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Three-Frequency Resonancesin
CoupledPhase-LockedLoops

OscarCalvo, JulyanH. E. Cartwright,DiegoL. Gonźalez,
OrestePiro,& FrancescoSportolari

Abstract—Weconstruct an experimentalmodelof a nonlinear dynamical
systemwith thr ee fr equencies. With this analog electronic circuit made
up of quasiperiodically forced coupled phase-locked loops, we investigate
the structure of the scaling of thr ee-frequency resonancesor lockings in
the dynamics. We hypothesizeand confirm experimentally that for weak
coupling the thr ee-frequencyresonancewith the largest fr equency-locked
plateau in the spaceof parameters in the interval betweentwo adjacent
resonances����� and � ��� is given by the mediant � �
	 ��� � � �
	�� � . Weexpect
this to beuniversal behavior in systemsof thr eecoupledoscillators.

I . INTRODUCTION�
HE lastdecadesof this millenniumhave seena revolution
in our understandingof complex and nonlinearsystems

drivenby theapplicationof themathematicsof dynamicalsys-
temstheoryto diversefields of science,rangingfrom physics,
throughengineering,to chemistryandbiology.

Many of thesebreakthroughshave beenpossiblethanksto
insight into the behavior of discreteand continuoussystems
gainedthroughintensive numericalcalculations. The bulk of
thesecalculationshave beenperformedusing digital circuits.
However, thereis a growing interestin analogelectroniccir-
cuitsassystemswheretheoreticalpredictionscanbetestedin a
morerealisticenvironmentthatthatof numericalmodelsimula-
tion, asexperimentalsystemswherenew interestingdynamical
propertiescanbediscovered,andaspowerful emulatorsof real
complex systemsin practicalapplications[1], [2], [3], [4], [5],
[6], [7].

A particularlyimportantaspectof thenew viewpoint thatwe
have arrivedat in thestudyof dynamicalsystemsis thatof uni-
versality. Therearemany facetsof the behavior of dynamical
systemsthatareuniversalacrossclassesof systemsin very dif-
ferentfieldsof science.Within a class,we canpredictthequal-
itative and in somecasesquantitative behavior of the system
without having investigatedthedetailsof eachcase.

Thedynamicsof nonlinearsystemswith two interactingfre-
quencieshasbeenthoroughlyinvestigatedin many theoretical
andexperimentalstudies,including many studiesof electronic
circuits consistingof forcedandcouplednonlinearoscillators.
It is now well understoodhow theresonancesor lockingsfound
in thesesystemsarise,andhow they aredistributedin the pa-
rameterspace[8], [9], [10], [11], [12]. Only recently, how-
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ever, hasattentionbeenbroughtto bearon the morecomplex
problemof threeinteractingfrequencies.It is known thatthree-
frequency systemsalsohave a structureof resonances,but here
therearethree-frequency resonancesaswell asthe type found
in systemswith only two frequencies.Previousinvestigationof
three-frequency systemshasshown that thereis a webof reso-
nancesthroughouttheparameterspace[13]. Experimentswith
electroniccircuits[14], [15], [16] haveconfirmedtheoreticalre-
sults,andprovidedmuchdatafor theorists.The broadpicture
of three-frequency systemsis clear from thesestudies,but the
questionof scalinglaws for the relative sizesof resonancesin
small intervalsof parameterspacehasnot beenaddressed.

In thispaperweinvestigateuniversalaspectsof thefinestruc-
ture of the nonlinear dynamicsof a three-frequency system
with weakcoupling. We developa theoreticalpredictionabout
thedistribution andhierarchyof three-frequency resonancesin
the parameterspace. We then constructan analogcircuit of
quasiperiodicallyforcedcoupledphase-lockedloops.We focus
our attentionon thethree-frequency resonancesin theoutputof
thecircuit, anduseit to testour scalinghypothesis.

The paperis organizedas follows: in SectionII we give a
succinctreview of the theoreticalbasisfor the scalingof reso-
nancesin two-frequency systems,andwe build on that to pro-
posea hypothesisfor thescalingof three-frequency resonances
in three-frequency systems.In SectionIII we describetheana-
log circuit of coupledphase-lockedloopswe use,in SectionIV
weanalysethebehavior of thecircuit andtestthevalidity of our
scalinghypothesis;weendin SectionV with conclusions.

I I . THREE-FREQUENCY RESONANCES

Nonlinearsystemswith competingfrequenciesshow thephe-
nomenonof resonance,alsotermedphase-,mode-or frequency
locking, in which the systemlocks into a resonantperiodicre-
sponsewhich hasa rational frequency ratio. Resonancewas
first observed and explained in 1665 by Huygens[17], [18],
[19] in two pendulumclockscoupledby a commonmounting.
Theamountof resonanceincreaseswith couplingstrength,from
nonein theuncoupledlinearregime,to acritical situationwhere
thesystemis lockedinto resonanceatall valuesof thefrequency
ratio. The subcriticalsystemhasquasiperiodicresponsesbe-
tweendifferentlockings,while atsupercriticalvaluesof thecou-
pling strength,chaoticaswell asperiodicandquasiperiodicre-
sponsesmay occur. Resonancephenomenawerefirst notedin
thecontext of electronicsby vanderPol [20], [21]. In theinter-
veningseventyyears,resonanceshavebeeninvestigatedtheoret-
ically andexperimentallyin many nonlinearsystems,andtheir
distributionin parameterspaceis now well understood,from the
numbertheoreticalconceptof Farey trees[8], [9], [10], [11],
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[12]. However, all this appliesto resonancesgeneratedby the
interaction� of two frequencies.Far lessis known, by compari-
son,whentherearethreeor moreinteractingfrequencies.

Adding anotherfrequency allows new phenomenato take
place. Now as well as the possibility of all threefrequencies
having a rationalrelation,to form a (two-frequency) resonance
asbefore,thereis a furtherpossibility: thatof a three-frequency
resonance,also known as a weak resonanceor partial mode
locking. Three-frequency resonancesaregivenby thenontrivial
solutionsof theequation����������������� �"!$#&% , where � , � , and� areintegers, � � and � ! arethe forcing frequencies,and � � is
theresonantresponse.Three-frequency resonancesform a web
in theparameterspaceof thefrequencies[13], [14], [15], [16].
In this sectionwe review the novel number-theoreticalresults
[22], [23] leadingto thepresentinvestigations.We shouldlike
to discover thelocal scalinglawsgoverningtherelativesizesof
neighboringthree-frequency resonances.To do this we must
have recourseto somenumbertheory of rational approxima-
tions. Firstly, we revise the situationfor the caseof two fre-
quencies,thenweextendthis to systemsin whichtherearethree
interactingfrequencies.

A. Continuedfractionapproximationsfor two frequencies

Consideratwo-frequency systemwith autonomousfrequency��� andexternal frequency ��� . Let '�&#(���*)+��� . Our aim is to
definea sequenceof rationalsthatconvergesto '� . Strongcon-
vergenceis measuredwith the metric (Kinchin’s metric of the
secondkind [24]) ,,,, '�.-�/
01 0

,,,, #32 1 0 '�.- /
0 254 (1)

/
6 ) 1 6 is abestrationalapproximationif,,,, '�7- / 61 6
,,,,98

,,,, '�7- / 01 0
,,,,

(2)

for all : / 0<; 1 0>= for any 1 0@? 1 6 . Given '� , / 6 and 1 6 areproduced
by expanding '� in continuedfractions '�A#B:>�C� ; �D! ; �FE ; 4 4*4 = , and
truncatingthe expansionas /G6 ) 1 6 #H:>� � ; � ! ; � E ; 4 4*4I� 6 = [25].
The /
6 ) 1 6 arethenthestrongconvergentsof '� . They give the
sequenceof fractionswith lowestmonotonicallyincreasingde-
nominatorsthatconvergesto '� .

B. TheFarey treefor two frequencies

The physicallyreasonablehypothesisinvoked to explain the
localorderingof thehierarchyof (two-frequency) resonancesis
thatthesmallerthedenominator, thelargerthewidth of theres-
onancein parameterspace.Thefractionwith smallestdenomi-
natorbetween/ ) 1 and J�)+K , if they aresufficiently closesothat2 1 JL- / KF2�#3M , whenthey arecalledadjacents,is : / �7J = )�: 1 �NK = .This fraction,known asthemediant,thengivesthemostimpor-
tant resonancein the interval betweenthe resonances/ ) 1 andJ�)+K . Repeatedlyperformingthemediantoperation

/ 17O J K #B/ �PJ1 ��K (3)

on apairof adjacentrationals,weobtainaFarey tree.For weak
coupling,theFarey treeprovidesa qualitative local orderingof
two-frequency resonances[8], [9], [10], [11], [12].

C. Continuedfractionapproximationsfor threefrequencies

Now considerthe caseof threefrequencies,oneinternal ��� ,
andtwo external ��� and �"! . We maydivide throughby theau-
tonomousfrequency � � , to give �RQ� #S� � )+� � , and �RQ! #S� ! )+� � .
We now aim to comeup with two convergentsequencesof ra-
tionalswith thesamedenominator, / 6 )+T 6 and 1 6 )�T 6 , whichare
strongconvergentsto �RQ� and �RQ! respectively.

As before,strongconvergenceis measuredthroughthemetric,,,, :U�RQ� ; �RQ! = -�:</ 0T 0 ;
1 0T 0 =

,,,, #V2 T 0 :U�RQ� ; �RQ! = -�: / 0<; 1 0>= 2W4 (4)

Thus : / 6 )�T 6X; 1 6 )+T 6C= arebestrationalapproximantsif,,,, :>�RQ� ; �RQ! = -Y: /G6T 6 ;
1 6T 6 =

,,,, 8
,,,, :U�RQ� ; �RQ! = -�: /
0T 0 ;

1 0T 0 =
,,,,

(5)

for all tripletsof integers : /G0 ; 1 0 ; T 0 = for any T 0 ? T 6 .
Sowe maywrite

Z � #
,,,, /G6T 6 -[�RQ�

,,,, #32 T 6 �RQ� - /
6 2 ; (6)

Z !\#
,,,, 1 6T 6 -[�RQ!

,,,, #32 T 6 �RQ! - 1 6 2 ; (7)

wherewe wish to obtainthe integers/ 6 , 1 6 and T 6 . This gen-
eral problemhasnot beensolved [26], [27], however, we may
set Z � # Z ! , sothatbothapproximationsshouldbeequallygood
or bad.Taking Z � # Z ! is anansatzto simplify theproblemthat
may, or maynot, provecorrect;aswe shallseelater, it leadsto
resultsthatareconfirmedbothin numericalsimulationsandex-
perimentally. Notethatthework citedaboveof Kim & Ostlund
[26], [27], is dedicatedto theorganizationof two-frequency res-
onancesin three-frequency systems,whereasherewe arecon-
cernedwith themoregeneralthree-frequency resonances.

If we thenset Z � # Z ! , we canequate

2 T 6 �RQ� - /G6 2�#]2 T 6 �RQ! - 1 6 2 ; (8)

andaskwhatis T 6 . Therearetwo solutions

T 6 # 1 6_^ / 6�RQ! ^ �RQ� 4 (9)

At this point we mustrememberthat T 6 is an integer, so these
solutionsrequirethat the frequenciesbe rescaledby �RQ! ^ �RQ� .
For whichwe definefor thefirst solution

'� � # �RQ��RQ� ���RQ! ; '� ! # �RQ!�RQ� �`�RQ! ; (10)

andsimilarly for theothersolution

'�ba� # �RQ��RQ! -[�RQ� ; '�ba! # �RQ!�RQ! -[�RQ� 4 (11)

Thetwo solutionsgiveriseto different Z ’s
Z # 2W: / 6 � 1 6C= '����- / 6 2�#V2c: / 6 � 1 6
= '�"!�- 1 6 2 ; (12)Z ad# 2W: 1 6 - /G6 = '�ba� - /G6 2�#32c: 1 6 - /
6 = '�ba! - 1 6 2 ; (13)
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Fig. 1. A schematicdiagramof thefrequency line shows theexternalforces e f
and e�g , theirsubharmonicse f �h�+i and ejg ���<i , andthemostimportantthree-
frequency resonancesassociatedwith the mediant kejl and the generalized
adjacent ke�ml of thesesubharmonics.

from which onecanobtainZZ a #onnnn
�"!�-P���� � ��� ! nnnn

8 M�4 (14)

So in this sensethe :X'��� ; '�"! = solutionis betterthanthe :X'� a� ; '� a! =solution.
Now stickingwith the :b'��� ; '�"! = solution,/ 6 , : / 6 � 1 6C= , and 1 6areobtainedfrom the continuedfraction expansionsof '� � and'�"! . Since

'� � # �RQ��RQ� ���RQ! # ������@���"! # MMp� �qUrqts ; (15)

'�"!u# �RQ!� Q� ��� Q! # �"!� � ��� ! # MMp�]v rv s ; (16)

if we have the continued fraction expansion of ��� )��"!w#:t� � ; � ! ; � E ; 4*4 4 = , that of '� � #x:>� � �yM ; � ! ; � E ; 4 4*4 = , and '� ! #:zM ; � � ; � ! ; � E ; 4 4*4 = . Henceif /G6 ) 1 6 is the { th strongconvergent
of ��� )��"! , or equivalentlyof '��� ) '�"! , givenby thiscontinuedfrac-
tion expansion,/ 6 )�: / 6 � 1 6C= and 1 6 )C: / 6 � 1 6|= arethestrong
convergentsof '� � and '� ! respectively.

D. ThegeneralizedFarey treefor threefrequencies

Supposethat /G6 ) 1 6 is a convergentof � � )+� ! . We maydefine
asgeneralizedadjacentsany pairof � 0 )�J 0 , �*}~)�J�} , with � realandJ integer, thatsatisfy

2 � 0 J } -�� } J 0 2�#V2 ��� 1 6 -[�"! / 6 2�#]2 �A2W4 (17)

The subharmonics��� ) / 6 and �+!~) 1 6 areobviously generalized
adjacents,andthemediantbetweenthemis

'�+��# � � ��� !
/ 6 � 1 6 ; (18)

whichbyextensionfromthetwo-frequency casewehypothesize
to be the largestresonancein parameterspacebetween��� ) / 6and � ! ) 1 6 (seefig. 1).

Let us take asanexamplea three-frequency systemwith the
two externalfrequenciessetto � � #���M~%�% Hz and � ! #�����%�%
Hz. The frequency ratio ��� )��"! is then 7/12. The continued
fraction expansionfor ��� )��"! is :IM ; M ; � ; M ; M = , andthe different
truncationsof this producethe convergentsof 7/12, which are
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Fig. 2. Block diagramof theCD 4046Aphase-locked loop weuse,madeup of
a low-power voltage-controlledoscillator, two different phase-comparator
sectionswith a common-inputamplifier, a voltage-regulator zener, and a
source-follower section.

1/1,1/2,3/5,4/7,and7/12. Now therescaledexternalfrequen-
ciesare '����#3��� )C:>���p�Y�"! = #V��)FM~� , with convergents1/2,1/3,
3/8, 4/11, and 7/19, and '�"!`#��"!�)�:U�����3�"! = #�M~��)�M*� , with
convergents1/2, 2/3, 5/8, 7/11, and 12/19. The mediantfre-
quencies '� � #x:>�����B�+! = )C: / 0 � 1 0>= are �D�"%�%D)+�P#��+�D�+% Hz,���+%�%F)"��#�M~��%�% Hz, ���+%�%D)+��#��FM���4�� Hz, ���+%�%F)FM�M�#��CM*�|4cM~�
Hz, and ���+%�%D)�M*�9#���%�% Hz.

We areinterestedin this paperin the relative importanceor
sizesof the different resonances.The hypothesiswe have in-
troducedhereis that for weakcouplingthedaughterresonance
formedby themediant

/ 1 O J K # / �PJ1 ��K (19)

is thelargestthree-frequency resonancein the interval between
its two parents/ ) 1 andJ�)+K whenthey aregeneralizedadjacents.
We shall usethe electroniccircuit to investigateour hypothe-
sisexperimentallyin arealthree-frequency nonlineardynamical
system.

I I I . THE CIRCUIT

We investigatea systemconsistingof two externally forced
couplednonlinearoscillators.As abasiccircuit for bothoscilla-
torsweuseadigital phase-lockedloopintegratedcircuit, theCD
4046A.Thisis madeupof alow-powervoltage-controlledoscil-
lator, two differentphase-comparatorsectionswith a common-
inputamplifier, avoltage-regulatorzener, andasource-follower
sectionusefulin demodulationapplications.In fig. 2 weshow a
blockdiagramof theCD 4046Aphase-lockedloop.

Phase-lockedloopcircuitsarefoundin many industrialappli-
cations[28]: for example,in communicationsystemsthey are
usedfor AM andFM demodulationanddigital signaltransmis-
sion over telephonelines. They arealsointerestingwhencon-
sideredasdynamicalsystems:FM demodulationphase-locked
loopscanshow periodic,quasiperiodic,andchaoticresponses
in someparameterintervals[1], [3], [4], [5], [29], [6].
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Coupledphase-lockedloop circuitsarealsoof interestto in-
dustry. F

�
orexample,two coupledphase-lockedloopsareusedto

synchronizegeographicallyseparatedtiming clocks[30]. These
kindsof systemshavealsobeenstudiedasdynamicalsystemsin
orderto determinethe boundariesof regionsof safeoperation,
thatis, regionsfreeof irregularor chaoticbehavior [2], [7].

Here our circuit consistsof two coupledvoltage-controlled
oscillatorsforcedwith two independentexternal forcesof fre-
quencies� � and � ! . In fig 3 we show the electricalscheme
of the circuit implementation. The outputsof the two phase-
locked loopsaresentto a type 1 phasecomparator. The type
1 phasecomparatorof CD 4046A is an exclusive OR network
that exhibits a triangularshapedresponseafter low-passfilter-
ing. Theerrorsignalis fed backto bothvoltage-controlledos-
cillators, andpassesthroughan overall adjustableamplifier to
provide controlover thecouplingstrength;we areinterestedin
theweakcouplingregimein this work. Invertedanddirectver-
sionsof the error signalaresentto oscillatorsoneandtwo re-
spectively; this inversionof theerrorsignalin oneof thepathsis
necessaryfor thestability of thecircuit. Feedbacksignalsenter
the voltage-controlled-oscillatorcontrol pins throughappropri-
ateaddercircuits. Theaddersalsoallow independentcoupling
with the external forcesandtuning of the internal frequencies
throughapplicationof adjustableDC levels.

In a phase-locked loop one normally uses the voltage-
controlledoscillatorandoneof thetwo phasecomparatorsfrom
the integratedcircuit. In our experimentwe use a voltage-
controlledoscillator for eachphase-locked loop and a type 1
phasecomparatorof oneof the two CD 4046As. The rest of
thecircuit consistsof externallinearaddersandamplifiers.The
low-passfilter is alsoexternalas in normalphase-locked-loop
circuits.
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Fig. 3. Thecircuit. Theoutputof thevoltagecontrolledoscillator(VCO) sec-
tionsof bothdigital phase-locked loop devicesaresentto anexclusive OR
port for phasecomparison.Thephasecomparatoroutputis returned,after
low-passfiltering, to both VCO inputs. An amplifier in the feedbackpath
controlsthe couplingstrengthbetweenthe oscillators. Appropriateopera-
tional adderson both VCO inputsallow the external forcing of the oscil-
lators. Stablephase-locked responsesbetweenoscillatorsalso requirean
additionalunit gaininverterprior to oneof thedevice inputs.

Fig. 4. The experimentalsetup. Apart from the circuit itself, we usean HP
3425Afunctiongenerator, adigitizer, andaMacintoshrunningthegraphical
controlsoftwareLabView 2 for overall controlof theexperiment.

IV. EXPERIMENTAL SETUP AND RESULTS

Figure 4 shows a block diagramof the experimentalsetup.
Theexternalforcesaregeneratedby anHP 3245Atwo-channel
digital functiongenerator. As acontrolparameterweusetheDC
offsetof oneof theexternalforces;achangein themeanvalueof
anexternalforcegivesa linearchangein thenaturalfrequency
of theassociatedoscillator:wevary theDC offsetof ��� in steps
of 1 mV. Theoutputsof theoscillatorsaredigitizedat a rateof
40 kHz, andsaved for subsequentanalysis. Graphicalcontrol
software (a Macintoshrunning LabView 2) is usedto control
the overall experiment. A controllabletime from the start of
any setof datacanbechosenin orderto allow transientsto die
out. After this time thefundamentalfrequency is calculatedby
a virtual instrumentfrequency meter.

The circuit shows 1/1 synchronizationbetweenthe two os-
cillators for a wide rangeof excitationandsystemparameters.
Typically, the fundamentalfrequency of both outputsremains
constantin afinite interval of DC offset.Thefrequency valueof
thefundamentaldetermines,togetherwith thefrequency values
of thetwo externalforces,a three-frequency resonance.Exper-
imentaldatafrom the circuit areshown in fig. 5 togetherwith
thepredictedhierarchyof resonancesdescribedby our mediant
hypothesisof SectionII. Thetwo externalfrequenciesarehere
fixed at � � = 2100Hz and � ! = 3600Hz respectively. These
valuescorrespondto theexamplewegave in SectionIID.

In fig. 5 thefirst level is definedby thetwo adjacents� ! )������M*�|4 � Hz and � � )"��#������ Hz, which aresubharmonicsof the
externalfrequencies.The mediant '� � betweenthesetwo solu-
tions correspondsto :>�������"! = )�:t����� = ����M~�C4�� Hz. Clearly,
this is thelargeststability regionin thisparameterinterval. Sub-
sequentlevels in the hierarchyconfirm the medianthypothesis
up to the limit of resolutionof the graphic. In fig. 6 we show
a power spectrumfor one of the outputsin the parameterre-
gion of '�+� . Thespectrumis dominatedby the '��� peak,which is
at least10 dB greaterthanthe componentsat the externalfre-
quencies.This shows that the subharmonicfrequency mainly
determinesthe dynamicsof the system.Moreover, we cansee
that the spectrumis very complicatedin the low frequency re-
gion, owing principally to thepresenceof severalminor peaks.
Theprincipalspacingbetweenpeaksis Z '� � �&����4 ��� Hz, which
correspondsto beatsbetweentheexternalforcesandappropriate
harmonicsof '��� (seefig. 1).
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Fig. 5. Experimentalresults— athree-frequency Devil’ s staircase.Theexternalfrequenciese f and e�g areherefixedat2100Hz and3600Hz. Ontheleft is plotted
the third frequency of a three-frequency resonanceagainsta controlparameter(the DC offset of oneof the external forces)for all resonanceswith plateaux
larger thana certainsize.On theright we seethehierarchyof three-frequency resonancespredictedby themedianthypothesisstartingfrom theparentse f �j�
and e�g ��� . At eachlevel in thehierarchy, thedaughterresonanceformedby themediantbetweentwo adjacentparentsis seento bethelargestin its interval.

As ��)�� is aconvergentof � � )�� ! , thefirst level in fig. 5 is given
by the two primary adjacents,� ! )��[����M*�|4 � Hz and � ! )"��#����� Hz. Theseare subharmonicsof the external frequencies
and definethe value of � in (17), i.e., �w#�:h�+���_-��D�+! = #��%�% Hz. Themediantbetweenthesetwo solutionscorresponds
to '�+� #¡:>� � �¢� ! = )�:t�£�¢� = �¤�CM*�|4 � Hz. Clearly, this is the
largeststability region in this parameterinterval. Observe that'� � is a generalizedadjacentof both ��� )"� and �"!~)�� , (equal � in
(17)) andthusthe mediantoperation(18) canbe implemented
to obtainthesecondlevel of thegeneralizedFarey treei.e., '�+�X����*)���#3:U�������£�"! = )C:>�b¥c�R��� = and '� � �£�"!*)��$#3:>�����£���"! = )�:t�X�£�b¥� = . It is clearthattheprocedurecanbeiterativelyappliedto give
successive levels of the tree. Up to the limit of the resolution
of fig. 5, all resonancesfoundarerepresentedin somelevel of
the generalizedtreeandthemedianthypothesisof hierarchical
orderingis confirmed.

We haverepeatedtheexperimentwith differentfrequency ra-
tios; the qualitative featuresof the responsesof the device are
insensitive to this change,andplots suchasfig. 5 arequalita-
tively thesame.Moreover, they arealsoanalogousfor different
input waveforms,whetherof sine,square,or sawtooth waves,
anddo not show a qualitative dependenceon the detailsof the
circuit. Thesefactsleadusto suggestthatthebehavior described
is robustanduniversalfor a wholeclassof systems.

V. CONCLUSIONS

We have investigateduniversalaspectsof the nonlineardy-
namicsof three-frequency systems.We have concentratedon
thethree-frequency resonancesthatwefind in suchsystems,and
we have formulateda hypothesisaboutthe local scalinglaws
for the relative sizesof differentresonances:that the daughter

resonanceformed by the mediantis the largestin the interval
betweenits two parentswhenthey aregeneralizedadjacents.

We have constructedan experimentalmodel of a nonlin-
ear dynamicalsystemwith three frequencies. With this cir-
cuit, madeup of quasiperiodicallyforcedcoupledphase-locked
loops,wehaveinvestigatedthefinestructureof three-frequency
resonancesin thedynamics.We haveconfirmedexperimentally
that for weakcouplingthemostimportantthree-frequency res-
onance— being that with the largestplateauin the spaceof
parameters— in the interval betweentwo adjacentparentres-
onancesis given by the mediant. We emphasizethat sincewe
have beeninterestedin universalbehavior, we expect that the
resultswehaveobtainedarenotdependentondetailsof thecon-
structionof thecircuit, but ratherrepresentthebehavior of any
dynamicalsystemof this class.

Whatimportancemight thesefindingshavefor phase-locked-
loop circuits? The advantageof finding the widestplateauxis
evident: theserepresenttheresponsesthataremoststableto ar-
bitraryperturbations,andthusarethosethataremostlikely to be
foundin a realsystem.Also, it is importantto understandwhat
happenswhenanotherfrequency is addedin parasiticfashion
to a periodically-forcedsystem;thatis oneconsidersoneof the
two forcesasaperturbation.Thiscanproduceundesiredeffects
in thenormalphaselocking of thesystem,andassuchfrom an
engineeringviewpoint it is importantto know theregionsof pa-
rameterspacewherethebehaviour is dependable.It maybethat
a techniquebasedon the simultaneoussynchronizationof two
referencesignalsoffers someadvantagesin certaintechnolog-
ical applications.For example,it may be lessproneto the in-
fluenceof perturbations,or maybeableto maintainthesystem
in a certainfrequency rangewhenoneof thetwo frequenciesis
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Fig. 6. Thepower spectrumof theoutputof thecicuit for a DC offsetof 0.95
V. Otherparametersareasin fig. 5. (a) From0 – 4000Hz. (b) Detail from
400– 600Hz, showing peakat kejl
¦N§~¨I©~ª�¨I© Hz andminorpeaksseparated
adistance« ke<l .

not present,perhapsthroughsystemfailure,or owing to exter-
nal conditions(for example,weatherconditionsin the caseof
atmosphericpropagationof radiosignals).Clearly, whenthere
is only onereferencefrequency, the absenceof that frequency
will leave thesystemin anunpredictablestate.Thepresenceof
two referencefrequenciesin synchronizationapplicationscan
thenleadto systemsthataremorerobustandreliablein theface
of perturbationsandfailures.
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nal, où il estparĺe dela concordancededeuxpendulessuspendüesà trois
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