarietyof othernames,suchasKarhunen-
Loève decomposition,methodof Empirical OrthogonalEigenfunctions,etc.) hasplayed
an importantrôle. It wasintroducedin thecontext of turbulenceby Lumley [69] andhas
revealeditself asanefficienttechniquefor finding,describingandmodelingcoherentstruc-
turesin turbulent fluids or extendedchaoticsystems.The purposeof POD is to separate
a givendatasetinto orthogonalspatialandtemporalmodeswhich mostefficiently absorb
thevariability of thedataset.

The power of POD hasbeenimplementedfollowing two differentpaths[10]: On the
onehandthePODis usedasastandardtechniqueto extractcoherentstructuresfrom empir-
ical datasets[70, 71]. Contrastingto FourierDecomposition,theeigenfunctionsobtained
from the POD may displayspatiallocalization,andthusprovide a moreefficient way to
representcoherentstructures.Theuseof empiricalinformationcanbepushedfurtherand
methodologiesfrom dynamicalsystemstheoryandotherfieldshavebeenusedin thePOD
framework, to provide usefulalgorithmsfor control [72] andprediction(seethe last two
Chaptersof this Thesis). On the other hand, the POD eigenfunctionsprovide a set of
basisfunctionswhich is optimum (at leastin a well definedlinear sense)for obtaining
low-dimensionalordinarydifferentialequation(ODE) approximationsstartingfrom mod-
els basedon partial differential equations(PDEs). The approximationis performedby
obtaininglong runsof thePDEs,performingthePODontothis syntheticdataset,andus-
ing theGalerkinmethodto projectthePDEmodelinto thesoobtainedPODeigenfunctions
[100, 73, 74].

Thesetwo potentialities,i.e. the ability to extract empiricalinformationfrom experi-
mentaldata,andtheefficiency in building low-dimensionalprojectionsfrom models,are
not frequentlyusedtogetherin theliterature.A remarkableexceptionis theuseof empiri-
cal eigenfunctionsobtainedfrom thePODof experimentaldatafrom a turbulentboundary
layer to build a low-dimensionalapproximationto the Navier-Stokesequations[75, 76].
We believe that, in somecircumstances,the projectionof theoreticalmodelsinto experi-
mentallyobtainedempiricalfunctionscouldimproveboththemodelandthedata.Thiswill
occurin situationssuchasin themodelingof naturalphenomena(oceanor atmosphericdy-
namics,for example)whereevenvery complex modelsmaybenot accurateenough,and
dataareunvoidablynoisy anddifficult to calibrate.Projectingthe modelonto the exper-
imentaleigenfunctionswill force it to stayinto the ‘right’ subspace,providing a kind of
dataassimilation[77] thatmaycompensatethelossof detailsinherentto low-dimensional
projections.On theotherhand,thetruncationinvolvedin thePODmethodimpliesa kind
of filtering providing noisereductionto thedataset.

Our aim in this Chapteris to explore the synergy betweenexperimentalobservation
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and low-dimensionalreductionvia POD, in the complex settingof environmentalfluid
dynamics. In particular, a model for coherentstructuresarisingfrom instabilitiesof the
Algeriancurrentin theMediterraneanSeawill besetupandanalyzed.

In theoceandynamicscontext, thekind of spatiotemporaldatasetsweneedfor ourpur-
posescanonly beobtainedfrom satelliteobservations.Therecentavailability of satellite
dataof theseasurfaceis allowing a deeperunderstandingof theocean.Satellitescontin-
uouslymeasureseatemperature,sealevel, chlorophyllconcentration,etc.,which increase
our knowledgeof oceancurrents,meansealevel changes,tides, or planktondynamics,
to namea few. In particular, in the last decadethe ERS and the TOPEX/POSEIDON
(T/P)satellitemissionshaveprovidedthescientificcommunitywith high-accuracy altime-
try data,which determinestheseasurfacelevel, this is, theheightof theseasurfaceover
a referencelevel on Earth.Amongotherrelevantscientificapplications,thesetypeof data
arespeciallyuseful for a betterunderstandingof the dynamicsof mesoscalephenomena
in the ocean.Mesoscalerefersto typical spatialscalesof f$® to f$®$® kilometersandtime
scalesof lessthanoneyear, andit is associatedwith movementsof oceaniccurrentsand
short-timeflow variations,andalsowith the formationandpropagationof oceaneddies.
Theseeddiesaregeneratedby interactionswith theoceanictopographyand/ormeanflow
instabilitiesandtheir importanceis enormous:for examplethey playa fundamentalrole in
theheattransportfrom low to high latitudes.

Somedetailsof the resultswe presentherearedeterminedby the peculiaritiesof the
datasetwearegoingto use.In particularwemainly focusin themotionof avortex which
is presentin the data,but is only describedby subdominanteigenfunctionsin the POD
results. This leadus to a model for this coherentstructure,but we do not try to model
the full dynamicsof whole dataset. We expect however that our generalmethodology
will beusefulin otherproblemsin which real-world noisyobservationsandcomplex but
imperfectPDEmodelsareavailable. Generalizationsof thePODmethodwhich take into
accountin a moreconsistentway dynamicconstraintshave beendeveloped[78, 79, 12]
andevenappliedto geophysicalcontexts [81, 78, 80]. We will usehowever, andjust for
simplicity, thestandardformulationof thePODtechnique.

The Chapteris organizedasfollows: in thenext section,we describethedataset. In
sectionIII, thesedataareanalyzedwith theProperOrthogonalDecomposition(POD).The
study of the most relevant of the eigenfunctionsallows the identificationof a coherent
structure,that is, a moving vortex or eddy. Then,in the following section,theassociated
temporalmodesof thePODeigenfunctionsdefiningtheeddyareprojectedoverahydrody-
namicmodelwhich, finally, providesa deterministicdynamicalsystemdependingon the
parametersof the model. In sectionV, the reconstructionof the moving vortex from the
dynamicalsystemmodelis performed.Next, in sectionVI thebifurcationanalysisof the
dynamicalsystemis shown. SectionVII concludesthis work.

6.2 Satellitealtimetry data

We analyzealtimetrydatafrom theT/P andERS-1satellitemissions[82]. Altimetry data
of the oceanprovide the SeaSurfaceHeight (SSH)over a referencesubstrate.The data
obtainedin bothmissionshave beenmerged(to obtaina betterspatiotemporalresolution)
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Figure6.1: a) A mapof theMediterraneanSea.In thesmallbox we show theareaunder
study. b) Showsoneof thealtimetryimagesobtainedfrom thesatellite.

on a commontime period, from October1992 to December1993and,finally, °$° maps
takenevery ÎI® dayson a ®E¯Y³�ÿ regulargrid areobtainedfor theWesternMediterraneanSea
[83]. Werestrictouranalysisto theareaknown astheAlgerianCurrent,localizedbetween®�±+Î�e�ÿ�� and fáe�±�°:®�ÿrõ , wherea strongmesoscaleactivity is observed [85]. A mean
flow moving eastwardsandparallelto thecoastof Algeria is themainfeaturein this area.
It undergoesinstabilitiesthat shedvorticesinto the westernMediterraneanbasin,greatly
influencingthephysicalandbiologicalprocessesin thisareaof theSea[84]. In Figure1 a)
weshow amapof theMediterraneanSea,andin thesmallboxtheareaunderstudy. Figure
1 b) showsoneof the °$° mapsthatwearegoingto analyse.

TheSSHfieldsallow theidentificationof coherentstructures(structuresapproximately
maintainedin the flow over long time periods)in geophysicalflows. In particular, areas
of higheraltimetricvaluesmaycorrespondto anticyclonic (clock-wise)vorticesandlower
onesmayindicatetheexistenceof cyclonic(anticlock-wise)vortices.Actually, thedatawe
haveusedarereferredto a meanlevel, i.e.,we analyzeSeaLevel Anomalies(SLA) where
the referenceheightis the temporalmeanof the data. This may give rise to someminor
problemsbecauseto obtainingtheSSHdata(theonewearegoingto needin ourmodeling
approach)is not assimpleasaddingthe meansealevel. This is becauseof the different
resolutionin thedataandwill beexplainedin detail in sectionIV.

6.3 POD analysisof the satellitedata

As it hasalreadybeenmentioned,thePODtechniqueis generallyusedto analyzeexper-
imentalor numericaldatawith theview in extractingtheir dominantfeatures,which will
typically be patternsin spaceandtime. On output, it providesa setof orthogonalfunc-
tions which are the eigenfunctionsof the covariancematrix of the data. Generally, this
setis orderedin decreasingsizeof thecorrespondingeigenvalue,thelargertheeigenvalue
meaningthe largerpercentageof thedatavarianceis containedin thedynamicsof corre-
spondingeigenfunction.Thus,if �¹©BAÉæVC­ærç�¬ is our datafield ( ©&AÉæDCÃ¬å¿ ß���� ¶ is thespatial
point and ç is time) to which the temporalaveragehasbeensubtracted,the POD basis. @ é�©BAÉæDCE¬	ærò�Á.Î$æ�¯í¯í¯PæÎ1�/ is obtainedaftersolving��� 4��¹©&AÉæDC­æ�ç�¬��¹©BA � æDC � ærç�¬Í¼ @ é@©&A � æDC � ¬ ø A � ø C � Á�«)é @ é@©&AÉæDCE¬	æ (6.1)
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being 4 ê�¼ Á Ü­ 	 ­Ð ê ø ç , i.e., the time average,and «Ãé the correspondingeigenvalues,
which areorderedin decreasingsize « Ü Ù « ¶ ÙÔ¯P¯í¯ Ù ® . Therefore,we have the modal
decomposition �¹©&AÉæDC­æ�ç�¬ÇÁ Ö�é � Ü Ë$é@©/ç�¬ @ é�©BAÉæDCE¬	æ (6.2)

wherethe Ë$é�©/ç�¬ aretheso-calledtemporalmodes.In addition,thefollowing orthogonality
conditionsarefulfilled � � @ ê ©&AÉæDCE¬ @�
 ©&AÉæDCE¬ ø A ø C�Á þ ê 
 æ (6.3)

ðÏË ê ©/ç�¬�Ë 
 ©/ç�¬ ñ Á Î¦ � ­Ð Ë ê ©/ç�¬�Ë 
 ©/ç�¬ ø çAÁ�« ê þ ê 
 æ (6.4)

where
þ ê 
 is theKroneckerdelta.

The optimality of the POD basisfunctionsmeansthat [10], amongall linear decom-
positionswith respectto an arbitrarybasis .
� é*©&AÉæDCÃ¬
/ , for a truncationor order õ , i.e.,� î ©&AÉæDC ærç�¬�Á ! îé � Ü Ë$é�©/ç�¬�� é@©BAÉæDCE¬ , with Ë$é@©�ç�¬�Á 	 � �¹©BAÉæVC­ærç�¬�� é�©&AÉæDCE¬ , the minimum error,
defining the error as � Á Í 	 � ©��ª±�� î ¬*¶ ø A ø C�� , is obtainedwhen .
� é�/ is the POD basis. @ é�©BAÉæDCE¬Î/ .

We now apply the POD analysisto the altimetry satellitedata. The resultsof this
areoutlinedin the following. Fig. 6.2 shows (in linear-log scale)the fractionof variance«Ãé/ÏÃ© ! î° � Ü «�°$¬ , givenby eacheigenvalue.It is clearlyseenthatmostof thevarianceis cap-
turedby thefirst andsecondeigenvalues.In Fig.6.3weshow thetemporalmodeassociated
to thefirst two eigenvalues,andthepowerspectrumof thefour dominantonesis plottedin
Fig. 6.4. Theannualseasonalperiodicity is clearlyobserved in the two dominantmodes.
Thisandmoredetailedobservationsin termsof acomplex versionof thePODonthesame
dataset[85] allow us to interpretthedynamicsgivenby thesedominanteigenfuntionsas
the seasonalresponseof the ocean(heatingin summerandcooling in winter) alongthe
annualcycle.

Therefore,to geta deeperinsight into thedata(andin particularin themesoscalephe-
nomena),we have to studyothereigenfunctionsthanthe first two. In Fig. 6.5 we show
againthe fractionof varianceof theeigenvalues(linear-log plot) but in this casewe have
removedthefirst two eigenvalues.We observe thateigenvaluesf
� � and ° ��� areequivalent
undertheerrorbar (for calculatingerrorbarsin PODeigenvaluessee[86]). In this case,
a linearsuperpositionof themcanrepresenta moving coherentstructure[70]. In Fig. 6.6
weshow thetemporalmodesassociatedwith eigenvaluesf � � and ° ��� . ThisFigure,andthe
correspondingpower spectrain Fig. 6.4 suggesta weaksemiannualperiodicity for both
modes.

Visualizationof the time evolution of the datafiltered to keepjust the eigenfuntionsf � � and ° ��� , i.e., �����"©BAÉæDC ærç�¬{Á Ë��%©�ç�¬ @ �"©BAÉæDCE¬ÍÆÉË��v©�ç�¬ @ �%©BAÉæDCE¬ , suggesta vortex moving
northward andeastwardsfrom the Algerian coast,in agreementwith the resultsof [85].
Theapproximateperiodicityof theassociatedtemporalmodesindicatesthatnew vortices
areshedfrom thecoastroughlyeverysix months.Describingthedynamicsof thiscoherent
structurefoundin theflow will beour goalin theremainingof theChapter.
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Figure6.2: Linear-log plot of the fractionof varianceof theeigenvaluesin termsof their
index.

6.4 Model and low-dimensionaldynamical system

The classicalway of usingPOD to obtaina low-dimensionaldynamicalsystemapproxi-
mation,whichtakesinto accountthemostrelevantfeaturesof thephysicalsystem,consists
in truncatingtheexpansion(6.2) to a particularorder[10, 100, 73, 74, 75, 76]. This order
is generallychosento containmostof the percentageof the varianceof the data. Then,
theequationsgoverningthedynamicsof thesystem(PDEsfrom which thedatamayhave
beengeneratednumerically)areprojectedover this particularGalerkinbasisanda system
of ODEsfor thetemporalmodesË:é@©/ç�¬ canbeobtained.Our approachis somewhatdiffer-
ent,first of all, ourdataarefrom satelliteobservationsandweneedaspecificmathematical
modelto describeapproximatelyourdata,andsecond,our interestfocusesin thedynamics
associatedwith the eigenfuntionsf � � and ° ��� which seemto containthe evolution of the
moving mesoscalevortex, andnot themoredominanteigenfunctionsÎ " � and ³ ° � .

Proceedingwith themodelingstep,andsupportedby marineexperimentalcampaigns
[85, 87], weassumethatthestrongmesoscaleactivity in theAlgeriancurrentis mainlydue
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Figure6.3: Temporalmodesassociatedthefirst two eigenvalues.Circlesarethedatafor
thefirst andsquaresfor thesecond.

to baroclinicinstability phenomena.This namerefersto the instabilitiesgrown from the
availablepotentialenergy associatedwith horizontalgradientsof density[2]. Therefore,
wechooseatwo-layerquasigeostrophicmodelasourbasicflow descriptionsincethis is the
minimalmodelaccountingfor thesetypeof instabilities.Layeredquasigeostrophicmodels
arewidely usedin oceanographicalmodelingandtheir mainassumptionis that theocean
behavesashaving different layerswheredensityis constantand,in all the different lay-
ers,geostrophicbalanceis maintained(i.e. Coriolis andpressureforcesnearlyequilibrate
via a quasibidimensionalflow). Actually, the spatialscalesof the chosenregion, andits
strongtopographicfeatures,leadhowever to importantdeviationsfrom quasigeostrophy.
Thus,thepostulatedmodelshouldbeconsideredat mostasa crudeapproximationto the
realdynamics.It is oneof theobjectivesof this Chapterto show that theempiricalinfor-
mationcontainedin thesatellitedatais incorporatedinto themodelduring theprojection
procedure,so that the final low-dimensionalmodelgivesa reasonabledescriptionof the
dynamics.

In theframeworkof multilayerquasigeostrophicmodels,everyfluid layer ò of density$$é
andthicknessÇEé is describedby astreamfunction %¹é , which is proportionalto thepressure
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Figure6.4: Power spectrumof thefirst four temporalmodes.Circles,first mode;squares,
secondmode;triangles,third mode;anddiamonds,fourthmode.

field within the layer, andsuchthat thehorizontalvelocities ä'&ÉÁ=©(�)é�æD,"é/¬ within the layer
verify ��é Áa± �*) ª� q and ,%é Á �+) ª� º . In our equations,thecoordinatedirectionsA and C will be
orientedalongthenorthwardandtheeastwarddirections,respectively.

Morespecificallyweusea two-layerquasigeostrophicmodelona betaplaneandover
topography. An eddy-viscosityandabottomfriction termsarealsoincluded.Theequations
definingthedynamicsof thestreamfunctionof bothlayersareÌ ÜÌ�ç , ë ¶ % Ü Æ ì Æ % ¶ ±-% Ü� ¶ Ü . Á ñÃë � % Ü æ (6.5)Ì ¶Ì�ç , ë ¶ % ¶ Æ ì Æ % Ü ±�% ¶� ¶¶ Æ ì Ð ¥/ ¶ . Á ñÃë � % ¶ ±§ã10@ë ¶ % ¶ æ (6.6)

wherethe subscript ò{Á Î ( ³ ) refers to the upper(bottom) layer, 2 ª2 � Á �� � Æ43H©(%�é�æ�ê�¬ ,%¹é@©BAÉæDC ærç�¬ is the layer streamfunction, ¥ð©BAÉæDCE¬ is the bottom topography, � Ü Á î È65ðÈ798 ,� ¶ Á î Ê 5 Ê768 , õ ¶Ü Á :�;6<5ÉÈ < Ê , õú¶¶ Á :�;(<5 Ê < Ê , where
þ $�Á=$ ¶ ±>$ Ü . ? thegravitationalacceleration,/ é is themeanthicknessof thelayer ò , and
ì

is theCoriolis parameter, which in thebeta-
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Figure 6.5: Linear-log plot showing the fraction of variancecontainedin the different
eigenvaluesstartingfrom thethird one.

planeapproximationdependson the latitudeas
ì Á ì ÐAÆw�ÃC . ñ is theeddy-viscosityandã10 is thecoefficient describingfriction with thebottomof thesea.TheJacobianoperator3A©/ßÝæ4á ¬ is definedas: 3A©6ßóæ4á�¬HÁ è ßè A è áè C ± è ßè C è áè A ¯ (6.7)

More detailsaboutquasigeostrophicdynamicscanfoundfor examplein Refs. [2] and
[89]. A moreexplicit way to write our equations(6.5) and(6.6) isè ë�¶+% Üè ç Æ Î� ¶ Ü è ©(% ¶ ±>% Ü ¬è ç Æ è ë�¶+% Üè A è % Üè C ± è ë÷¶*% Üè C è % Üè A± Î� ¶ Ü í è % Üè A è % ¶è C Æ è % Üè C è % ¶è A î Æ � è % Üè A Á�ñEë � % Ü æ (6.8)è ë�¶+% ¶è ç Æ Î� ¶¶ è ©(% Ü ±>% ¶ ¬è ç Æ è ë�¶+% ¶è A è % ¶è C ± è % ¶è A è ë÷¶+% ¶è C
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Figure6.6: Temporalmodesfor thethird andfourth eigenfunctions.Squares,third mode;
circles,fourthmode.

± Î� ¶¶ í è % ¶è A è % Üè C Æ è % ¶è C è % Üè Anî Æ ì ¶Ð? / ¶ í è % ¶è A è ¥è C ± è % ¶è C è ¥è Aèî Æb� è % ¶è A ÁñÃë � % ¶ ±Uã10@ë ¶ % ¶ (6.9)

In this modelthestreamfunctionof theupperlayer is % Ü ©BAÉæDC ærç�¬ÖÁ :798 ÇÉ©BAÉæVC­ærç�¬ whereÇÉ©BAÉæDC ærç�¬ is theheightof theseasurfaceover thepoint ©BAÉæVCÃ¬ at time ç . This lastquantity
is theonelinked to thesatelliteobservationson which we have performedthePOD.It is
importantto notethatin equations(6.8) and(6.9) wehavenotconsideredanannualforcing
termwhichaccountsfor thetheseasonalvariability of theAlgerianCurrent.This is avery
importantfact for thenext stepin our approach,theprojectionontoa particularGalerkin
basisdeterminedfrom theobservations.We assumethefollowing ansatz:% Ü ©&AÉæDC ærç�¬ Á 4C% ©BAÉæDC ærç�¬Ö¼ ÆD% � ©&AÉæDC ærç�¬Á ?ì Ð ©�4 ÇÉ©BAÉæVC­ærç�¬Ö¼àÆFEË��"©�ç�¬ @ �%©BAÉæDCE¬ ÆGEËH�%©�ç�¬ @ �v©BAÉæDCE¬r¬3æ (6.10)

wherethe temporalcoefficients EË��%©�ç�¬ and EËH�%©�ç�¬ will be calculatedin the following sec-
tions and, finally, comparedwith the POD temporalcoefficients Ë��%©/ç�¬ and ËH�v©�ç�¬ . With
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(6.10) we assumethat thestreamfunction % Ü (which is proportionalto theheight)of the
upperlayer is decomposedin its temporalmean 4I% ©BAÉæVC­ærç�¬ ¼ÂÁ :798 4ÌÇÉ©BAÉæVC­ærç�¬�¼ , ac-
countingfor the annualmeanflow, and a perturbation% � ©BAÉæDC ærç�¬úÁ :798 ©*EË��%©�ç�¬ @ �I©BAÉæDCE¬ÖÆEËH�v©/ç�¬ @ �%©&AÉæDCÃ¬�¬ , which modelsthemesoscaleprocesses[88]. Theperturbationbasisfor the
height . @ �"©&AÉæDCÃ¬3æ @ �I©BAÉæDCE¬Î/ is what we have obtainedfrom the POD analysisof the data,
andtheway to calculatetheannualmeanwill bedetailedat theendof this Section.

As wehavenorealmeasurefor thebottomlayer(thesatellitesensorsgetdatajust from
theseasurface),we needto make someadditionalhypothesisin our model. We propose
thefollowing ansatzfor theexpansionof thebottomlayer’s streamfunction% ¶ ©&AÉæDC­æ�ç�¬ Á ±KJ~C ÆML¡A�Æ ?ì Ð ©6Å+�%©/ç�¬ @ �"©BAÉæVCÃ¬ðÆ�Å+�v©�ç�¬ @ �%©BAÉæDCE¬r¬3æ (6.11)

where J and L are parametersof our model and simulatethe eastward and northward
velocity, respectively, of thebottomlayerflow. Thephysicalmeaningof (6.11) is that the
perturbationsfrom the meanflow for the bottom layer are generatedby the samebasis
functionsas the upperone thoughwith, obviously, different temporalcoefficients. The
mostimportantfeaturein theformeransatzis themeanflow, parameterizedwith J and L .
Thevaluesof theseparametersnot only determinetheintensityof themeanflow but also,
andmostimportantly, its directionandsense.Discussionsaboutthe rôle of the different
valuesof J and L will begivenin thenext section.

Projectingexpansions(6.10) and(6.11) over equations(6.8) and(6.9) andusing the
orthogonalityrelationsof thePODbasis

@ é@©&AÉæDCE¬ , weobtaintheevolutionequationsfor the
coherentstructure’s temporalamplitudesEË$é and Å4é ( ò¹Á�fEær° ),ø EË$éø ç Á Á Ü ë é�EË ¶� ÆnÁ ¶ ë éNEË ¶� ÆKÁO�Vë éNEË���ÆKÁP�Dë é�EËH�HÆnÁOQVë é�EË��HEËH�Æ ÁORVë é?Å ¶� ÆKÁOS�ë é�Å ¶� ÆnÁOTVë é�Å+��ÆKÁOUVë é?ÅN�HÆnÁ Ü ÐVë é�Å+�3ÅN�HÆnÁ Ü�Ü ë é�æø Å;éø ç Á » Ü ë é�EË ¶� Æ§» ¶ ë é�EË ¶� Æ�»V�Vë é�EË��ÇÆ§»V�Dë é ø ¶ Æ�»VQVë é�EË��HEËH�Æ »WRVë é?Å ¶� Æ§»�S�ë é�Å ¶� Æ�»VTVë é/Å+�ÇÆ§»WUVë é�ÅN�ÇÆ�» Ü ÐVë é/Å+�3Å+�ÇÆ�» Ü�Ü ë é�¯ (6.12)

Thecoefficients Á ê ë é and » ê ë é ( Ù Á Î$æ�¯í¯Pæ�Î�Î and òïÁÌfEæ;° ) arerealnumbersthatdepend
on theparametersof themodelandon integralscontaining 4=%�¼ ,

@ �"©&AÉæDCE¬ , @ �%©&AÉæDCÃ¬ , the
andtheir derivatives.Their explicit expressionsarequitecomplex andhave beenobtained
by computeralgebraicmanipulation. We do not write down hereall theseinvolved ex-
pressions.Justto give an exampleof them,in AppendixA we displaythe mathematical
expressionfor » Ü ÐVë ¶ .

We finally proceedto explain how to obtain the meanflow 4X% ©&AÉæDC­æ�ç�¬ ¼ , without
which the coefficients in (6.12) remainundetermined.Somemanipulationsof the data
are neededbecauseof the badspatialresolutionof the available meanfield. We recall
thatwe aredealingwith SeaLevel Anomaly(SLA) dataobtainedfrom thetwo altimetric
missionsERS-1andT/P. Theseareconvenientlytreatedto obtainregular mapsin space
andtime every 10 daysandon a ®E¯Y³�ÿ regular grid. TheseSLA arerelative to the annual
meansealevel and,therefore,we needthis annualmeanto obtainthe total heightof the
seasurfaceandthusbeableto make relationbetweentheempiricaleigenfunctions

@ � , @ �



76 Low-dimensionaldynamicalsystem

andthedynamicvariable % Ü of thequasigeostrophicmodel(seeEq.6.10). Unfortunately,
the annualmeansealevel dataarenot manipulatedto improve their resolution,andwe
have just the T/P data,of a very coarseresolution(around ³5¯$��ÿ ) to calculatethis annual
mean. Therefore,we needto interpolatetheseto a ®E¯Y³�ÿ regular grid andthento addthe
resultingannualmeanto theSLA data,in orderto obtaina consistentSSHfield. But, all
thesemanipulationsare,at the end,manifestingwhenwe solve Eq. (6.12) in sucha way
that EË��%©�ç�¬ and EË��"©/ç�¬ havenonzeroaverage,in contrastwith thePODtemporalmodes,Ë��%©�ç�¬
and ËH�%©�ç�¬ , calculatedfrom data,i.e.,Î¦ � ­Ð EË$é@©�ç�¬ ø çà Á ®Eæ ò¹Á�fEær°Ã¯ (6.13)

In order to heal this, we proceedwith an assimilation-like approach:we modify the
annualmeansealevel, which hasbeenobtainedinterpolatingtheT/P data,by addingthis
nonzeroaverage,i.e.,ÇE·Ò©&AÉæDCÃ¬HÁ�Ç ­ZY�[· ©BAÉæVCÃ¬ðÆ ì Ð? Î¦ � ­Ð EË��%©/ç�¬ö© @ �"©&AÉæDC ærç�¬ ÆGEËH�v©�ç�¬ @ �"©BAÉæDC ærç�¬r¬ ø ç3æ (6.14)

being ÇE·Ò©&AÉæDCE¬ thenew annualmeanheightand Ç ­ZY�[· ©BAÉæDCE¬ is the interpolatedT/P annual
meanheight.Finally, andwith highnumericalaccuracy, thenew temporalmodesobtained
from Eq.(6.12) havenow temporalzeroaverage.

Summingup, the datawe areusingalongthis Chapterareobtainedby addingto the
SLA datathe above calculatedÇÃ· ©&AÉæDCÃ¬ field. It is importantto notethat becausein the
PODanalysiswesubstractthemeanfield of thedata,thequalitativefeaturesof theanalysis
are similar if we analysethe SLA dataor the SLA plus the ÇÃ· field. Nonetheless,the
quantitativedifferencesarenotnegligible atall at thelevel of thedynamicalsystem(6.12).

The four-dimensionaldynamicalsystem(6.12), now fully defined,is thedesiredlow-
dimensionalapproximationaimedto describethecoherentstructuresin ourdataset.In the
next Sectionwe show that thedynamicsof theobservedcoherenteddyis recoveredfrom
(6.12).

6.5 Numerically generatedcoherent structur edynamics

We now proceedto integratethe equations(6.12). First, typical valuesfor the param-
etersof the quasigeostrophicmodel (6.8) and (6.9) are needed. At mid-latitudes,ade-
quatevaluesfor the parametersgiving the Coriolis force are �ÔÁ Î$¯W® ÎI®�Û)Ü�ÜD\úÏ  andì ÐÖÁ+ÎI® Û �  Û)Ü [2, 3]. In addition,for theAlgerianCurrentareathevalues$ Ü Á.ÎI®:³Re ÙZ?EÏ
\ �
and $ ¶ ÁôÎI®:³�Ü�Ù�?ÃÏ]\ � areadequatefor the densitiesof the upperandbottomlayer and/ Ü Á?f$®$®^\ ,

/ ¶ Á�fáev®$®1\ for theirmeanheights.Thebottomtopography¥É©&AÉæDCÃ¬ arereal
dataobtainedfrom thedatabasisat theURL ’http://modb.oce.ulg.ac.be/Bathymetry.html’.
For thefriction parameterwith thebottomtopographywe take a valueof ã10nÁ Î$¯$e�Î�® Û R .
A typical valuefor theeddyviscosityat thescaleswe areworking is ñúÁa³v®$®D\ ¶ Ï  . The
remainingparametersarethegeostrophicvelocitiesof thebottomlayer. This is a difficult
tasksincenobodyreally knows whathappensin thedeepwatersof theAlgerianCurrent.
Anyway, recentresultsobtainedby the PRIMO-1 experimentin the channelof Sardinia
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[85] seemto indicatethat typical velocitiesfor thedeeplayer areratherweak(of the or-
derof 1 S*\úÏ  ), thoughit is not clearif thedeeplayer flow (dlf) is westwardor eastward.
Thereforewe assumedlf following theupperlayer, this is northeastward,with typical val-
uesof: J ÁieÐS*\úÏ  and L.Á�e~S*\úÏ  . In thenext Section,othervaluesof J and L will be
discussed.

Fig.6.7shows EË��"©�ç�¬ and EËH�v©/ç�¬ obtainedby integrating(6.12) with afourthorderRunge-
Kuttamethod.Theperiodicityof both is evident,beingtheperiodof around5 moths,in
good agreementwith the observed one. If someannualforcing would be addedto our
model, this periodwould probablylock to the semiannualharmonic,still improving the
agreement.The shapeof the oscillation in the calculatedevolution is much more reg-
ular than the experimentalone, as expectedfrom a cleansimulationversusnoisy data.
In Fig. 6.8 we show a temporalsequenceof the coherentstructuredynamicsgiven byEË��%©/ç�¬ @ �"©&AÉæDCÃ¬�Æ_EËH�v©/ç�¬ @ �%©BAÉæVCÃ¬ from thecalculatedtemporalmodes.An eddyappearsnext
to thecoastandmovesnortheastward,theprocessbeingrepeatedfivemonthslater. This is
fully consistentwith theobserveddataandconfirmsthesuccessin our taskof obtaininga
low-dimensionalreducedmodel.Sensibilityof theresultsto variationsin thevalueschosen
for theparametersis discussedin termsof a bifurcationanalysisin thenext Section.

6.6 Bifur cation analysis

Thevalueof theeddyviscosity ñ is somehow arbitrarysinceit would dependon thescale
of observation. Thus,a discussionof the variationsin modelbehavior as ñ variesis in
order. We analyzenumericallyour systemof four ODE’s (6.12) with thehelpof thesoft-
warepackageDstool [90] which integratesthe systemwith a fourth orderRunge-Kutta.
We changethe eddy-viscosityparameterñ , which is proportionalto the inverseof the
Reynoldsnumber, andobserve the bifurcationbehavior. The restof the parameterstake
thesamevaluesasin theformersection.It shouldbenotedthat in principletheempirical
eigenfunctionswouldvary in asystemwith varying ñ , but sincewe justhaveexperimental
datafor theactualvalueof theeddyviscosityin theoceanat theobservedscales,we keep
theparametersin (6.12) asdeterminedfrom thePODof theobserveddata.Thebifurcation
diagramis outlinedasfollows:3 For ñÔÙ�³5Î"³`\ ¶	Ï  therearesix fixedpoints.Two of themarestableandtherestare

unstable.3 When ñ{Á ³5ÎI³K\ ¶ Ï  a Hopf bifurcationoccurs.Oneof thestablefixedpoints(the
onelocalizedat theorigin) getsunstableby decreasingñ anda limit cycle appears
surroundingit. Thelimit cyclepersistsfor all thevaluesof theviscositysmallerthan³5ÎI³a\ ¶ Ï  . The systemundergoesno new bifurcationsby decreasingthe viscosity
parameter.

The main dynamicalfeaturein our model is thusthe existenceof a Hopf bifurcation
which givesbirth to a limit cycle for a long rangeof ñ values,includingthephysicalones
at thescaleswe areworking. All theselimit cycle solutionsgive rise,afterreconstruction
of the coherentstructurewith the help of the empiricaleigenfunctions,to traveling wave
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Figure6.7: Temporalevolutionof thethird andfourth temporalmodesobtainedby numer-
ical integrationEq.6.12

patterswith a periodof aroundsix months. In particular, the moving eddy identified in
section6.5 is just one of thesesolutions. Moreover, the rest of the fixed points in the
secondregime, i.e. when ñbu ³5ÎI³ , seemto have no physicalsignificanceastheir basins
of attractioncorrespondto veryhigh valuesof theinitial conditionfor EË$é@©�ç�¬ ( ò¹Á�fEær° ), i.e.,
high valuesof the seasurfaceheight. When the eddy-viscosityis too large, the system
evolvestowardsa stablefixed point, with no moving coherentstructures,asexpectedon
physicalgrounds.

To giveastrongersupportto theformeranalysis,wehave testedour ODEsystemwith
othervaluesof thedlf velocity. We have observednumericallythefollowing behaviour of
thesystem:3 High valuesof J or L , ÚaÎI®åS*\úÏ  , producedivergingsolutions,with nofixedpoints

for any valueof ñ . Very low values( Ú Î�®�Û�¶®S*\úÏ  ) giverisealsoto unboundedsolu-
tions for any initial conditionin somerangeof high viscosityvalues(low Reynolds
number),which is not reasonableon physicalgrounds.3 Changingsignin J , that is, assuminga westwardflow in thebottomlayer, doesnot
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Figure 6.8: Numericalreconstructionof vortex sheddingand motion nearthe Algerian
coast.After h) thesamesequenceis repeated.Thebluearea(higheraltimetricvalues)next
to the coastcorrespondsto an anticyclonic vortex (the moving coherentstructureunder
study).In thefigure,it alwaysappearswith its correspondingcyclonicvortex (redarea).

changeconsiderablythebifurcationdiagram,but theamplitudeof the limit cycle is
too big whenreasonablevaluesof the viscosity (around ³�®$®b\ ¶4Ï  ) areused. On
thecontrary, changingsign in L or in J and L simultaneouslygivesrise to a ODE
systemwhereall thesolutionsareunbounded.

We think theseareenoughreasonssupportingthe chosendirectionandmagnitudeof
thevelocityof thedlf, thatis,anortheastwarddirectionandtypicalvaluesfor thehorizontal
velocitesarounde S*\úÏ  .
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6.7 Summary

In thisChapterwehaveusedtheProperOrthogonalDecompositiontoobtainalow-dimensional
dynamicaldescriptionof coherentstructuresobserved in satellitedataof a region of the
MediterraneanSea. First, analysisof the altimetric satellitedatavia the POD allows the
identificationof a moving vortex in the oceansurface. Second,projectionof a two-layer
quasigeostrophicmodelontotheempiricalbasis,togetherwith somephysicalassumptions
ontheunobservedpartof thesea,allow theconstructionof afourth-orderdynamicalsystem
thatgivesa reasonabledescriptionof thedynamicsof thecoherentstructure,in particular
its periodandamplitude.It is remarkablethata crudePDEmodel,andnoisydata,canbe
mergedto obtainanefficient reducedmodel.



Chapter 7

Forecastingconfinedspatiotemporal
chaoswith geneticalgorithms

A techniqueto forecastspatiotemporal timeseriesis presented.It usesa ProperOrthogo-
nal or Karhunen-LòeveDecompositionto encodelarge spatiotemporal datasetsin a few
time-series,and GeneticAlgorithmsto efficiently extract dynamicalrules from the data.
The methodworks very well for confinedsystemsdisplayingspatiotemporal chaos, as
exemplifiedhere by forecastingthe evolution of the one-dimensionalcomplex Ginzburg-
Landauequationin a finitedomain.

81
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7.1 Intr oduction

Nonlineartime-seriesanalysisprovidestoolsto identify dynamicalsystemsfrom measured
data[91]. The approachhasbeengreatlydevelopedin the last yearsasa powerful alter-
native to linear stochasticmethodsin the modelingof irregular time-seriesandprovides,
underthe assumptionof deterministicbehavior, useful recipesfor systemcontrol, noise
reduction,and forecasting. Applicationsof thesetechniquesto situationsof spatiotem-
poral chaos,however, is still in its beginnings[92, 93]. Therearetwo main reasonsfor
this: a) thelargeattractordimensionsof spatiotemporallychaoticsystems,increasingwith
systemsize,posesseriousdifficultiesto thestandardmethodsof delayembeddingandat-
tractorreconstruction;b) theright choiceof variablesis far from obvious:whereasthetime
evolution of anobservableat a particularspacepoint couldbeenoughin someparticular
situations,decayingspacecorrelations,andpropagationphenomenawould turn this to be
apoorlyperformingchoicein mostcases.

A very efficient methodfor time-seriespredictionusingGeneticAlgorithms(GA) has
beenrecentlyproposedin [94] for nonextendedsystems.Comparatively small datasets
areenoughto usethis technique,which makes it competitive in facingdifficulty a) i.e.,
predictionin thepresenceof attractorsof largedimension.In somecases,evennon-trivial
functional forms of dynamicalsystemsgeneratingthe datacanbe unveiled [95]. In this
Chapterwe extendtheGA approachto the forecastingof confinedspatiotemporalchaos.
By thiswemeanthesituationin whichchaoticdynamicsin anextendedsystemis strongly
affectedby the presenceof boundaries.Our interestin this situation,somehow interme-
diatebetweenlow-dimensionalchaosandhomogeneousextensive chaos,arisesfrom its
relevanceto real experimentalsituations[96, 97], and from recentwork [98] leadingto
theoreticalunderstanding:the boundariesbreaktranslationalsymmetryandthe resulting
phaserigidity restrictsthe shapeof the chaoticfluctuationsallowed. This manifestsfor
examplein theappearanceof nontrivial averagepatterns[96, 98] andin inhomogeneities
in otherstatisticalcharacteristics[97, 99]. Underthesecircumstancesthe Empirical Or-
thogonalFunctions(EOF’s) [10, 100] obtainedfrom a ProperOrtogonalDecomposition
(POD,alsoknown asKarhunen-Lòeve decomposition)provide an excellentbasisfor de-
scribingthesystemdynamics.They aredifferentfrom simpleFouriermodesandcontain
information(optimal in a precisesense)on thebrokentranslationalsymmetry. Theampli-
tudesof themostimportantEOF’swill bethevariableschosenin responseto difficulty b).
By increasingsystemsize,thedynamicswould leave theregimeof confinedspatiotempo-
ral chaosandat somepoint extractingandusinginformationon local structuresasin the
methodsof [92, 93] would becomeadvantageousover thePODrepresentation.TheGA’s
howevercouldstill beusedaspredictorsfor thenew representation.

7.2 Method

We now describemorein detail our methodfor spatiotemporalforecasting,in which the
PODis usedto encodethe largespatiotemporaldatasetin a few time-series,andtheGA
approachis usedto obtainthecorrespondingforecasts.Givena time seriesof spatialpat-
terns J ©&�HæDºð¬ , whereº Á.Î$æö¯P¯í¯Pæ;õ labelsthetemporalsequenceand � the c spatialpoints
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in a
ø
-dimensionalmesh,thePODdecomposesthefluctuationsaroundthetemporalmean�¹©B�HæVºð¬ ( J ©B�ÇæDºð¬Ò±ÌðdJ ©B�HæVºð¬ ñ ° into modesranked by their temporalvariance. As a

result, a set of spatialEOF’s andassociatedtemporalamplitudefunctionsare obtained.
The EOF’s

@ é�©B��¬ ( ò Á Î$æö¯P¯í¯Pæ+c ) are the (orthogonal)eigenfunctionsof the covariance
matrix of the data ãª©&�HæV� � ¬ Á ð(�¹©B�HæVºð¬��¹©&� � æDº ¬ ñ ° and are the spatialstructuresstatisti-
cally morerepresentative of thefluctuationsin thedataset.TemporalamplitudefunctionsË$é@©Bºð¬ , describingthe dynamicsof the system,are obtainedfrom the modaldecomposi-
tion ��©&�HæDº ¬ Á !feé � Ü Ë$é@©�º ¬ @ é@©B�É¬ . If only ´ 4gc of the EOF’s (the onescontainingthe
highesttemporalvarianceasmeasuredby thecorrespondingeigenvalues)areusedin the
reconstructionprocess,thesetof reconstructedpatterns��h ©B�HæDº ¬AÁ h�é � Ü Ë:é�©�º ¬ @ é�©B��¬ (7.1)

is still thebestapproximationonecanobtainby linearlycombininǵ arbitraryspatialpat-
ternsmultipliedby ´ arbitraryamplitudefunctions[10]. Evenmore,it hasbeenshown for
severalchaoticandeventurbulentconfinedsystems[10, 100] thattakinga few dominating
modeśÍ4¡4Cc providesa goodapproximationto thecompletedataset.

Forecastingof theamplitudefunctionsis performedwith aGeneticAlgorithm. In gen-
eral,GA’sarecomputationalmethodsto solveoptimizationproblemsin which theoptimal
solution is searchediteratively with stepsinspiredin the Darwinianprocessesof natural
selectionandsurvival of the fittest [101]. Herethe optimizationproblemto be solved is
finding theempiricalmodelbestdescribingthedata,that is, finding theoptimumfunctioni é thatminimizesthedifference� ¶é ( ! î° � Ü ©�Ë:é�©�º ¬H±kjË:é@©�ºð¬�¬ ¶ betweenthevaluesË$é�©�ºð¬ of
eachtimeseriesandthecorrespondingestimatorgivenbyjË:é�©�º ¬DÁ i é�Ó Ë:é�©�º ±àÎ"¬3æ
Ë$é@©Bº ±�³$¬	æ�¯í¯í¯Pæ
Ë$é�©�º²±UÌ ¬�× æ (7.2)

with Ì+Æ Î uiº u�õ . Finding
i é�æ;ò�Á+Î$æ�¯í¯í¯Pæ*c amountsto identify thedynamicalsystem

behindthe dataset. Oncefound,Eq. (7.2) canbe usedto predictthe future evolution of
thesystem.If Ì is large enough,theexistenceof theexact

i é ’s is guaranteedby Takens
theoremandits extensions[91], but a smaller Ì cangive approximatedynamics

i é with
alreadya reasonablylow error �Ñé . In addition,we arenot looking for all the c estimators
but only for the ´ associatedto the dominantEOF’s. In our approach,the time-series
associatedto eachEOFaremodeledindependently. More generalmultivariateestimators,
with each jË$é possiblydependenton different Ë � ’s,mayin principlebeused,but we restrict
to thechoice(7.2) for algorithmicsimplicity.

Thepowerof theGA residesin thatahugefunctionalspaceis exploredin orderto find
anoptimal

i é . Eachpossible
i é is a formulaconsistingin acombinationof numericalcon-

stants,variables,andarithmeticoperators.This combinationis storedin thecomputerasa
symbolicstring.Theonly limitation to theallowedfunctionalforms(besidesthelimitation
to arithmeticoperations)is themaximumallowedlengthof thesymbolicstring.Thesearch
procedurebegins by randomlygeneratingan initial populationof potentialestimators

i é
thatwill besubjectedto theevolutionaryprocess.Theevolution is carriedoutby selecting
from theinitial populationthestrongestindividuals,i.e. thefunctionsthatbestfit thedata,
giving asmaller�né . In practice,only a temporalpartof thedatasetis usedin this step(the
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trainingset), whereastherestof thedataareusedlater for validatingtheefficiency of the
predictionmethod(validatingset). The strongeststringschoosea matefor reproduction
while the weaker stringsdisappear. ‘Reproduction’consistsin interchangingpartsof the
symbolicstrings(the ‘geneticmaterial’)betweenthetwo matingindividuals. As a result,
a new generationof individuals(which includestheoriginal ‘parent’ string) is generated.
Thenew populationis thensubjectedto mutationprocessesthatchange,with low proba-
bility, smallpartsof thesymbolicstrings.Theevolutionarystepsarerepeatedwith thenew
generation,andtheprocessis iterateduntil anoptimumindividual is finally foundor after
a fixednumberof generations.Furtherdetailsaboutthe implementationof thealgorithm
canbeconsultedin [102].

Theformulae
i é areonly optimizedfor predictingthevalueof Ë$é@©�º ¬ in termsof the Ì

amplitudesimmediatelybeforein time. We call this ‘one-step-aheadforecast’.Onecanin
principleiteratetheformulaeto obtainsuccessively predictionsfor Ë$é@©BºÖÆúÎ"¬ , Ë:é�©�º Æ½³$¬ , etc.
But this will normally leadto resultsrapidly diverging with respectto the correctvalues
becauseof erroraccumulationandamplification[94].

However, GA’s canbe designedspecificallyto forecastvaluesof the time seriesnot
necessarilyin theimmediatefuture. For example,finding thefunction

i ­é minimizing the
errorbetweentheactualseriesandtheestimatorjË:é ­ ©�º ¬DÁ i ­é ÓòË:é�©�º²±�¦ ¬	æDË:é�©�º ±F¦|± Î"¬	æö¯P¯í¯PæDË:é�©�º²±UÌ ¬�×:æ (7.3)

with ÌÞÆ�Î#uÌº�u õ , allows direct predictionof Ë:é@©2õ Æw¦ ¬ , that is prediction ¦ -steps
ahead,without iteration.

7.3 Numerical results

To illustratetheforecastingmethodwe generatea datasetfrom numericalsimulationof a
well-studiedmodelequationdisplayingspatiotemporalchaos,theone-dimensionalCom-
plex Ginzburg-Landauequation(CGLE),supplementedwith Dirichletboundaryconditions
at theendsof afinite interval [100]. It is convenientfor our purposesto write it asè � ß�©BAÉæ�ç�¬DÁ » ¶ ©@Î Æµ8Ç¬ è ¶º ß�Æ�ß�±�©*Î Æ§òÏ�¹¬*ß ý ß ý ¶ æ (7.4)

where» , 8 , and � arerealandpositiveand ß�©&AÉærç�¬ is acomplex-valuedfield. Wesolveit in
theinterval Ó�®5æVc × sothattheboundaryconditionsread ß ©2®:¬ Á ß ©Bc�¬ Á ® . By simplescal-
ing of thespatialcoordinateoneseesthat this is equivalentto rewriting theequationwith» Á Î , but solving it in a domainof size d�Á�c�Ïv» . Thustheparameter» is equivalentto
aninversesystemsize,anddecreasingit is equivalentto increasingsystemsize.Following
[100] we fix 8 Á=° and � Á ±Â° [103]. For »K4�®E¯Y³ the systemdisplaysspatiotemporal
chaosfor mostof the initial conditions. Decreasing» oneencountersthe regime of con-
finedspatiotemporalchaosweareinterestedin beforeapproachinghomogeneousextensive
chaosat largesystemsizes( »ªâ ® ) [104]. Accordingto [100], thecorrelationdimension
of thedynamicalattractorfor »ªÁ�®E¯PÎö° is ÜE¯W®R� . We sampleour simulationevery ¥üÁ ®E¯íÎ
time unitsandat spatiallocationsseparatedl Áýc�Ï�ÎI®$® spaceunits,andfollow it for �$®
time units ( �$®$® samples)after discardingthe initial transientstartingfrom randominitial
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Figure7.1: Spatiotemporalevolutionsof J ©BAÉæDº ¬ , asgivenby theCGLEfor »yÁ�®E¯íÎ"³ (left)
and »yÁ ®E¯PÎ�´ (right). Black correspondsto J Á ® , andlightergrayto highvaluesof J .

conditions(this samplingleadsto õ ÁÒ�$®$® and c Á ÎI®$® ). This will be our ‘training
set’ to befeedinto theGA. Thesimulationis thencontinuedfor a few moretime units,to
providethe‘validationset’which is hiddento theGA. It is usedlaterto checktheaccuracy
of thepredictions.

We chooseasthe basicfield to be forecastedthe modulus J ©BAÉæDº ¬ Á ý ß�©&AÉærçAÁ�º2¥�¬ ý
of the complex field. The algorithm seemsto performslightly betterin forecastingthe
real or the imaginarypartsof ß , but we use J to show that the algorithm works well
with nonlinearcombinationsof thebasicdynamicalquantities.In Fig. (7.1) weshow parts
of typical spatiotemporalevolutions for »BÁ ®E¯íÎ"³ and »BÁ ®E¯íÎI´ . Clearly, reducing »
decreasesthespatialscales,ascorrespondingto aneffectively largersystemsize,but also
the complexity of the evolution is increased.In both casesit is clear that the motion of
the dynamicalstructuresis constrainedby the presenceof the walls, ascorrespondingto
confinedspatiotemporalchaos.

We solve Eq. (7.4) for » Á ®5¯PÎ«�5æ4®E¯íÎI´Eæ4®E¯íÎ�°Ãæ;®E¯PÎI³ andperformthe POD on the fluctu-
ations �¹©&AÉæDºð¬ of the modulusaroundits temporalmeanvalue in the resultingdatasets.
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Figure7.2: Thefirst two EOF’s (a andb), andthecorrespondingtimeamplitudefunctions
(c andd) from thetrainingsetat » Á�®E¯íÎI´ .
Thenumberof relevantEOF’s (whichwedefineto bethoseaccountingfor at least Ü�Ü�v of
thedatavariance[100]) arerespectively Ü , Î$Î , Î�f , and Î�e . We notethat this confirmsthe
expectedapproximatelinear scalingof the numberof EOF’s with increasingsystemsized ( w »�Û)Ü )[105]. It is somehow surprisingthat this extensive scalingappearseven when
chaosis not homogeneous,but still influencedby the boundaries.This fact hasbeenob-
servedin othersystemsbefore[97, 99]. For illustrativepurposes,weshow in Fig. (7.3) the
two mostrelevantEOF’s from our trainingsetat »yÁ�®E¯íÎI´ , andthecorrespondingtemporal
amplitudefunctions.Thechaoticcharacterof theseseriesis evident.

Wenext applytheGA to eachof theamplitudefunctionsof therelevantEOF’s. Weuse
thefollowing parametersfor all thevaluesof » : numberof generationsin theevolutionary
process³�®$®$® , numberof individualsin eachgenerationÎ"³�® , maximumnumberof symbols
allowed for eachsymbolic string ³v® , maximumdelay in (7.2) or (7.3) Ì Á Î�� [106].
Tuningof theseparametersfor eachparticularvalueof » would improve forecasting,but
would make comparisonsmoredifficult. Predictionsfor thefield �¹©BAÉæ�ç�¬ arethenbuild up
by reconstructionaccordingto (7.1) with ´ thenumberof relevantEOF’s definedabove.
In Fig. (7.3) we show theone-step-aheadforecastedfields,moreconcretelytheprediction
for thefirst stepbeyondthetrainingset, º Á��$®EÎ . It is comparedwith theactualnumerical
patternin the validation set, for »�Á ®E¯íÎ"³5æ4®E¯íÎ�° and »�Á ®E¯PÎ�´ , displayingan excellent
performance.
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Figure7.3: Theforecastedmoduli fields(dashedline) ascomparedto therealones(solid)
for one-step-aheadpredictionfor severalvaluesof » .

We quantifythequality of thepredictionin termsof themeansquareerror ��¿I©�º ¬ :� ¶¿ ©�ºð¬ ( Îc e��V� Ü T j��h ©&A²Á�{�l æDº ¬�±>��©&A ÁM{Zl æDº ¬ X ¶ æ (7.5)

where j� h ©BAÉæVºð¬ is the predictedpatternreconstructedfrom Eq. (7.1) and �¹©&AÉæDºð¬ is the
actualpatternfrom thevalidationset.As statedbefore,GA’s canbeusedto predictfuture
valuessometime stepsahead,without the needof iteratingthe one-step-aheadpredictor
(whichearlybecomesuselessbecauseof theexpectedexponentialgrowthof errors).Figure
(7.4) shows ��¿I©�º ¬ asa functionof º for »úÁÞ®E¯íÎI´ calculatedfrom: a) theone-step-ahead
predictionformulaeobtainedfrom the training set, but applied to obtain the patternat
step º from theprevious Ì valuesin thevalidationset;b) iterationof theone-step-ahead
formulaestartingfrom the last Ì datain the training set; c) five-steps-aheadprediction
from a formulaof the type(7.3) with ¦�Á+e , obtainedby theGA in the trainingset,and
usedinto the validationset. We seethat the improvementin accuracy is notoriouswhen
iteration is avoided. We note that the errorsin methodsa) andc) remainboundedeven
when º is far from thevaluesfrom which thepredictionformulaswereestimated(i.e. the
trainingset ºµ4ß�$®�® ). This confirmsthat themethodis not simply fitting data,but rather
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Figure7.4: Errorsasa functionof º in thevalidationset,for »�Á ®E¯íÎI´ . Circles:one-step-
aheadprediction. Diamonds: iterationof the one-step-aheadformulaestartingfrom the
trainingset( º0uy�$®$® ). Squares:five-steps-aheadprediction.

it hasreally found approximatedynamicalruleswithin the deterministicspatiotemporal
series.

Figure(7.3) displaystheaverageerror 4��r¿ ¼ , which is thetemporalaverageof ��¿"©�º ¬
with º in thevalidationrangedisplayedin Fig. (7.4), asafunctionof » (for one-step-ahead
prediction). Despitewe areincludingmoreEOF’s in the reconstructionfor decreasing» ,
thepredictionerrorshows a tendency to increase.This is a consequenceof theincreasein
complexity (andin attractordimension)of thedynamicsby theeffectiveincreasein system
size( � » Û)Ü ). Sincewe keepthe maximumdelay Ì fixed, theembeddingof the dataset
becomesmore incompleteat smaller » and the predictiondeteriorates.In addition, for
smaller » theconfinedor boundaryinfluencedcharacterof thespatiotemporalchaosin the
systemis lost anda descriptionin termsof local structureswill becertainlymoreefficient
[92].

7.4 Conclusions

In summary, we have presenteda methodto forecastthe evolution of spatiallyextended
systemsbasedin the combinationof POD andGA’s. The methodperformsvery well in
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Figure7.5: Meanerror for one-step-aheadpredictionin thevalidationsetasa functionof� .
situationsof confinedspatiotemporalchaosasexemplifiedby theCGLEin afinite interval.
We mentionherethatwe areexploring thepossibilitiesof themethodfor predictionfrom
noisynaturaldatasets.Resultsobtainedin forecastingSeaSurfaceTemperaturepatterns
in anareaof theMediterraneanSeaareencouraging,andarepresentedin thenext Chapter.
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Chapter 8

Forecastingthe SSTspace-time
variability of the Alboran Seawith
geneticalgorithms

We proposea nonlinearoceanforecastingtechniquebasedon a combinationof genetic
algorithmsandempiricalorthogonalfunction(EOF)analysis.Themethodis usedto fore-
cast the space-timevariability of the seasurfacetemperature (SST)in the Alboran Sea.
Thegeneticalgorithm finds the equationsthat bestdescribethe behaviourof the differ-
enttemporal amplitudefunctionsin theEOFdecompositionand,therefore, enablesglobal
forecastingof thefuture time-variability.
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8.1 Intr oduction

Traditionally, oceanforecastingis carriedout integratingforward in time theequationsof
motion. This approachusuallyrequiresthe derivation of the dynamicallaws controlling
the oceanprocessesaswell asthe detailedknowledgeof the initial conditions.Unfortu-
nately, this level of knowledgeor thecomputerpowerneededfor thenumericalsimulation
of the oceanis not alwaysaccessible.In thesecases,an alternative approachto forecast
oceanevolution consistsin extractingdynamicalinformationdirectly from the empirical
datawithout imposinganexplicit dynamicalmodel. Theextractedinformationaboutthe
pastof thesystemis thenusedto predictits futureevolution. Theclassicaltechniquesin
this typeof approachconsistonmodelingthedynamicsasarandomprocess,usingnonde-
terministicandlinear laws of motion [108]. However, new techniquesthatexplicitly take
into accountthenonlinearnatureof thetimeevolutionaredemonstratingahigh predictive
power. Proposalsbasedon geneticalgorithmsarebeginning to appearin differentcon-
texts[94]. Briefly stated,geneticalgorithmsaremethodsto solveoptimizationproblemsin
which theoptimalsolutionis searchedthroughstepsinspiredin theDarwinianprocesses
of naturalselectionandsurvival of the fittest [101]. In the forecastingcontext, the opti-
mizationproblemto besolvedis to find theempiricalmodelbestdescribingobservedpast
data. The empiricalmodelso obtainedmay thenbe usedto forecastthe future,andmay
reveal functionalrelationshipsunderlyingthedata. Recently, [94] hasalreadyshown the
robustnessof geneticalgorithmsto forecastthebehavior of one-variablechaoticdynamical
systems.

Theaim of this Chapteris to extendthework of [94] to spatiallyextendeddynamical
systems,thuspermittingapplicationto realoceanographicdata.More explicitly, we focus
on usinggenetic-algorithmmethodsto predictthespace-timevariability of theseasurface
temperature(SST)of theAlboranSea.Thereasonsfor this particularelectionarisefrom
the circulationstructureof this basin,the westernmostof the Mediterraneansea,charac-
terizedby awavelike front with two anticyclonicgyresgeneratedby theinflow of Atlantic
watersinto theMediterraneanthroughtheStrait of Gibraltar[114, 116]. This circulation
patternhasa strongsignaturein the SSTfield, which providesthe chanceto observe its
space-timevariability from satelliteimagery.

The Chapteris organizedas follows: SectionII presentsthe technique;SectionIII
briefly describesthe characteristicsof the satellitedataemployed in this study. The re-
sultsobtainedfrom theapplicationof themethodareshown in SectionIV, andSectionV
concludestheChapter.

8.2 Nonlinear forecastingof two-dimensional fields with
geneticalgorithms

The methodsof [94] areadequateto forecastthe time evolution of oneor a small setof
variables.Two-dimensionalSSTfieldsobtainedby satelliteimageryaretoolargefor direct
applicationof thetechnique.A methodto encodethetime seriesof satelliteimagesinto a
smallersetof numbersis thusrequired.This canbeaccomplishedby usingtheEmpirical
OrthogonalFunction(EOF) technique[10, 111]. Briefly, EOF analysisdecomposesthe
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space-timedistributedsatellitedatainto modesranked by their temporalvariance. As a
result,asetof spatialmodesandassociatedtemporalamplitudefunctionsareobtained.The
spatialmodesprovide informationof the spatialstructureswhile the amplitudefunctions
describetheir dynamics. The completestateof the system(i.e., the original sequence
of satelliteimages)canbe well approximatedby simple linear combinationof the most
relevant spatialmodesmultiplied by their correspondingamplitudefunctions[10, 111].
Theproblemof forecastingthedynamicsof a two-dimensionalfield hasthusbeenreduced
to predictingtheamplitudefunctions,asmallsetof time-series,correspondingto themost
relevantEOFs.

Theworksof [113], [109], andmany othershaveestablishedthemethodologyfor non-
linearmodelingof chaotictime series.Explicitly, Takens’ theorem[113] establishesthat
given a deterministictime series �������d���+�����d�����P���*�*�����H�W�������N� thereexists a smooth
map � satisfying: ���������=�C  �����¢¡£�����¤�������¥¡§¦¨�����¤��©�©�©V�������¥¡�ª«�����d¬ (8.1)

where ª is calledtheembeddingdimensionobtainedfrom a state-spacereconstructionof
thetimeseries[107], [91]. Ouraim is to obtainwith ageneticalgorithmthefunctions�­��©®�
in Eq. (8.1) thatbestrepresentstheamplitudefunctionassociatedto eachoneof themost
representativeEOFs,andthenusethemto predictthefuturestateof thesystem.Thealgo-
rithm proceedsasfollows (for detailssee[94], [102]): first, for the ¯ -amplitudefunction,°1± ����� , a setof candidateequations(thepopulation)for �­��©®� is randomlygenerated.These
equations(individuals)areof the form of Eq. (8.1) andtheir right handsidesarestored
in thecomputerassetsof characterstringsthatcontainrandomsequencesof thevariable
at previous times(

°²± ���1¡³�����¤� °1± ���´¡µ¦¨�����¤��������� °²± ���1¡�ª«����� ), the four basicarithmetic
symbols( ¶ , ¡ , · , and ¸ ), andreal-numberconstants.A criterion thatmeasureshow well
theequationstringsperformona trainingsetof thedatais its fitnessto thedata,definedas
thesumof thesquareddifferencesbetweendataandforecastfrom theequationstring.The
strongestindividuals(equationstringswith bestfits) are thenselectedto exchangeparts
of the characterstringsbetweenthem(reproductionandcrossover) while the individuals
lessfitted to the dataarediscarded.Finally, a small percentageof the equationstrings’
mostbasicelements,singleoperatorsandvariables,aremutatedat random.Theprocessis
repeateda largenumberof timesto improve thefitnessof theevolving population.More
detailsof thealgorithmaregivenin theAppendixB.

In orderto minimizetheeffectsof thestochasticcomponentsintroducedinto theampli-
tudefunctionsby themeasurementandenvironmentalnoise,andby neglectingtheEOFs
of smallvariancein thereconstructionprocesses,a noise-reductionmethodbasedon Sin-
gular SpectralAnalysis(SSA) or dataadaptive approach[110], to be describedbelow, is
first appliedto thenoisestamplitudefunctions.

8.3 Data

In thepresentstudywehaveconsideredaseriesof 68monthlyaveragedSSTimagesof the
Alboran Sea,rangingfrom March-1993to October-1998. Eachmonthly imageis based
on the daily maximumimagesusing the averagefor every single pixel’s position. The
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monthlycompositionnormallyconsistsof approximately160AVHRR-MCSST(Advanced
Very High ResolutionRadiometer- MultichannelSeaSurfaceTemperature)passes.Each
imageis constitutedby ¹º�¼»­·�¦H»¨½ pixelscorrespondingto a spatialresolutionof �H��� km.
Several testsensurethat SSTvaluesarederived only for cloud free watersurfaces. All
pixelsflaggedascloudareexcludedfrom all furtherprocessing.Thedatasetis available
from the GermanRemoteSensingDataCenter(DFD) of the GermanAerospaceCenter
(DLR) (Youcanvisit theURL at http://www.dfd.dlr.de/index.html).

8.4 Results

Figure1a,b, c andd show themean, ��¾(¿ , ¦¼À�Á and Â
ÃÄÁ spatialmodesrespectively obtained
from theEOFanalysis,while thesolid lines in Figure2 representthetemporalamplitude
functionsassociatedwith eachspatialmode. Basically, the ��¾�¿ EOF modecapturesthe
variability associatedwith theseasonalchangesin thesurfacetemperatureof Atlantic and
Mediterraneanwaters.The ¦]ÀWÁ spatialmodeappearsto beassociatedwith variability in the
intensityof thetwo gyres.Finally, the Â ÃÄÁ modeessentiallydescribesthespatialvariability
relatedto the Almeria-OranFront. Thesethreemodesaccountfor ÅHÆP�ÈÇ¨¹�É of the total
varianceof thedata.A Complex EOFanalysisof satellitealtimetrydatain thesamearea
wasperformedby [115].

Theamplitudefunctionsof the ¦ ÀWÁ and Â ÃÄÁ EOFsshow a time dependencemuchmore
complex thanthesimpleseasonalvariationdisplayedby the � ¾�¿ one. This couldbeanin-
dicationeitherof complex deterministicevolutionor of contaminationfrom randomnoise.
To disentanglebothcomponents,thesignalswerefilteredusingtheSSAmethod:Thefil-
teredtimeseriesobtainedfromtheamplitudefunctionsof the ¦ À�Á and Â ÃÄÁ EOFs(reddashed
linesin Figs.2bandc) werebuilt consideringthefirst eightandfiveSSAeigenvalues(that
accountfor Ê¨½HÉ and Ç�»HÉ of eachamplitudevariance)in therespectiveoriginal timeseries.
Thecriterion to identify this amountof deterministicvariability in eachsignalwasbased
on anonlinearpredictionapproach[112]. Essentially, thesignalto befilteredis rebuilt us-
ing only acertainnumberof eigenvaluesobtainedfrom theSSAdecomposition.Then,the
geneticalgorithmis employedto find theequationthatbestfits thedatain onepartof the
dataset,thetrainingset,rangingfrom March-1993to June-1998.Thepredictabilityskill of
thesolutionequationis thenvalidatedwith datarangingfrom July-1998to October-1998,
thevalidationset,previouslyunknown for thealgorithm.If theforecastperformanceof the
solutionequationis high in thevalidationset(morethan ÆH½�É of agreementbetweendata
andforecast)therebuilt signalis consideredto bemainly deterministic.A new timeseries
is thenrebuilt from the original oneconsideringa larger numberof eigenvaluesandthe
previousprocessis repeated.Theprocedureis stoppedwhenthe inclusionof new eigen-
valuesdeterioratesthe forecastingskills, sincethen it canbe arguedthat the variability
representedby thenew eigenvalueshasastrongnoisycomponent.Thefinal filteredsignal
is thusrebuilt with themaximumnumberof eigenvaluesthatprovide a goodforecastskill
in thevalidationset.

Specificdetailsconcerningthealgorithm,aswell astheresultingempiricalequations
obtainedfrom it for thethreetemporalamplitudefunctionsarewritten in theAppendixB.

Figures2a,b andc show theresultsof applyingthesolutionequations.Thebluedash-
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Figure8.1: a) MeanSSTof theAlboranSea;b), c) andd) shows the � ¾(¿ , ¦ ÀWÁ and Â ÃÄÁ EOF
respectively.

dottedline shows the resultsof applyingthe solutionequationin the training set: all the
pointsin the line areone-month-aheadpredictions,i.e. they areobtainedfrom the equa-
tionsin theAppendixB andtheobservedvaluesof the(filtered)temporalamplitudeat ª
previousmonths.Blue circlesaretheone-month-aheadpredictedvaluesin thevalidation
set,i.e., thetime interval for whichmeasurementswereusedin thefiltering processbut not
in thefinal geneticforecasting.

In orderto discriminateif theexcellentagreementbetweendataandpredictionsin the
validation set comesfrom artificial dependenciesin the dataintroducedby the filtering
procedureor from an intrinsic dynamicalbehavior well capturedby the evolutionaryal-
gorithm, the solutionequationsaretestedin a third setof datacalledthe forecastingset
(from November-1998to January-1999)thathasnotbeenusedin thefiltering process.The
crossesareone-month-aheadforecastsin this setof data. The agreementin all casesis
excellent,thusindicatingthatthegeneticalgorithmhasbeenableto capturethemaintime
variability of eachEOF. It is remarkablethatthishasbeenachievedwithout theuseof any
explicit knowledgeof theoceandynamics,andusingdatajust from theupperlayerof the
sea.

It remains,to closetheprocedure,to obtainthetotal forecastedSSTspatialfield. This
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Figure 8.2: a) Amplitude function correspondingto the 1st EOF (solid black line); the
blue dash-dottedline shows the resultsof applying the solutionequationin the training
set while the crossesare one-month-aheadforecastsin the forecastingdataset. b) The
solid black line representsthe observed amplitudeof the 2nd EOF. The red dashedline
representstheSSA-filteredmodeamplitude.Thedash-dottedline representsthefitting of
the solutionequationto the SSA-filteredmodeamplitudein the training set. Circlesand
crossesrepresentone-month-aheadforecastsin the validation and forecastingdatasets,
respectively; c) sameasb) but for the3rdEOF.

is accomplishedby addingthe threeEOFsmultiplied by their predictedamplitudes.This
hasbeencarriedout for the forecastingset. Figures3aandb show themonthlyaveraged
SSTfield for November-1998andthe correspondingone-month-aheadforecast.The re-
sult correctlyreproducesthemainSSTstructureof thegyresin particularandtheAlboran
Seain general.The techniqueslightly overestimatestheSSTof the two gyres.Sincethe
agreementwith thefilteredtime-serieswasrathergood,thisdiscrepancy shouldcorrespond
to thepartof theobservation thathasbeenidentifiedasstochasticby thealgorithm. The
resultsobtainedfor December-1998areshown in Figures3c andd. In this case,thefore-
castedfield still keepsa slight signatureof thetwo gyres,a featurethat is not foundin the
real data,althoughthe presenceof warm Atlantic watersin the gyre areasis well repro-
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Figure8.3:a)Monthly meanSSTof theAlboranSeacorrespondingto November-1998and
b) forecastobtainedfor November-1998onemonthin advance;c) Monthly meanSSTof
theAlboranSeacorrespondingto December-1998andd) forecastobtainedfor December-
1998; e) Monthly meanSST of the Alboran Seacorrespondingto January-1999and f)
forecastobtainedfor this month.

duced.Finally, Figures3eandf describetheresultsobtainedfor January-1999.Therealas
well astheforecastedfieldsshow a generalcoolingof thebasinwith thedisappearanceof
theAlborangyres.

8.5 Conclusion

We have proposeda new techniquethatallows predictionof oceanfeaturesusingsatellite
imagery. We first computethedominantspatialEOFmodesfrom a time seriesof satellite
data,andnext weforecasttheirtimeevolutionusinggeneticalgorithms.A majoradvantage
of employing geneticalgorithmsversusother non-linearforecastingtechniquessuchas
neuralnetworks is thatexplicit analyticalexpressionsof thedynamicalevolution of each
EOFareobtained.This featuresimplifiestheanalysisandcharacterizationof thedynamics
and providesa powerful operationaltool. Besides,geneticalgorithmsrequirelessuser
specifications.
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The techniquehasbeenappliedto the one-month-aheadpredictionof the SST field
of the Alboransea,andhasdemonstrateda goodperformance.We expectthemethodto
performwell in any othersituationsin which oceanstructuresaresufficiently permanent
for theEOFmethodto provide largedatacompression,andin which thedominantEOFs
containastrongdeterministic-evolutioncomponentascomparedto thestochasticone.The
methodcanbeappliedto any field observablefrom satellite(SST, dynamicheight,surface
oceancolour),andthe informationobtainedcouldbeusefulfor operationalneedssuchas
fisheries,naval operationsandeven for assimilationinto numericalmodels.Futurework
will extendthetechniqueto trackmoving structuressuchasRossbywavesandeddies.
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Summary

Let usbriefly concludethis work with themain topicsdiscussedandtheprincipal results
obtained. It hasbecomeclear that two main partscomposethis Thesis. The first one
(Chapters2, 3, 4, and5) could be entitledOn the Influenceof chaotic advectionon the
spatialstructuesof reactivesubstances, andsomeof theachievementsareoutlinedin the
following:Ë In the limit of negligible diffusion the generaladvection-reaction-diffusion system

is equivalentto two coupleddynamicalsystems:onefor theflow dynamicsandthe
otherfor thereactingdynamics.Thecouplingbetweentheselastdynamicalsystems
is via aspatiallyunhomogenoussourceof thereactingsubtances.Ë Theflow is alwaysconsideredto beturbulentin theLagrangianframe(with apositive
Lyapunov exponent),thoughlaminarin theEulerianone,andthereactingdynamics
is assimpleaspossible,with anegativeLyapunov exponent.Ë Dependingon the relative strength(Lyapunov exponents)of the stirring dueto the
flow and the convergenceof the reactingdynamics,two different regimesareob-
served: a) the spatialpatternof the reactingsubstancesis smooth,that is differen-
tiable everywhere,whenthe convergenceof the reactingdynamicsis stronger, and
b) thepatternis filamental,thatis, fractalor nondifferentiableeverywhereandalong
all directionsexceptone,whereit is smooth.Ë Whenasinglebulk Lyapunov exponentof theflow is assumed,thatis,nofluctuations
aroundits mostprobablevalueareconsidered,the Hölderexponentof the patterns
are explicitly calculatedin termsof this bulk flow Lyapunov exponentandof the
Lyapunov exponentcorrespondingto thereactingdynamics.

99



100 SummaryË Theabove mentionedregimes,i.e. smoothandfilamental,appearin bothopenand
chaoticflows. The only differencebetweentheseis just that, in the caseof open
flows,smoothandfractalareasappearinterwoventogether.Ë A moredetailedstudyof theabovepatternsshow their multifractalproperties.Mul-
tifractality comesfrom thefluctuationsaroundthebulk valueof thefinite time Lya-
punov exponents.Most importantlythescalingexponentsfor thestructurefunctions
of thespatialpattersarestronglyaffectedwhenchemicalactivity is considered,and
they differ for theexponentscalculatedin theabsenceof chemicaldynamics.Ë All the above considerationscanbe usedto explain the qualitative featuresof the
multifractalstructureof theplancktonpatternsobservedin realdata.Ë Theuseof mapsfor thestudyof advection-reaction-diffusion(in the limit of small
diffusivity) systemsholdssomepromise. In particular, the generalisationto study
positive chemicalLyapunov exponents(a very difficult taskin termsof continuous
time description)andotherkindsof nontrivial chemistry, mayseemeasierto study
in termsof maps.Ë We have also realisedthat, even in very simple mathematicalmodels,the spatial
distributionof predatorsmayfollow thatof thenutrients,whenbothareadvectedby
a flow. Moreover, thelocalisationof nutrientsmaygive risealsoto differentspatial
patternsfor thepredators.

Concerningthesecondpart,which now couldbenamedasModellingandforecasting
of spatiotemporal chaoticsystems:therole of thecoherentstructures, we next summarise
someof its attemptsandresults:Ë Analysingrealdataof theoceanwith thePODallowsusto identify amoving vortex

in a specificgeographicalarea. Then,we have beenable to obtaina very simple
systemof ordinarydifferentialequationssuitableto describethe dynamicsof this
vortex.Ë We have introduceda new way to forecastingspatiotemporaltime series.This con-
sistsin thesuccesive useof thePODto reducethefull dynamicsto a smallnumber
of timeseries,whichareassociatedto themodesof themostrelevantcoherentstruc-
turespresentin thesystem,andthen,with theuseof geneticalgorithms,predictions
of thesetime seriesareperformed.Finally, theforecastingof thefuturestatesof the
systemis madeafterrecoveringthefull signal.Ë The above techniqueworks well for confinedsystemsdisplaying spatiotemporal
chaos. This is mainly becausethe numberof time seriesto predict is reasonably
small.Ë We have appliedthe forecastingtechniqueto dataobtainedfrom numericalsimula-
tion of theComplex Ginzburg-Landauequation,andfor realdataof theSeaSurface
Temperatureof theAlboranSea.In bothcases,theresultsarepromising.
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Finally, if I remit to the introductionwhereI wantedto reach someexperiencein a
particular complex systemthat couldbeappliedto anyotherone, theauthorwould like to
concludethis work summarisingsomeof theseexperiencesthat,at themomentof writing
thesewords,heconsidersto bethecornerstonesof hiscontributions,thoughmaybethey are
wellknown in thescientificcommunity. So,alongthefirst Chaptersof this work, theones
correspondingto thefirst partasdefinedabove, it is clearthatputtingtogetherverysimple
flows (nonturbulent in the Euleriansense)with very simplereactive dynamics(decaying
chemistry),cangive rise to very complicatedspatialpatternsof the reactingsubstances.
Moreover, someof the dynamicalproperties(Lyapunov exponents)of the flow and the
reactionsplay a fundamentalrole in orderto characterisethespatialpatternsformedin the
system.In addition,in thesecondpartof this Thesis,I have learnedthatreducingthefull
complex dynamicsof a systemto the dynamicsof the mostrelevant coherentstructures,
canhelp to understandtheevolution of a spatiotemporallychaoticsystem.And, with the
helpof this assumption,we have introduceda novel andgeneraltechniquethatcouldhelp
to makepredictionsof chaoticextendedsystems.
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Appendix A

Mathematical expressionof thecoefficientÌ£ÍÏÎÑÐNÒ in (6.12)

If we denotethescalarproductby �
ÓÕÔ��*ÓÕÖW�a�Ø×�ÙDÓÕÔ]��Ú'�NÛP��ÓOÖ¼��Ú'��Ûº��Ü�Ú�Ü�Û , andwe define
also:Ý �¤Þ ß4� ¡K�HàÑÓ��
�*Ó�ßá��� (A.1)â �¤Þ ß4� ��¡Ïãåä ÓÕ�ä Ú ¶Mæºç Ö ÓÕ�1¡éèê]ë äíì�î�ïä Ú ä àÑÓ��ä Û ¶Øä à ìCîCïä Û ä Ó��ä Ú¡ äíìCîCïä Û ä àÑÓÕ�ä Ú ¡Gä à ì�î�ïä Ú ä Ó��ä Û ¡ èê¼ë+ðòñó �Äôbä Ó��ä Ú ¡£õÑä ÓÕ�ä Û �*�*Ó�ß���� (A.2)ö �¤Þ ß4� èê]ë*ðòñó � äíì�î�ïä Û ä Ó��ä Ú ¡ ä÷ìCî�ïä Ú ä ÓÕ�ä Û �*Ó�ßá��� (A.3)ê �¤Þ ß4� ��¡ ê¼ëø ñ � äºùä Û ä Ó��ä Ú ¡ äºùä Ú ä ÓÕ�ä Û �ú¡�ã ä Ó��ä Ú ¡£û1ü�àfÓ���¶Mæºç Ö ÓÕ�¡ èê]ë �¤ä àÑÓ��ä Û õý¡Gä àfÓ��ä Ú ôò�¢¡ èê¼ë*ð ññ �VäíìMî�ïä Û ä ÓÕ�ä Ú ¡Gä÷ìCîCïä Ú ä Ó��ä Û �¤�*ÓÕß����þ �¤Þ ß4� ¡ èê]ë*ðòññ �
õÑä ÓÕ�ä Û ¡§ôÿä Ó��ä Ú �*Ó�ß���� (A.4)� ó Þ ßI� ��¡�èê]ë äíì�î�ïä Ú ä à ì�î�ïä Û ¶�èê]ë ä÷ì�îCïä Û ä à ìCî�ïä Ú ¡ èê]ë*ðòñó ôFä÷ìCî�ïä Ú¶ èê]ë*ðòñó õ÷äíì�î�ïä Û ¡�ãåäíìCî�ïä Ú ¶Mæºç Ö ìCî�ï �*ÓÕßá��� (A.5)� ñ Þ ßI� ��¡ èê]ë*ðòññ õ äíìMî�ïä Û ¶ èê]ë*ðòññ ô ä÷ìCîCïä Ú ¶ ê]ëø ñ ô äOùä Ú¡ ê]ëø ñ õ äºùä Û ¡�ã¥õ��*ÓÕß���� (A.6)Ü ó Þ ßI� ¡ èê]ë � ä Ó�Ôä Ú ä àÑÓÕÔä Û ¡ ä Ó�Ôä Û ä àÑÓÕÔä Ú �*ÓÕß���� (A.7)Ü ñ Þ ßI� ¡ èê]ë � ä ÓÕÖä Ú ä àÑÓOÖä Û ¡ ä ÓÕÖä Û ä àÑÓOÖä Ú �*ÓÕß���� (A.8)
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with ¯H� � �ýÂP��¹ , wefinally obtain,� ó ë Þ ñ � �� ó � ð ó ñ ð ñ Ö Ü�Ô�Þ Ô Ý ÖNÞ Ö Ý Ô�Þ Ö²¡ Ý Ô�Þ Ô ñ Ü�Ô�Þ Ö ð ñ Ö ð ó ñ ¶ ð ñ Ö Ü�Ô�Þ Ô Ý Ô�Þ Öú¶ Ý ó Þ ñ ð ó Ö Ü�Ô�Þ Ö ð ñ ñ Ý ÖNÞ Ô¶ ð ó ñ ð ñ ñ Ý Ô�Þ Ö*Ü�Ô�Þ Ô�¡ Ý Ô�Þ Ô ð ó ñ Ü�Ô�Þ Ö ð ñ ñ ¡ Ý ÖNÞ Ö ð ó Ö Ý Ô�Þ Ô*Ü�Ô�Þ Ö ð ñ ñ ¡ Ý ÖNÞ Ö ð ó ñ Ý Ô�Þ Ô ð ñ Ö Ü�Ô�Þ Ö¡ Ý Ô�Þ Ô ð ñ Ö Ü�Ô�Þ Ö¢¶ Ý Ô�Þ Ö ð ó Ö Ü�Ô�Þ Ö ð ñ Ö Ý ÖNÞ Ô Ý Ô�Þ Ô�¡ Ý Ô�Þ Ö ñ ð ó Ö Ý ÖNÞ Ô ð ñ Ö Ü�Ô�Þ Ôú¶ Ý ÖNÞ Ö ð ó Ö Ý Ô�Þ Ô ð ñ Ö Ý Ô�Þ Ö¤Ü�Ô�Þ Ô¡ Ý ÖNÞ Ö ð ó Ö Ý Ô�Þ Ô ñ Ü�Ô�Þ Ö ð ñ Ö ¶ Ý Ô�Þ Ô ð ñ Ö Ý Ô�Þ Ö ð ó ñ Ü�Ô�Þ Ô��å� (A.10)

Where� ó � ¡ ¦ Ý ÖNÞ Ô ð ñ ñ Ý Ô�Þ Ö ð ó ñ ¶ Ý ÖNÞ Ö ñ ð ñ ñ ð ó Ö Ý Ô�Þ Ô¥¶ Ý ÖNÞ Ö ñ ð ñ Ö ð ó ñ Ý Ô�Þ Ô¢¶ Ý ÖNÞ Ö ñ ð ñ Ö ð ó Ö Ý Ô�Þ Ô ñ¶ Ý ÖNÞ Ö ð ó Ö Ý Ô�Þ Ô�¡ Ý ÖNÞ Ö ð ó Ö Ý ÖNÞ Ô ð ñ ñ Ý Ô�Þ Ö ¶M¦ Ý ÖNÞ Ö ð ódñ Ý Ô�Þ Ô ð ñ ñ ¶ Ý ÖNÞ Ö ð ó Ö Ý Ô�Þ Ô ñ ð ñ ñ ¡ Ý ÖNÞ Ô ð ñ ñ Ý Ô�Þ Ö ð ó Ö Ý Ô�Þ Ô¶ Ý ÖNÞ Ô ñ ð ñ Ö Ý Ô�Þ Ö ñ ð ó Ö ¡ Ý ÖNÞ Ô ð ñ Ö Ý Ô�Þ Ö ð ó ñ Ý Ô�Þ Ô�¡ Ý ÖNÞ Ö ð ñ Ö Ý ÖNÞ Ô Ý Ô�Þ Ö ð ó ñ ¶ Ý ÖNÞ Ö ð ñ Ö Ý Ô�Þ Ôú¶ Ý ÖNÞ Ö ð ñ Ö Ý Ô�Þ Ô ñ ð ó ñ¡ Ý Ô�Þ Ö ð ó Ö Ý ÖNÞ Ô�¡£¦ Ý ÖNÞ Ö ð ñ Ö Ý Ô�Þ Ö ð ó Ö Ý ÖNÞ Ô Ý Ô�Þ Ô´¡ Ý Ô�Þ Ö ð ñ Ö Ý ÖNÞ Ô (A.11)
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Analytical expressionsfor EOF amplitude
functions

The valuesof the parameterª are ª ��ÇP���¼¦ and �¼¦ for the � ¾(¿ , ¦ ÀWÁ and Â ÃÄÁ EOF
respectively andthe maximumnumberof symbolsallowed for eachtentative equationis
20. Eachgenerationconsistsof a populationof 120 randomlygeneratedequations. A
numberof ��½H½H½H½ generationsareconsideredin eachrunof thegeneticalgorithm,requiring
around ��¦¨½ secondsof CPU time on an Alpha-XP1000workstation(the previous stepof
EOF decompositiontakes approximately ��¹�» secondson a SGI computerwith a MIPS
R10000processor).More detailson thegeneticcodecanbefoundin [102]. Thesolutions
obtainedfor the ��¾(¿ , ¦]À�Á and Â
ÃÄÁ amplitudefunctionsarethefollowing expressions:° ó �������µ½P� Â¨Â^�¼¦ ° ó �d�¼�¥¡µ  ° ó �6ÂH� ¶ ° ó �6Ç�� ¶=� ° ó ���¼�� ° ó �6¦H��� ó �6Å � ÂD¡ ° ó ���¼���¥¡£ÂP� Ê¨Æ	� � ó�

��� � (B.1)

° ñ ����� � ° ñ ���¼� ¡ ° ñ �9¦¨�¥¡£½P����Â¨¹^� ° ñ �(¹��ú¡µ� ° ñ �6»H�¡ ° ñ ���¼¦¨�ú¡>ÂP� ¹�»å  ° ñ �9»H� ¶ ° ñ �(Æ��d¬á�*��� (B.2)

° Ô]������� ½P� ¹ ° Ô����¼¦H� ¡£½P�È¹K¡£½P� »¨ÅÏ  ¦ � » ¡ ° Ô]�6ÂH�¶ ° Ô��6Å��ú¡ ° Ô¼���¼�Ä¬�� (B.3)

In theexpressionsabove,
° ó ���¼� , ° Ô]�d�¼¦H� , etc...areshortcutsfor

° ó ���¥¡C�¼� , ° Ô¼���¥¡��¼¦H� ,
etc...,wheretime is in months.
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Systemsby CommonRandomForcing in UnsolvedProblemsof NoiseandFluctua-
tions: UPON’99,Secondinternationalconference. D. Abbot, L. Kish, editors,AIP,
Melville, 2000.

[68] C. Canuto,M. Y. Hussaini,A. QuarteroniandT. A. Zang,Spectralmethodsin fluid
dynamics, Springer-Verlag,New York, 1988.

[69] J.L.Lumley, StochasticToolsin Turbulence, AcademicPress,New York, 1971.

[70] R. W. Preisendorfer, Principal ComponentAnalysisin Meteorology andOceanogra-
phy, Elsevier, Amsterdam,1988.

[71] A. Palacios,D. Armbruster, E.J.Kostelich,andE. Stone,PhysicaD 96, 132(1996).

[72] F. Qin, E.E.Wolf, andH.-C.Chang,Phys.Rev. Lett. 72, 1459(1994).



Bibliography 111

[73] A.E. Deane,I.G. Kevrekidis,G.E.Karniadakis,andS.A. Orszag,Phys.Fluids A 3,
2337(1991).

[74] R.A. Sahan,A. Liakopoulos,H. Gunes,Phys.Fluids9, 551(1997).

[75] N. Aubry, P. Holmes,J.L. Lumley, E. Stone,J.Fluid Mech.192, 115(1988).

[76] N. Aubry, P. Holmes,J.L. Lumley, E. Stone,PhysicaD 37, 1 (1989).

[77] M. Ghil, DynamicMeteorology: Data AssimilationMethods, Springer-Verlag,New
York, 1981.

[78] K. Hasselmann,J.Geophys.Res.93, 11015(1988).

[79] C. Uhl, R. Friedrich,andH. Haken,Phys.Rev. E 51, 3890(1995).

[80] U. Achatz,G. Schmitz,andK.-M. Greisiger, J.Atmos.Sci.52, 3201(1995).

[81] F. Kwasniok,PhysicaD 92, 28 (1996).

[82] See the different numbers of the AVISO Newsletter, available on-line at�"(�(�)+*,���"-�.'/�.10&-��2�".435�"-'(635���872-93�:"/;*� �!"��!2�	<"=�>2?��2.1�2:��@/@A��@(B.��'���@C27D��7�/2��E��DF�7�E"�"��A87G3H�"(�A&E .
[83] TheMSLA productsaresuppliedby theCLSSpaceOceanographyDivision(France),

with financialsupportfrom theCEOprogramme(Centerfor EarthObservation)and
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[100] L. Sirovich, PhysicaD 37, 126 (1989);J.D.RodriguezandL. Sirovich, PhysicaD
43, 77 (1990);L. Sirovich, J.D.RodriguezandB. Knight, PhysicaD 43, 63 (1990).

[101] J. H. Holland,Adaptationin natural andartificial systems, Universityof Michigan
Press,Ann Arbor, 1992.
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