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Our hearingorgan,thecochlea,evidentlypoisesitself at a Hopf bifurcationto maximizetuningandamplifi-
cation. We show that in this conditionseveraleffectsareexpectedto begeneric:compressionof thedynamic
range,infinitely sharptuningatzeroinput,andgenerationof combinationtones.Theseeffectsare“essentially”
nonlinearin thatthey becomemoremarkedthesmallertheforcing: thereis noaudiblesoundsoftenoughnot to
evoke them. All thewell-documentednonlinearaspectsof hearingthereforeappearto beconsequencesof the
sameunderlyingmechanism.

PACSnumbers:05.45.-a,43.66.+y, 87.17.Nn

TheclassicHelmholtztheory[1] positsthatourhearingor-
gan,thecochlea,is arrangedlike a harpor thebackplaneof a
piano,with a numberof highly tunedelementsarrayedalong
a frequency scale,performingFourieranalysisof the incom-
ing sound.Althoughthenotion that the innerearworks like
a musicalinstrumentoffers a beautifulestheticsymmetry, it
hasseriousflaws. In the 1940s,Gold [2] pointedout that
thecochlea’snarrow passagewaysarefilled with fluid, which
dampensany hopeof simplemechanicaltuning. He argued
that theearcannotoperateasa passive sensor, but thataddi-
tionalenergy mustbeput into thesystem.As in theoperation
of a regenerative receiver [3], active amplificationof thesig-
nal can compensatefor dampingin order to provide highly
tunedresponses.

Von Békésy’s classic measurementsin the cochlea [4]
demonstratedthe mappingof soundfrequenciesto positions
alongthe cochlea. He observed the tuning to be quite shal-
low andfoundcochlearresponsesto behave linearly over the
rangeof physiologicallyrelevantsoundintensities.Gold’sno-
tionswerelargelysetasidein favor of thehypothesisof coarse
mechanicaltuningfollowedby a“secondfilter,” whosenature
wassurmisedto beelectrical.

Von Békésy conductedhis measurementson cadavers,
whosedeadcochleaslackedpower sourcesor amplifiersthat
might have providedpositive feedback.Only fairly recently,
laser-interferometricvelocimetryperformedon live andrea-
sonablyintactcochleashasledtoaverydifferentpicture[5,6].
There is, in fact, sharpmechanicaltuning, but it is essen-
tially nonlinear: thereis noaudiblesoundsoftenoughthatthe
cochlearresponseis linear. Although the responsefar from
theresonance’scenteris linear, at theresonance’speakthere-
sponserisessublinearly, compressingalmost80dB into about
20dB (Fig. 1). Thewidth of theresonanceincreaseswith in-
creasingamplitude,beingleastfor soundsnearthethreshold
of hearing.Observationof theresponse’sessentialnonlinear-
ity atthelevelof cochlearmechanicscontradictsvonBékésy’s
finding. Furthermore,this nonlinearitydoesnot originatein
therigidity of membranesor in fluid-mechanicaleffects.Be-
causeit reversiblydisappearsif thecochlea’s ionic gradientis

temporarilydisturbed,thenonlinearitydependson a biologi-
calpowersupply[7].

FIG. 1. Laservelocimetricdatafrom a living chinchilla’s cochlea
displayingtheroot-mean-squarevelocity of onepoint on thebasilar
membraneasa functionof driving frequency. Eachcurve represents
a different level of stimulation,labelledin decibelssound-pressure
level. Thecharacteristicfrequency at thepositionof measurementis
9 kHz. Notice thatat 4 kHz, the curvesfrom 40 dB to 80 dB span
two decades(40 dB), whereasat 9 kHz thecurvesfrom 3 dB to 80
dB spanjust underonedecade(20 dB). Note that the responseat 9
kHz saturatesbeyond60dB. At 4 kHz, theresponserisesanaverage
of 1 dB perdecibel,whereasat9 kHz theresponserisesonly 0.3dB
perdecibel.Notefurthermorethedramaticincreasein bandwidthas
theintensityincreases.Courtesyof M. A. Ruggero[5].

Goldconjecturedthataregenerativemechanismfor hearing
couldleadto feedbackoscillationssothattheearwouldactu-
ally emit sound.The discovery that the earindeedproduces
spontaneousotoacousticemissions[8] rekindled interestin
Gold’s theory. Recentlytheseemissionshave beenfound to
belimit cycleoscillations[9]. Theperceivedpitch of missing
fundamentaltoneshasadditionallybeenshown to becompat-
ible with a relaxationoscillationlockingmechanism[10].

Psychoacousticalexperiments have provided another
meansof probingthenonlinearitiesof hearing.Whentwo sine
wavestraverseasystemwith anonlineartransferfunction,the
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responseincludescombinationtones,integerlinearcombina-
tionsof theinputfrequencies,whoseamplitudesscaleasprod-
uctsof theinput amplitudesraisedto theappropriatepositive
integerpowers. If the input is weakenough,a linear “small-
amplitude”regimeshouldberecoveredin whichcombination
tonesareabsent.Psychoacousticalexperimentsshowed that
theperceivedintensityof combinationtonesis notsuppressed
in thisfashion:althoughthe

�
���������
combinationtoneshould

declineby 3 dB for eachdecibelof attenuationin the input
sound,the actualattenuationis only 1 dB per decibel[11].
The intensityrelative to the fundamentaltonesremainscon-
stant.Theseobservations,too, imply thatthesystemis essen-
tially nonlinear:no audiblesoundis faint enoughto elicit a
small-amplitude,linearregime.

We shallshow thatall of theseapparentlydisparatecharac-
teristicsarerelatedto oneanother, stemmingfrom the same
mechanism.In dynamicalsystemslanguage,we would say
thatGold’s theoryassertsthattheelementsof thehearingor-
gansomehow poisethemselvesat a Hopf bifurcation,like a
soundtechnicianadjustingthe volumeat an amplifier to the
loudestpossiblesettingbefore feedbackoscillation ensues.
Weshallshow thatataHopfbifurcationwegenericallyexpect
essentialnonlinearities,compressionof dynamicrange,sharp
tuning for small input, andbroadtuning for large input. In
essence,severalnonlinearaspectsof hearingmaystemfrom
theHopf bifurcation.We shall thenarguethatgivenour cur-
rentunderstandingof hair-cell physiologyit is plausiblethat
this is occurring.
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FIG. 2. Hopf resonance.The response� to different levels of
forcing � is obtainedfrom Eq. (2); the amplitudeof forcing in-
creasesin incrementsof 10dB for successive curvesfrom bottomto
top. At resonancethe responseincreasesasthe one-thirdpower of
theforcing,whereasaway from theresonancetheresponseis linear
in theforcing.

A genericequationdescribinga Hopf bifurcationcan be
written ��������! #"%$'&)(*� �,+ � + � �
where �-�/.0( is a complex variableof time, $1& is the natu-
ral frequency of oscillation, and � is the control parame-
ter [12]. When � becomespositive, the solution �3254
becomesunstable,anda stableoscillatorysolutionappears,�6�87 �:9�;�<'��"%$ & .0( . If the systemis subjectedto periodic

forcingas
����6�=�� >"%$1&)(0� �#+ � + � �? A@CBEDGF�H , thenfor thespon-

taneouslyoscillatingsystema varietyof well-studiedentrain-
mentbehaviors occur. Assuminga 1:1 lockedsolutionof the
form ���JI:BEDKFLH�MNDPO , weobtain

@ � �QI:R �S� �TIVUW X��� �  X�Y$ � $ & ( � (*I � (1)

Thisequationis a cubicin I � andhencesolvable:

Z I � �X[ �]\]^  � � �#_ � [a` �]\�^
where

� [S�Qb� Xc b �  Sd _e� ^ bf� �Lg @ �  Jh)i�� ^ � hkjl� _?�
_?� �Q� �  J��$ & � $W( � _m� � � � �  Z ��$ & � $W( �
If wespecializeEq. (1) exactlyat thebifurcationweobtain

@ � �JI:R? X�Y$ � $ & ( � I � (2)

from whichwecandemonstratedirectlyoneof ourmaincon-
tentions. At the centerof the resonance,where $n�o$'& ,Iqpr@ �*\�^ , sono matterhow small @ might be,theresponse
is nonlinear(Fig. 2). Notice that becausea cubic root of a
smallnumberis muchlarger thanthenumber, theamplifica-
tion Its�@ or thedifferentialamplificationu ICs u @ blowsupas@ ` ��\�^ for infinitesimalforcings. Away from theresonance’s
center, for sufficiently small @ we obtain Ivpf@ws + $ � $ & + ,
thestandardform for a singlepoleseenfrom a distance;for
any $ , theamplificationis constantandindependentof @ .
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FIG. 3. Theresonanceof Fig. 2 in log-log form shows thecom-
pressiveregime(to theupperleft) andthelinearregime(to thelower
right) andtheboundarybetweenthem.Thedashedline givenby Eq.
(3) indicatesthehalf-width z .

The definitionsof “near the resonance”and“f ar from the
resonance”dependon theamplitudeof theforcing; therefore
the interfacebetweenthe two regimesdependson @ . If we
definethehalf-width { of theresonanceastherangein $ for
which I fallsby one-half(Fig. 3), �=Its � ( R  { � �=Its � ( � �QI R ,
from which

{ � Z 7 g
d @ �|\�^ (3)
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For this systemthe gain-bandwidthproductis constantand
independentof the forcing. Thegain-bandwidthbalancede-
pendsstronglyon theforcing amplitude,however, asymptot-
ing to infinite gainandzerobandwidthfor zeroforcing am-
plitude.Thisbehavior strikingly resemblesthatof theveloci-
metricdatafor thebasilar-membraneresponse[5].

As noted,if thecontrolparameterlies exactly at theHopf
bifurcation,thereis no forcingsoftenoughnot to elicit anon-
linearresponse.This is no longertrue if theparameteris not
poisedexactly at the bifurcation. Near the bifurcation,there
is a linearregimefor soft enoughsounds;how soft they need
to be dependsuponclosenessto the bifurcation. The preci-
sion with which the systemcanbe so poiseddeterminesthe
maximal amplificationand frequency selectivity. We again
specializeEq. (1), this time to the case$}�3$1& , exactly at
resonance,to get

@ � �JI � �=I � � �N( � (4)

Considerfirst �,~64 , thesub-bifurcationregime. As @f�84
then I�� � @wsE� : the amplificationfor infinitesimally soft
soundsis

� hEs�� , which becomesinfinite only exactly at the
transition. For � sufficiently small andnegative we observe
compressive nonlinearity for @ � � � �N( �|\�^ and a linear
regime for softer sounds. We shouldfurthermorenote that
for Eq. (1), � is alsotheparameterfor exponentialrelaxation
in the absenceof forcing: the systemrelaxes to the quies-
centstateas 9�;�<t���T.0( . Thusthe linear-regime amplification
is exactly proportionalto the integration time given by this
relaxation; this integration time becomesinfinite exactly at
thebifurcation.Cochlearvelocimetrydatashow theresponse
becominglinear againbelow the hearingthreshold[6]; this
observationraisesthepossibility that the feedbackloop con-
trolling thepoisingoperatesthroughtheverysamesignalused
for detection.

OncepasttheHopf bifurcation( ���64 ), anoscillationoc-
curs,for which the responseabove the limit-cycle amplitude
is I:���8I � 7 � . Eq. (4) has threesolutions,of which
only one( I � ��4 ) is stablewith stability parameter

� � . In
the supra-bifurcationregime the solutionabove is by defini-
tion phase-locked1:1,soits stability is constrainedto the1:1
Arnold tongue. In orderto fully explore the behavior of the
systemaroundtheHopf bifurcation,it is betterto considerthe
simplestforcedmodelableto suffer quasiperiodictransitions.
Thebestnumericalschemeis to definea systemwhosesolu-
tion we cancomputeanalytically, thento forceit impulsively
so that we obtain a closed-formiteratedmap [13,14]. The
simplestsuchhomogeneousoscillatoris��t�,���=� � � � ( (5)�� ��$ (6)

Numericalexploration of this model and of the model de-
scribedin [12] shows that the featuresdescribedabove are
independentof modeldetails(V. M. Egúıluz, in preparation).

We have thusestablishedthat severalnonlinearaspectsof
hearingarecompatiblewith the ideathat the cochleapoises

itself at a Hopf transition.How might this behavior originate
in thehearingorgan?Onepossibility is thattheresponsedy-
namicsof individual sound-sensingelements—thehair cells
of the innerear—itself displaysa Hopf bifurcation.We shall
next examinephysiologicalevidencein supportof thispropo-
sition.

Individual hair cells show electricalfrequency selectivity,
beingtunedto specificfrequenciesby resonanceof themem-
branepotential[15]. A seven-dimensionalconductance-based
modeldescribesthehair cell’s electricalamplifier, calledthe
membraneoscillator[16]. In thismodel,thehaircell’s capac-
itanceis chargedby currentthroughthe transductionchan-
nels, then discharged by Ca

� M -activated K M current. The
model’s control parameter� is a strongfunctionof both the
transductionand the Ca

� M conductances.As describedby
themembrane-oscillatormodelwith increased� , electrically
resonanthair cells in the hearingorgansof amphibians,rep-
tiles, andbirdsoperateneara supercriticalHopf bifurcation.
A small conductanceoscillationin the transductionchannels
engendersa largecurrent-to-voltagegain,thebenefitof oper-
ating neara Hopf bifurcation(M. Ospecket al., in prepara-
tion).

In lowervertebrates,frequency-specificamplificationin the
auditorysystemderivesin partfrom mechanicalpropertiesof
the hair bundle,the mechanoreceptive organelleof the inner
ear[17,18]. This bundledoesnot behave asa merelypassive
transducer. Evoked hair-bundleoscillationsinsteaddemon-
stratethatthehairbundleis capableof producingactive tran-
sientmotionsandof amplifying mechanicalinputs [21–24].
Moreover, hair bundlescanproducelimit-cycle oscillations,
a phenomenonthat may underlyotoacousticemissions[25].
Finally, a hair bundlecangeneratecombinationtonessimilar
to thosefoundin psychoacousticalexperiments[26].

Two suggestionshave beenmadeabout the mechanism
of hair-bundle oscillations[17]. Both posit that the force-
generatingelementsregulate the elastic propertiesof the
mechanoelectricaltransductionchannelin a Ca

� M -dependent
manner, thus modulating tension in the associatedgating
springandalteringthemechanicsof thehairbundle.Onepos-
sibility is thatmyosinmoleculesanchoringthechannelcom-
plex to theactincoreof thestereociliapower theoscillations.
Thealternative proposalis that the channelcomplex itself is
intrinsicallyactiveandgeneratesforce.Theprimarysupposi-
tion of this model[27] is that theclosedstateof thechannel
is stabilizedby Ca

� M binding. Becausethereis a Ca
� M con-

centrationgradientacrossthecell membraneandthechannel
is permeableto Ca

� M , channelopeningregulatesthelocal in-
tracellularCa

� M concentrationand thus the force generated
throughchannelreclosure.

Variationof themodel’sparametervaluesthroughaphysio-
logically plausiblerangerevealsa locusof Hopf bifurcations
whosefrequenciesspanthe rangeof humanhearing. Near
the bifurcation, one observes compressive frequency selec-
tivity; the systemis essentiallynonlinear. One particularly
relevantcontrolparameteris thenumberof stereociliain the
hair bundle: many of the mechanicalpropertiesmay be de-
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fined as functionsof this value, which is clearly regulated
along the cochlea. In agreementwith experiment,nearthe
bifurcationlocusthemodelmapstall, thin hair bundlesto the
low-frequency rangeandshort,broadbundlesto higher fre-
quencies.A secondcontrolparametergovernsCa

� M -binding
kinetics;fastertransitionscorrespondto higheroscillationfre-
quencies.Tuningof this parametermaybeachievedthrough
modulationof the intracellularCa

� M concentration,which is
alsosubjectto tight regulation [28]. Thesemodelsdemon-
stratethat hair cells canoperateneara Hopf bifurcationfor
realisticparametervalues.

We have shown that tuning to a Hopf bifurcationcanac-
countfor threewell-documentedessentialnonlineariesof the
ear: compressionof dynamicrange,sharpercochleartuning
for softersounds,andgenerationof combinationtones.The
greatadvantageof the regenerative tuning strategy is that it
requiresa minimal numberof active elements;becausethe
tunerandtheamplifierareoneandthesame,this mechanism
is evolutionarily accessible.We have alsoreviewedevidence
that thesensoryreceptorsof thecochlea,thehair cells,oper-
atenearaHopf bifurcation.Becausethecochleais acomplex
geometricalstructuretraversedby nonlinearwaves, relating
thecontributionof individualhair cellsto thebehavior of the
entireorganremainsa botha theoreticalandanexperimental
challenge.It is importantto determine,for instance,whether
hair bundlesarestiff enoughto affect the propagationof the
cochleartraveling wave andwhetherthehair cells’ electrical
responsesaffecthair-bundlemovement.Despitethedifficulty
in linking the ear’s microscopicto its macroscopicbehavior,
though,it seemslikely that theprocessthatpoisestheearas
a whole neara Hopf bifurcationis identicalto that involved
in bringingeachhair cell to a bifurcation. A hair cell in the
cochleacanmeasureits inputonly in thecontext of theorgan
asa whole, andthe only active elementpositionedto adjust
thecochlea’sbehavior is thehair cell.
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