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Abstract—We construct an experimentalmodelof a nonlinear dynamical
systemwith three frequencies. With this analog electronic circuit made
up of quasiperiodically forced coupled phase-locled loops, we investigate
the structure of the scaling of thr ee-frequencyresonancesr lockings in
the dynamics. We hypothesizeand confirm experimentally that for weak
coupling the three-frequencyresonancewith the largestfrequency-locled
plateau in the spaceof parametersin the interval betweentwo adjacent
resonanceg/q and r/s is given by the mediant (p +7) /(g + s). Weexpect
this to be universal behavior in systemsof thr eecoupledoscillators.

|. INTRODUCTION

HE lastdecade®f this millennium have seena revolution

in our understandingf complex and nonlinearsystems
driven by the applicationof the mathematic®f dynamicalsys-
temstheoryto diversefields of sciencerangingfrom physics,
throughengineeringto chemistryandbiology.

Many of thesebreakthroughdiave beenpossiblethanksto
insight into the behaior of discreteand continuoussystems
gainedthroughintensive numericalcalculations. The bulk of
thesecalculationshave beenperformedusing digital circuits.
However, thereis a growing interestin analogelectroniccir-
cuitsassystemsvheretheoreticapredictionscanbetestedn a
morerealisticervironmentthatthatof numericalmodelsimula-
tion, asexperimentalsystemavherenew interestingdynamical
propertiescanbe discovered,andaspowerful emulatorsof real
complex systemsn practicalapplicationg1], [2], [3], [4], [5],
6], [7].

A particularlyimportantaspecof the new viewpointthatwe
have arrivedatin the studyof dynamicalsystemss thatof uni-
versality Therearemary facetsof the behaior of dynamical
systemghatareuniversalacrossclasse®f systemsn very dif-
ferentfields of science Within aclass,we canpredictthe qual-
itative and in somecasesquantitatve behavior of the system
without having investigatedhe detailsof eachcase.

The dynamicsof nonlinearsystemswith two interactingfre-
guencieshasbeenthoroughlyinvestigatedn mary theoretical
and experimentalstudies,including mary studiesof electronic
circuits consistingof forcedand couplednonlinearoscillators.
It is now well understoodow theresonancesr lockingsfound
in thesesystemsarise,andhow they aredistributedin the pa-
rameterspace[8], [9], [10], [11], [12]. Only recently how-
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ever, hasattentionbeenbroughtto bearon the more comple
problemof threeinteractingfrequencieslt is known thatthree-
frequeny systemslsohave a structureof resonancedyut here
therearethree-frequeng resonanceaswell asthe type found
in systemswith only two frequenciesPreviousinvestigationof
three-frequeng systemshasshown thatthereis a web of reso-
nanceghroughoutthe parametespaceg13]. Experimentswvith
electroniccircuits[14], [15], [16] have confirmedtheoreticake-
sults,and provided muchdatafor theorists. The broadpicture
of three-frequeng systemds clearfrom thesestudies,but the
guestionof scalinglaws for the relative sizesof resonance
smallintervalsof parametespacehasnotbeenaddressed.

In this papemweinvestigatainiversalaspect®f thefine struc-
ture of the nonlineardynamicsof a three-frequeng system
with weakcoupling. We developa theoreticalpredictionabout
the distribution andhierarchyof three-frequeng resonancem
the parameterspace. We then constructan analogcircuit of
guasiperiodicallyforcedcoupledphase-lockdloops. We focus
our attentionon the three-frequengresonances the outputof
thecircuit, anduseit to testour scalinghypothesis.

The paperis organizedas follows: in Sectionll we give a
succinctreview of the theoreticalbasisfor the scalingof reso-
nancesn two-frequenyg systemsandwe build on thatto pro-
posea hypothesidor the scalingof three-frequengresonances
in three-frequeng systems.n Sectionlll we describethe ana-
log circuit of coupledphase-lockdloopswe use,in SectionlV
we analyseghebehaior of the circuit andtestthevalidity of our
scalinghypothesisye endin SectionV with conclusions.

Il. THREE-FREQUENCY RESONANCES

Nonlinearsystemswith competingrequencieshav the phe-
nomenorof resonancealsotermedphase-mode-or frequengy
locking, in which the systemlocks into a resonanperiodicre-
sponsewhich hasa rational frequeng ratio. Resonancavas
first obsened and explainedin 1665 by Huygens[17], [18],
[19] in two pendulumclockscoupledby a commonmounting.
Theamountof resonancéncreasesvith couplingstrengthfrom
nonein theuncoupledinearregime,to acritical situationwhere
thesystemislockedinto resonancatall valuesof thefrequeny
ratio. The subcritical systemhas quasiperiodicresponsede-
tweendifferentlockings,while atsupercriticalvaluesof thecou-
pling strength chaoticaswell asperiodicandquasiperiodiae-
sponsesnay occur Resonanc@henomenaverefirst notedin
thecontext of electronicsby vanderPol [20], [21]. In theinter
veningseventyyearsresonancelave beennvestigatedheoret-
ically andexperimentallyin mary nonlinearsystemsandtheir
distributionin parametespacds now well understoodfrom the
numbertheoreticalconceptof Farey trees[8], [9], [10], [11],



[12]. However, all this appliesto resonancegeneratedy the
interactionof two frequencies.Far lessis known, by compari-
son,whentherearethreeor moreinteractingfrequencies.

Adding anotherfrequeng allows new phenomenao take
place. Now aswell asthe possibility of all threefrequencies
having a rationalrelation,to form a (two-frequeng) resonance
asbefore thereis afurtherpossibility: thatof athree-frequeng
resonancealso known as a weak resonanceor partial mode
locking. Three-frequengresonancearegivenby thenontrivial
solutionsof the equationa fo + bfi + ¢f2 = 0, wherea, b, and
¢ areintegers, f; and f, arethe forcing frequenciesand fy is
theresonantesponseThree-frequengresonanceform aweb
in the parametespaceof the frequencieg13], [14], [15], [16].
In this sectionwe review the novel numbertheoreticalresults
[22], [23] leadingto the presentinvestigations.We shouldlike
to discoverthelocal scalinglaws governingtherelative sizesof
neighboringthree-frequeng resonances.To do this we must
have recourseto somenumbertheory of rational approxima-
tions. Firstly, we revise the situationfor the caseof two fre-
guenciesthenwe extendthisto systemsn whichtherearethree
interactingfrequencies.

A. Continuedfractionapproximationsfor two frequencies

Considematwo-frequeng systermwith autonomoufrequeny
fo andexternalfrequeny f;. Let f = fi/fo. Ouraimis to
definea sequencef rationalsthat corvergesto f. Strongcon-
vergenceis measuredvith the metric (Kinchin’s metric of the
seconckind [24])
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for all (p;, ¢;) for ary ¢; < gn. Givenprn andg,, areproduced
by expandingf in continuedfractionsf = (ay,as2,as,-..), and
truncatingthe expansionasp, /¢, = (a1,as2,as,...a,) [25].
Thep, /g, arethenthe strongcorvergentsof f. They givethe
sequencef fractionswith lowestmonotonicallyincreasingde-
nominatorshatcorvergesto f.

B. TheFarey treefor two frequencies

The physicallyreasonablénypothesisnvokedto explain the
local orderingof the hierarchyof (two-frequeng) resonanceis
thatthe smallerthedenominatarthe largerthewidth of theres-
onancen parametespace.Thefractionwith smallestdenomi-
natorbetweerp/q andr/s, if they aresuficiently closesothat
|gr — ps| = 1, whenthey arecalledadjacentsis (p+7)/(g+s).
This fraction,known asthe mediant thengivesthe mostimpor-
tantresonancen the interval betweenthe resonanceg/q and
r/s. Repeatedlyperformingthe mediantoperation

p_r p+r

g s q+s
on apair of adjacentationalswe obtaina Farey tree.For weak
coupling,the Farey tree providesa qualitative local orderingof
two-frequeny resonancef8], [9], [10], [11], [12].

(3)

C. Continuedfractionapproximationsfor threefrequencies

Now considerthe caseof threefrequenciespneinternal fy,
andtwo external f; and f,. We may divide throughby the au-
tonomousfrequeny fo, to give f{ = f1/fo. andfi = fa/ fo.
We now aim to comeup with two corvergentsequencesf ra-
tionalswith thesamedenominatoyp,,/ k,, andqy, / k,, whichare
strongcorvergentsto f and f] respectiely.

As before strongcorvergencds measuredhroughthemetric
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Thus(py./kn,qn/kn) arebestrationalapproximantsf
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for all tripletsof integers(p;, ¢;, k;) for ary k; < k,,.
Sowe maywrite
Pn
&1 o Al = kn ] = pal, (6)
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wherewe wish to obtainthe integersp,,, ¢,, andk,,. This gen-
eral problemhasnot beensolved [26], [27], however, we may
sete; = &4, sothatbothapproximationshouldbeequallygood
or bad.Takinge; = e, is anansatzo simplify the problemthat
may; or may not, prove correct;aswe shallseelater, it leadsto
resultsthatareconfirmedbothin numericalsimulationsandex-
perimentally Note thatthe work cited above of Kim & Ostlund
[26], [27], is dedicatedo the organizatiorof two-frequeng res-
onancesn three-frequeng systemswhereasherewe arecon-
cernedwith the moregenerakhree-frequengresonances.
If wethensete; = €5, we canequate

ki = Pnl = [knfs = anl, 8)
andaskwhatis k,,. Therearetwo solutions
n :l: n
o=t (9)
2 + fl

At this point we mustremembethatk,, is aninteger, sothese
solutionsrequirethat the frequenciese rescaledby fg + f{f.
For which we definefor thefirst solution

N :_ A
fl = ) f2 = ) (10)
f+1 f+1
andsimilarly for the othersolution
s flJr £k fZT
f1 = > f2 = . (11)
-1 B-1
Thetwo solutionsgiveriseto differente’s
e = |(pn +qn)]il =Pl = |(Pn +Qn)f~2 —qnl, (12)
e = (g —pa)fi = Pnl = (gn —Pn)f3 — anl, (13)



Fig. 1. A schematiadiagramof thefrequeny line shavs the externalforces f;
andf>, theirsubharmonicg /p, andf2/g»,, andthemostimportantthree-
frequeny resonancesssociatedvith the mediantf; andthe generalized
adjacentfs* of thesesubharmonics.

from which onecanobtain
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Soin this sensethe (fi, f2) solutionis betterthanthe (f3, f3)
solution.

Now stickingwith the(f1, f2) solution,p,., (pn + ¢x), andg,
areobtainedfrom the continuedfraction expansionsof f; and
f2. Since

<1

(14)
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if we have the continued fraction expansionof fi/fs
(a1,as,as,...), thatof f; (a1 + 1,az,a3,...), and fy =
(1,a1,as2,as,...). Henceif p, /g, is thenth strongcorvergent
of f1/f2, orequivalentlyof f / f2, givenby this continuedrac-
tion expansionp,, /(pn + ¢») andg,/(p. + ¢.) arethestrong
corvemgentsof f; and f, respectiely.

D. ThegenealizedFarey treefor threefrequencies

Supposehatp,, /g, is acorvergentof f; / fo. We maydefine
asgeneralizecddjacentsry pairof f;/r;, f;/r;, with f realand
r integer, thatsatisfy

| fir; — firsl = | fign — fopn] = |Al

The subharmonicy /p,, and f2/g, areobviously generalized
adjacentsandthe mediantbetweerthemis
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whichby extensionfrom thetwo-frequeng casewe hypothesize
to be the largestresonancen parametespacebetweenf; /py,
andfs /g, (seefig. 1).

Let ustake asanexampleathree-frequeng systemwith the
two externalfrequenciesetto f; = 2100 Hz and f, = 3600
Hz. The frequeng ratio fi/f» is then7/12. The continued
fraction expansionfor f;/f» is (1,1,2,1, 1), andthe different
truncationsof this producethe corvergentsof 7/12, which are
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Fig. 2. Block diagramof the CD 4046A phase-lockd loop we use,madeup of
a low-power voltage-controlledbscillator two different phase-comparator
sectionswith a common-inputamplifier a voltage-rgulator zener and a
source-follever section.

1/1,1/2,3/5,4/7,and7/12. Now therescaledexternalfrequen-
ciesaref; = f1/(f1 + f2) = 7/19, with corvergentsl/2, 1/3,
3/8, 4/11,and 7/19,and fo = fo/(fi + fo) = 12/19, with
corvergentsl/2, 2/3, 5/8, 7/11, and 12/19. The mediantfre-
quenciesfs = (fi + f2)/(pi + ¢;) are5700/2 = 2850 Hz,
5700/3 = 1900 Hz, 5700/8 = 712.5 Hz, 5700/11 = 518.18
Hz,and5700/19 = 300 Hz.

We areinterestedn this paperin the relative importanceor
sizesof the differentresonancesThe hypothesisve have in-
troducedhereis thatfor weakcouplingthe daughteresonance
formedby the mediant

2]

(19)

p_r _ p+t+r
q s qg+s
is the largestthree-frequeng resonancén the interval between
its two parent®/q andr /s whenthey aregeneralizeddjacents.
We shall usethe electroniccircuit to investigateour hypothe-
sisexperimentallyin arealthree-frequengnonlineardynamical
system.

I1l. THE CIRCUIT

We investigatea systemconsistingof two externally forced
couplednonlinearoscillators.As abasiccircuit for bothoscilla-
torswe useadigital phase-lockdloopintegratedcircuit, theCD
4046A.Thisis madeup of alow-powervoltage-controlleascil-
lator, two differentphase-comparat@ectionswith a common-
inputamplifier, avoltage-rgulatorzeneranda source-follaver
sectionusefulin demodulatiorapplications.n fig. 2 we showv a
block diagramof the CD 4046A phase-lockdloop.

Phase-lockdloop circuitsarefoundin mary industrialappli-
cations[28]: for example,in communicatiorsystemshey are
usedfor AM andFM demodulatioranddigital signaltransmis-
sion over telephondines. They arealsointerestingwhencon-
sideredasdynamicalsystems:FM demodulatiorphase-lockd
loops canshaw periodic, quasiperiodicand chaoticresponses
in someparametemtervals[1], [3], [4], [5], [29], [6].



Coupledphase-lockdloop circuits arealsoof interestto in-
dustry Forexample two coupledphase-lockdloopsareusedto
synchronizegeographicallyseparatetiming clocks[30]. These
kindsof systemd$ave alsobeenstudiedasdynamicalsystemsn
orderto determinethe boundarief regionsof safeoperation,
thatis, regionsfreeof irregularor chaoticbehavior [2], [7].

Here our circuit consistsof two coupledvoltage-controlled
oscillatorsforcedwith two independenexternalforcesof fre-
guenciesf; and f>. In fig 3 we shav the electricalscheme
of the circuit implementation. The outputsof the two phase-
locked loops are sentto a type 1 phasecomparatar The type
1 phasecomparatoiof CD 4046Ais an exclusive OR network
that exhibits a triangularshapedesponsefter low-passfilter-
ing. Theerrorsignalis fed backto both voltage-controlleds-
cillators, and passeghroughan overall adjustableamplifier to
provide control over the couplingstrength;we areinterestedn
theweakcouplingregimein thiswork. Invertedanddirectver
sionsof the error signalare sentto oscillatorsoneandtwo re-
spectvely; thisinversionof theerrorsignalin oneof the pathsis
necessaryor the stability of the circuit. Feedbaclsignalsenter
the voltage-controlled-oscillatotontrol pins throughappropri-
ateaddercircuits. The addersalsoallow independentoupling
with the externalforcesandtuning of the internalfrequencies
throughapplicationof adjustableDC levels.

In a phase-lockd loop one normally uses the voltage-
controlledoscillatorandoneof thetwo phasecomparatorérom
the integratedcircuit. In our experimentwe use a voltage-
controlled oscillator for eachphase-lockd loop and a type 1
phasecomparatorf one of the two CD 4046As. The restof
the circuit consistf externallinearaddersandamplifiers.The
low-passfilter is alsoexternalasin normal phase-lockd-loop
circuits.
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Fig. 3. Thecircuit. The outputof the voltagecontrolledoscillator(VCO) sec-
tions of both digital phase-lockd loop devicesaresentto an exclusive OR
port for phasecomparison.The phasecomparatomoutputis returned after
low-passfiltering, to both VCO inputs. An amplifierin the feedbackpath
controlsthe coupling strengthbetweenthe oscillators. Appropriateopera-
tional adderson both VCO inputs allow the externalforcing of the oscil-
lators. Stablephase-lockd responsedetweenoscillatorsalso requirean
additionalunit gaininverterprior to oneof the device inputs.
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Fig. 4. The experimentalsetup. Apart from the circuit itself, we usean HP
3425Afunctiongeneratqradigitizer, andaMacintoshrunningthegraphical
controlsoftwareLabView 2 for overall control of the experiment.

IV. EXPERIMENTAL SETUP AND RESULTS

Figure 4 shawvs a block diagramof the experimentalsetup.
The externalforcesaregeneratedy an HP 3245Atwo-channel
digital functiongeneratarAs acontrolparametewe usethe DC
offsetof oneof theexternalforces;achangen themearvalueof
anexternalforce givesa linearchangein the naturalfrequeng
of theassociatedscillator:we vary the DC offsetof f; in steps
of 1 mV. The outputsof the oscillatorsaredigitized at a rate of
40 kHz, andsaved for subsequenanalysis. Graphicalcontrol
software (a Macintoshrunning LabView 2) is usedto control
the overall experiment. A controllabletime from the start of
ary setof datacanbe chosenin orderto allow transientdo die
out. After this time the fundamentafrequeng is calculatedby
avirtual instrumentrequeny meter

The circuit showvs 1/1 synchronizatiorbetweenthe two 0s-
cillators for a wide rangeof excitation and systemparameters.
Typically, the fundamentalfrequeng of both outputsremains
constanin afinite interval of DC offset. Thefrequeng valueof
thefundamentatleterminestogethemwith thefrequeng values
of thetwo externalforces,a three-frequengresonanceExper
imental datafrom the circuit are shown in fig. 5 togetherwith
the predictedhierarchyof resonancedescribedy our mediant
hypothesiof Sectionll. Thetwo externalfrequenciesarehere
fixedat f; = 2100Hz and f, = 3600 Hz respectiely. These
valuescorrespondo theexamplewe gave in SectionlID.

In fig. 5 thefirst level is definedby the two adjacentsfs /7 =
514.3 Hz and f; /4 = 525 Hz, which are subharmonic®f the
externalfrequencies.The mediantf, betweenthesetwo solu-
tions correspondso (f1 + f2)/(4 + 7) ~ 518.2 Hz. Clearly,
thisis thelargeststability regionin this parametemterval. Sub-
sequentevelsin the hierarchyconfirm the medianthypothesis
up to the limit of resolutionof the graphic. In fig. 6 we shav
a power spectrumfor one of the outputsin the parameterre-
gionof f,. Thespectrunis dominatecby the f, peak,whichis
at least10 dB greaterthanthe componentst the externalfre-
guencies. This shows that the subharmonidrequeny mainly
determineghe dynamicsof the system.Moreover, we cansee
thatthe spectrumis very complicatedn the low frequeng re-
gion, owing principally to the presencef severalminor peaks.
The principal spacingbetweerpeaksis ¢ fs &~ 27.29 Hz, which
correspondto beatshetweertheexternalforcesandappropriate
harmonicof f, (seefig. 1).
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Fig.5. Experimentatesults— athree-frequencDevil’ s staircaseTheexternalfrequenciesf; andf» areherefixedat2100Hz and3600Hz. Ontheleft is plotted
the third frequeny of a three-frequencresonancegainsta control parametethe DC offset of one of the externalforces)for all resonancewith plateaux
largerthana certainsize. On theright we seethe hierarchyof three-frequencresonancepredictedby the medianthypothesistartingfrom the parentsfi /4
andf» /7. At eachlevel in the hierarchythe daughteresonancéormedby the mediantbetweertwo adjacenparentss seento bethelargestin its intenal.

As4/7isacornvergentof f;/ fo, thefirstlevelin fig. 5is given
by the two primary adjacents fo/7 ~ 514.3 Hz and f5/4 =
525 Hz. Theseare subharmonic®f the external frequencies
anddefinethe valueof A in (17),i.e., A = (7f; — 4fs) =
300 Hz. The mediantbetweerthesetwo solutionscorresponds
to fs = (f1 + f2)/(4 +7) ~ 518.2 Hz. Clearly, this is the
largeststability region in this parameteinterval. Obsere that
fs is ageneralizeadjacenpf both f; /4 and f»/7, (equalA in
(17)) andthusthe mediantoperation(18) canbe implemented
to obtainthesecondevel of thegeneralizedrarey treei.e., fs+
fi/d= @fi+f2)/(2-4+T) andfo+ f2/7 = (fi+2f2)/(4+2-
7). It is clearthattheprocedureanbeiteratively appliedto give
successie levels of the tree. Up to the limit of the resolution
of fig. 5, all resonancefound arerepresenteih somelevel of
the generalizedree andthe medianthypothesisf hierarchical
orderingis confirmed.

We have repeatedheexperimentwith differentfrequeng ra-
tios; the qualitative featuresof the responsesf the device are
insensitve to this change,and plots suchasfig. 5 are qualita-
tively the same.Moreover, they arealsoanalogoudor different
input waveforms,whetherof sine, square,or savtooth waves,
anddo not shav a qualitatve dependencen the detailsof the
circuit. Thesdactsleadusto suggesthatthebehaior described
is robustanduniversalfor awhole classof systems.

V. CONCLUSIONS

We have investigateduniversalaspectsof the nonlineardy-
namicsof three-frequeng systems. We have concentratedn
thethree-frequengresonancethatwe find in suchsystemsand
we have formulateda hypothesisaboutthe local scalinglaws
for the relative sizesof differentresonancesthatthe daughter

resonancdormed by the mediantis the largestin the interval
betweerits two parentsvhenthey aregeneralizedidjacents.
We have constructedan experimentalmodel of a nonlin-
ear dynamical systemwith three frequencies. With this cir-
cuit, madeup of quasiperiodicallyforcedcoupledphase-lockd
loops,we haveinvestigatedhefine structureof three-frequeng
resonances thedynamics.We have confirmedexperimentally
thatfor weakcouplingthe mostimportantthree-frequeng res-
onance— being that with the largestplateauin the spaceof
parameters— in the interval betweentwo adjacentparentres-
onancess given by the mediant. We emphasizehat sincewe
have beeninterestedn universalbehaior, we expectthat the
resultswe have obtainedarenotdependenvndetailsof thecon-
structionof the circuit, but ratherrepresenthe behaior of ary
dynamicalsystemof this class.
Whatimportancemightthesefindingshave for phase-lockd-
loop circuits? The advantageof finding the widestplateauxis
evident: theserepresentheresponsethataremoststableto ar-
bitrary perturbationsandthusarethosethataremostlikely to be
foundin arealsystem.Also, it is importantto understandavhat
happensvhen anotherfrequeny is addedin parasiticfashion
to a periodically-forcedsystemihatis oneconsidersoneof the
two forcesasa perturbation.This canproduceundesiredeffects
in the normalphasédocking of the systemandassuchfrom an
engineeringziewpointit is importantto know theregionsof pa-
rameteispacenvherethebehaiour is dependablelt maybethat
a techniquebasedon the simultaneousynchronizatiorof two
referencesignalsoffers someadwantagesn certaintechnolog-
ical applications.For example,it may be lessproneto thein-
fluenceof perturbationspr may be ableto maintainthe system
in a certainfrequeny rangewhenoneof thetwo frequenciess
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Fig. 6. The power spectrumof the outputof the cicuit for a DC offsetof 0.95
V. Otherparametersreasin fig. 5. (a) From0 — 4000Hz. (b) Detail from
400- 600Hz, shawing peakat fs = 518.18 Hz andminor peaksseparated
adistances f;.

not presentperhapghroughsystemfailure, or owing to exter-
nal conditions(for example,weatherconditionsin the caseof
atmospheripropagatiorof radio signals). Clearly, whenthere
is only onereferencedrequeng, the absenceof that frequengy
will leave the systemin anunpredictablestate. The presencef
two referencefrequenciesn synchronizatiorapplicationscan
thenleadto systemghataremorerobustandreliablein theface
of perturbationandfailures.
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