Essential nonlinearitiesin hearing
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Our hearingorgan,thecochleagvidently poisestself at a Hopf bifurcationto maximizetuningandamplifi-
cation. We shawv thatin this conditionseveral effectsare expectedto be generic:compressiomnf the dynamic
range infinitely sharptuningatzeroinput,andgeneratiorof combinatiortones.Theseeffectsare“essentially”
nonlinearin thatthey becomemore markedthe smallertheforcing: thereis no audiblesoundsoft enoughnotto
evoke them. All thewell-documenteahonlinearaspectof hearingthereforeappearo be consequencesf the

sameunderlyingmechanism.
PACSnumbers05.45.-a43.66.+y87.17.Nn

TheclassicHelmholtztheory[1] positsthatour hearingor-
gan,thecochleajs arrangedik e a harpor the backplaneof a
piano,with a numberof highly tunedelementsarrayedalong
afrequeny scale,performingFourier analysisof theincom-
ing sound. Althoughthe notionthatthe inner earworks like
a musicalinstrumentoffers a beautiful estheticsymmetry it
hasseriousflaws. In the 1940s,Gold [2] pointedout that
the cochleas narrav passageaysarefilled with fluid, which
dampensary hopeof simplemechanicatuning. He argued
thatthe earcannotoperateasa passve sensoybut that addi-
tional enegy mustbe putinto thesystem As in theoperation
of aregeneratie recever[3], active amplificationof the sig-
nal can compensatdor dampingin orderto provide highly
tunedresponses.

Von Békésys classic measurementin the cochlea[4]
demonstratethe mappingof soundfrequenciego positions
alongthe cochlea. He obsened the tuning to be quite shal-
low andfound cochlearesponseto behave linearly overthe
rangeof physiologicallyrelevantsoundntensities.Gold’s no-
tionswerelargelysetasidein favor of thehypothesi®f coarse
mechanicatuningfollowedby a“seconcfilter,” whosenature
wassurmisedo beelectrical.

Von Békésy conductedhis measurement®n cadaers,
whosedeadcochleadacked power sourcesor amplifiersthat
might have provided positive feedback.Only fairly recently
laserinterferometricvelocimetryperformedon live andrea-
sonablyintactcochleashasledto averydifferentpicture[5,6].
Thereis, in fact, sharpmechanicaluning, but it is essen-
tially nonlinear. thereis noaudiblesoundsoftenougtthatthe
cochlearresponsas linear. Although the responsdar from
theresonance'centeris linear, attheresonance'peakthere-
sponseisessublinearlycompressinglmost80dB into about
20dB (Fig. 1). Thewidth of theresonancéncreasesvith in-
creasingamplitude beingleastfor soundsnearthe threshold
of hearing.Obsenationof theresponses essentiahonlinear
ity atthelevel of cochleamechanicgontradictsron BEkésy's
finding. Furthermorethis nonlinearitydoesnot originatein
therigidity of membranesr in fluid-mechanicaeffects. Be-
causdt reversiblydisappear# thecochleasionic gradientis

temporarilydisturbedthe nonlinearitydependsn a biologi-
cal power supply[7].
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FIG. 1. Laservelocimetricdatafrom aliving chinchilla's cochlea
displayingtheroot-mean-squareelocity of onepoint on the basilar
membranasafunctionof driving frequeng. Eachcurve represents
a differentlevel of stimulation,labelledin decibelssound-pressure
level. Thecharacteristiérequeny atthe positionof measuremerig
9 kHz. Noticethatat 4 kHz, the curvesfrom 40 dB to 80 dB span
two decadeg40 dB), whereasat 9 kHz the curvesfrom 3 dB to 80
dB spanjust underonedecadg20 dB). Note thatthe responset 9
kHz saturate®eyond60dB. At 4 kHz, theresponseisesanaverage
of 1 dB perdecibelwhereasat9 kHz theresponseisesonly 0.3dB
perdecibel.Notefurthermorethe dramaticincreasen bandwidthas
theintensityincreasesCourtesyof M. A. Ruggerd5].

Goldconjecturedhataregeneratrtemechanisnfor hearing
couldleadto feedbacloscillationssothatthe earwould actu-
ally emit sound. The discovery that the earindeedproduces
spontaneoustoacousticemissions[8] rekindled interestin
Gold's theory Recentlytheseemissionshave beenfoundto
belimit cycle oscillations[9]. Thepercevedpitch of missing
fundamentatoneshasadditionallybeenshavn to be compat-
ible with arelaxationoscillationlocking mechanisnj10].

Psychoacousticalexperiments have provided another
meanf probingthenonlinearitieof hearing.Whentwo sine
wavestraversea systemwith anonlineartransferfunction,the



responséncludescombinatiortones,ntegerlinearcombina-
tionsof theinputfrequenciesywhoseamplitudescaleasprod-
uctsof theinputamplitudegraisedto theappropriatgositive
integer powers. If theinputis weakenough.a linear“small-
amplitude”regimeshouldberecoreredin whichcombination
tonesare absent. Psychoacousticaixperimentsshoved that
thepercevedintensityof combinatiortonesis notsuppressed
in thisfashion:althoughthe2 f; — fo combinatiortoneshould
declineby 3 dB for eachdecibelof attenuationin the input
sound,the actualattenuationis only 1 dB per decibel[11].
The intensityrelative to the fundamentatonesremainscon-
stant.Theseobsenations too,imply thatthesystemis essen-
tially nonlinear: no audiblesoundis faint enoughto elicit a
small-amplitudelinearregime.

We shallshow thatall of theseapparenthdisparatecharac-
teristicsare relatedto one anothey stemmingfrom the same
mechanism.In dynamicalsystemdanguagewe would say
thatGold's theoryassertghatthe elementof the hearingor-
gansomehav poisethemselesat a Hopf bifurcation,like a
soundtechnicianadjustingthe volume at an amplifier to the
loudestpossiblesetting before feedbackoscillation ensues.
We shallshaw thatata Hopf bifurcationwe genericallyexpect
essentiahonlinearitiescompressiomf dynamicrange sharp
tuning for small input, and broadtuning for large input. In
essenceseveral nonlinearaspectof hearingmay stemfrom
the Hopf bifurcation. We shallthenarguethatgivenour cur-
rentunderstandin@f hair-cell physiologyit is plausiblethat
thisis occurring.

0

10 : :
@ 10—2 /\
10°
0.6 0:8 1:0
ww,

FIG. 2. Hopf resonance.The responseR to differentlevels of
forcing F' is obtainedfrom Eq. (2); the amplitudeof forcing in-
creasedn incrementof 10 dB for successie curvesfrom bottomto
top. At resonancéhe responsencreasessthe one-thirdpower of
theforcing, whereasaway from the resonanc¢heresponses linear
in theforcing.

A genericequationdescribinga Hopf bifurcation can be
written

2= (u+iwe)z — |2|?2

where z(t) is a comple variable of time, wy is the natu-
ral frequeny of oscillation, and p is the control parame-
ter [12]. When y becomespositive, the solutionz = 0

becomeaunstable,and a stableoscillatory solutionappears,
z = /mexp(iwot). If the systemis subjectedio periodic

forcingasz = (u+iwp)z — |2|?2 + Fe™?, thenfor thespon-
taneousloscillatingsystema variety of well-studiedentrain-
mentbehaiors occur Assuminga 1:1 locked solutionof the
form z = Re™t*+i¢ we obtain

F? = R® —2uR* + (p? + (w — wo)?)R? (1)

This equatioris a cubicin R? andhencesolvable:

3R? =83 4 2u—U,5~/3

where
28 =D +4/D?2+4U,°> D =27F? +16u° — 18ul;
Uy :M2+(w0 —w)2 U, = —,LI/2+3((4)0—(4))2

If we specializeEq. (1) exactly atthe bifurcationwe obtain

)

from whichwe candemonstratéirectly oneof our maincon-
tentions. At the centerof the resonancewherew = wy,
R ~ F'/3, sono matterhow small F* mightbe, theresponse
is nonlinear(Fig. 2). Notice that because cubicroot of a
smallnumberis muchlargerthanthe number the amplifica-
tion R/ F orthedifferentialamplificationd R /dF’ blowsupas
F~2/3 for infinitesimalforcings. Away from the resonance’
center for sufiiciently small FF we obtainR ~ F/|w — wy|,
the standardorm for a single pole seenfrom a distance;for
ary w, theamplificationis constanandindependenof F'.

F? =R% + (v — w)?R?
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FIG. 3. Theresonancef Fig. 2 in log-log form shavs the com-
pressve regime(to theupperleft) andthelinearregime (to thelower
right) andtheboundarybetweerthem. Thedashedine givenby Eq.
(3) indicateghe half-widthT'.

The definitionsof “nearthe resonance’and“far from the
resonancetiependon the amplitudeof the forcing; therefore
the interfacebetweenthe two regimesdependn F. If we
definethe half-widthT" of theresonancastherangein w for
which R fallsby one-half(Fig. 3), (R/2)¢+I2(R/2)? = R,
from which
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For this systemthe gain-bandwidthproductis constantand
independenbf the forcing. The gain-bandwidthbalancede-
pendsstronglyon the forcing amplitude however, asymptot-
ing to infinite gain and zerobandwidthfor zeroforcing am-
plitude. This behaior strikingly resembleshatof theveloci-
metricdatafor the basilarmembraneespons¢5].

As noted,if the control parametelies exactly at the Hopf
bifurcation,thereis no forcing softenoughnotto elicit anon-
linearresponseThisis nolongertrueif the parameters not
poisedexactly at the bifurcation. Near the bifurcation, there
is alinearregimefor soft enoughsoundshow softthey need
to be dependauponclosenesso the bifurcation. The preci-
sion with which the systemcanbe so poiseddetermineghe
maximal amplificationand frequeng selectvity. We again
specializeEqg. (1), this time to the casew = wy, exactly at
resonancep get

F? = R*(R? — p)? (4)

Consideffirst u < 0, the sub-bifurcatiorregime. As FF — 0
thenR — —F/u: the amplificationfor infinitesimally soft
soundsis —1/u, which becomesnfinite only exactly at the
transition. For y sufiiciently small and negative we obsene
compressie nonlinearity for F > (—p)%/3 and a linear
regime for softer sounds. We shouldfurthermorenote that
for Eq. (1), u is alsothe parametefor exponentialrelaxation
in the absenceof forcing: the systemrelaxesto the quies-
centstateasexp (ut). Thusthe linearregime amplification
is exactly proportionalto the integrationtime given by this
relaxation; this integration time becomesdnfinite exactly at
thebifurcation. Cochleanvelocimetrydatashow theresponse
becominglinear againbelow the hearingthreshold[6]; this
obsenationraisesthe possibility thatthe feedbackoop con-
trolling thepoisingoperateshroughthevery samesignalused
for detection.

Oncepastthe Hopf bifurcation(x > 0), anoscillationoc-
curs,for which the responseabove the limit-cycle amplitude
is R = R — ,/p. EQ. (4) hasthreesolutions,of which
only one (R’ > 0) is stablewith stability paramete2u. In
the supra-bifurcatiorregime the solutionabove is by defini-
tion phase-lockd1:1, soits stability is constrainedo the 1:1
Arnold tongue. In orderto fully explorethe behaior of the
systemaroundthe Hopf bifurcation,it is betterto consideithe
simplestforcedmodelableto suffer quasiperioditransitions.
The bestnumericalschemas to definea systemwhosesolu-
tion we cancomputeanalytically thento forceit impulsively
so that we obtain a closed-formiteratedmap [13,14]. The
simplestsuchhomogeneousscillatoris

F=r(p—r?) ()
f=w (6)

Numerical exploration of this model and of the model de-
scribedin [12] shaws that the featuresdescribedabove are
independentf modeldetails(V. M. Egliluz, in preparation).

We have thus establishedhat several nonlinearaspectof
hearingare compatiblewith the ideathat the cochleapoises

itself at a Hopf transition. How might this behaior originate
in the hearingorgan?Onepossibilityis thatthe responsely-
namicsof individual sound-sensinglements—thdair cells
of theinner ear—itself displaysa Hopf bifurcation. We shall
next examinephysiologicalevidencein supportof this propo-
sition.

Individual hair cells shav electricalfrequeng selectvity,
beingtunedto specificfrequenciedy resonancef themem-
branepotential[15]. A seven-dimensionatonductance-based
modeldescribeghe hair cell’s electricalamplifier, calledthe
membranescillator[16]. In this model,thehaircell's capac-
itanceis chaged by currentthroughthe transductionchan-
nels, then dischaged by Ca&*-activated K* current. The
model’s control parametel is a strongfunction of both the
transductionand the C2* conductances.As describedby
the membrane-oscillatamodelwith increased., electrically
resonanhair cellsin the hearingorgansof amphibiansyep-
tiles, and birds operateneara supercriticalHopf bifurcation.
A smallconductancescillationin the transductiorchannels
engendersa large current-to-wltagegain, the benefitof oper
ating neara Hopf bifurcation (M. Ospecket al., in prepara-
tion).

In lowervertebratedrequeng-specificamplificationin the
auditorysystenmderivesin partfrom mechanicapropertiesof
the hair bundle, the mechanorecepte organelleof the inner
ear[17,18]. This bundledoesnot behare asa merelypassie
transducer Evoked hair-bundle oscillationsinsteaddemon-
stratethatthe hair bundleis capableof producingactive tran-
sientmotionsand of amplifying mechanicainputs [21-24].
Moreover, hair bundlescan producelimit-cycle oscillations,
a phenomenoithat may underly otoacoustieemissiong25].
Finally, a hair bundlecangeneratecombinatiortonessimilar
to thosefoundin psychoacousticaxperimentq26].

Two suggestionshave beenmade about the mechanism
of hairbundle oscillations[17]. Both posit that the force-
generatingelementsregulate the elastic propertiesof the
mechanoelectricatansductiorchannein a Ca&*-dependent
manney thus modulatingtensionin the associatedgating
springandalteringthemechanic®f thehairbundle.Onepos-
sibility is thatmyosinmoleculesanchoringthe channelcom-
plex to theactincoreof the stereociligpowerthe oscillations.
The alternatve proposalis thatthe channelcomple itself is
intrinsically actve andgenerate$orce. The primary supposi-
tion of this model[27] is thatthe closedstateof the channel
is stabilizedby C&™* binding. Becausahereis a C&* con-
centrationgradientacrosghe cell membranendthe channel
is permeablao Ca2t, channebpeningregulatesthelocalin-
tracellularC&* concentratiorand thus the force generated
throughchannereclosure.

Variationof themodels parametevalueshroughaphysio-
logically plausiblerangerevealsa locusof Hopf bifurcations
whosefrequenciesspanthe rangeof humanhearing. Near
the bifurcation, one obsenes compressie frequeny selec-
tivity; the systemis essentiallynonlinear One particularly
relevantcontrol parameteis the numberof stereociliain the
hair bundle: mary of the mechanicapropertiesmay be de-



fined as functions of this value, which is clearly regulated
alongthe cochlea. In agreementvith experiment,nearthe
bifurcationlocusthe modelmapstall, thin hair bundlesto the
low-frequeng rangeand short, broadbundlesto higherfre-
guenciesA secondcontrol parametegovernsCe2t-binding
kinetics;fastertransitionscorrespondo higheroscillationfre-
guencies.Tuning of this parametemay be achiezedthrough
modulationof theintracellularCa* concentrationwhich is
also subjectto tight regulation[28]. Thesemodelsdemon-
stratethat hair cells can operateneara Hopf bifurcationfor
realisticparametevalues.

We have shown that tuning to a Hopf bifurcationcanac-
countfor threewell-documenteessentiahonlinearieof the
ear: compressiorof dynamicrange,sharpercochleartuning
for softersoundsandgeneratiorof combinationtones. The
greatadwantageof the regeneratie tuning stratgy is thatit
requiresa minimal numberof active elements;becausehe
tunerandthe amplifierareoneandthe samethis mechanism
is evolutionarily accessibleWe have alsoreviewed evidence
thatthe sensoryreceptorof the cochleathe hair cells, oper
atenearaHopf bifurcation.Becausehecochleas a comple
geometricalstructuretraversedby nonlinearwaves, relating
the contribution of individual hair cellsto the behavior of the
entireorganremainsa botha theoreticalandan experimental
challenge.lt is importantto determinefor instancewhether
hair bundlesarestiff enoughto affect the propagatiorof the
cochleartraveling wave andwhetherthe hair cells’ electrical
responseaffecthairbundlemovement.Despitethe difficulty
in linking the ear’s microscopicto its macroscopidehaior,
though,it seemdikely thatthe procesghatpoisesthe earas
a whole neara Hopf bifurcationis identicalto thatinvolved
in bringing eachhair cell to a bifurcation. A hair cell in the
cochleacanmeasuréts inputonly in the context of theorgan
asawhole, andthe only active elementpositionedto adjust
the cochleas behaior is the hair cell.
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